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Preface

It has been recognized since the inception of Artificial Intelligence (AI) that
abstractions, problem reformulations, and approximations (AR&A) are central to
human common-sense reasoning and problem solving and to the ability of systems to
reason effectively in complex domains.  AR&A techniques have been used to solve a
variety of tasks, including automatic programming, constraint satisfaction, design,
diagnosis, machine learning, search, planning, reasoning, game playing, scheduling,
and theorem proving.  The primary purpose of AR&A techniques in such settings is to
overcome computational intractability.  In addition, AR&A techniques are useful for
accelerating learning and for summarizing sets of solutions.

This volume contains the proceedings of SARA 2002, the fifth Symposium on
Abstraction, Reformulation, and Approximation, held at Kananaskis Mountain Lodge,
Kananaskis Village, Alberta (Canada), August 2-4, 2002. The SARA series is the
continuation of two separate threads of workshops: AAAI workshops in 1990 and
1992, and an ad hoc series beginning with the "Knowledge Compilation" workshop in
1986 and the "Change of Representation and Inductive Bias" workshop in 1988 with
followup workshops in 1990 and 1992.  The two workshop series merged in 1994 to
form the first SARA.  Subsequent SARAs were held in 1995, 1998, and 2000.

SARA’s aim is to provide a forum for intensive interaction among researchers in all
areas of AI with an interest in the different aspects of AR&A techniques. The diverse
backgrounds of participants leads to a rich and lively exchange of ideas, and a transfer
of techniques and experience between researchers who might otherwise not be aware
of each other’s work.

SARA has a tradition of inviting distinguished researchers from diverse areas to give
technical keynote talks of a survey nature. SARA 2002 has two keynote speakers
from established SARA areas: Sridhar Mahadevan will speak about abstraction and
reinforcement learning and Derek Long about reformulation in planning. SARA 2002
also has two keynote speakers from areas that have not been strongly represented at
previous SARAs: Bob Kurshan will survey the use of abstraction in model-checking
and Aristide Mingozzi will survey state space relaxation and search strategies in
dynamic programming.

The papers in this volume are representative of the range of AR&A techniques and
their applications.  We would like to thank the authors and the keynote speakers for
their efforts in preparing high quality technical papers and presentations accessible to
a general audience, and thank the program committee and anonymous reviewers for
the time and effort they invested to provide constructive feedback to the authors.  We
are very grateful for the assistance we received in organizing SARA 2002 from Susan
Jackson, Sunrose Ko, Yngvi Bjornsson, Rob Lake, and Shirley Mitchell.  Judith
Chomitz and Tania Seib at the Kananaskis Mountain Lodge were a pleasure to work
with.  We would like to express a special thanks to Berthe Choueiry for her advice,
suggestions, and support.
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Several organizations provided financial support or assistance which greatly enhanced
the richness of the SARA experience, and for which all SARA 2002 participants owe
thanks: the American Association for Artificial Intelligence (AAAI), NASA Ames
Research Center, the Pacific Institute for the Mathematical Sciences (PIMS), the
University of Alberta, and Georgia Institute of Technology. SARA 2002 is a AAAI
affiliate.

July 2002   Sven Koenig
            Robert C. Holte
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Model Checking and Abstraction�

Robert P. Kurshan

Cadence Design Systems
rkurshan@cadence.com

How can a computer program developer ensure that a program actually imple-
ments its intended purpose? This article describes a method for checking the
correctness of certain types of computer programs. The method is used commer-
cially in the development of programs implemented as integrated circuits, and is
applicable to the development of “control-intensive” software programs as well.
“Divide-and-conquer” techniques central to this method apply to a broad range
of program verification methodologies.

Classical methods for testing and quality control no longer are sufficient to
protect us from communication network collapses, fatalities from medical ma-
chinery malfunction, rocket guidance failure, or a half-billion dollar commercial
loss due to incorrect arithmetic in a popular integrated circuit. These sensational
examples are only the headline cases. Behind them are multitudes of mundane
programs whose failures merely infuriate their users and cause increased costs
to their producers.

A source of such problems is the growth in program complexity. The more a
program controls, the more types of interactions it supports. For example, the
telephone “call-forwarding” service (forwarding incoming calls to a customer-
designated number) interacts with the “billing” program that must determine
whether the forwarding number or the calling number gets charged for the ad-
ditional connection to the customer-designated number. At the same time, call-
forwarding interacts with the “connection” program that deals with the issue of
what to do in case the called number is busy, but the ultimate forward destina-
tion is free. One property to check is that a call is billed to the customer if and
only if the connection is completed. If the call connection and billing programs
interact incorrectly, a called number that was busy and then became free could
appear busy to one program and free to the other, resulting in an unbilled service
or an unwarranted charge, depending upon their order of execution.

If a program includes n inter-related control functions with more than one
state, the resulting program may need to support 2n distinct combinations of
interactions, any of which may harbor a potential unexpected peculiarity. When
n is very small, the developer can visualize all the combinations, and deal with
them individually. Since the size of a program tends to be proportional to the
number of functions it includes (one program block per function), the number of
program interactions as a function of program size may grow exponentially. As a
result, the developer can use only a very small proportion of the possible program
� This article is derived from my article entitled Program Verification, which appeared
in the Notices of the American Mathematical Society, vol. 47, May 2000, and is
excerpted here with their permission.

S. Koenig and R. Holte (Eds.): SARA 2002, LNAI 2371, pp. 1–17, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



2 R.P. Kurshan

interactions to guide the development and testing of the program. When some
unconsidered combination produces an eccentric behavior, the result may be a
“bug”.

While a computer could be programmed to check a program under develop-
ment for eccentric behavior by searching exhaustively through all combinations
of program interactions, the exponential growth could soon cause the computer
to exceed available time or memory. On account of the potential for interactions,
adding a few functions to a program can substantially alter its testability and
thus viability. From the program developer’s perspective, this is unsatisfactory.
If the program is developed carefully, however, the correct behavior of each of
the n individual control functions of the program can be checked in a way such
that the complexity of the checks grow more or less proportionally to the size of
the program.

1 Overview

This article presents some key ideas of “program verification”. It focuses on the
“reduction and decomposition” process, which addresses the problem of how
to verify a program automatically in a way that the computational complexity
scales tractably with increasing program size. It does not attempt to survey the
field. A survey of automaton-based verification is included in [9]; for a survey of
logic-based verification, see [4,7].

1.1 Reduction and Decomposition

“Reduction” and “decomposition” circumvent the exponential cost of checking
correctness. Checking each control function separately, reduction refers to an al-
gorithm through which the program to be checked is replaced, relative to the
respective control function, with a simpler program that it is sufficient to check.
The simpler program is always an abstraction of the original program. For ex-
ample, to check the operation of call-forwarding, the part of the program that
performs billing may be largely ignored, except to the extent that it may in-
terfere with call-forwarding. The reduced (more abstract) program is checked
through an algorithm that analyzes every possible program state. In order for a
computer to implement this effectively, the reduced program must be sufficiently
simple.

Decomposition refers to checking that a given control function is correctly im-
plemented, by splitting the function into several simpler-to-check “subfunctions”.
Taken together, the subfunctions implement the original function. A subfunction
is “simpler to check” if it gives rise to a simpler reduction than the original func-
tion. Decomposition and reduction thus are used together as divide-and-conquer
techniques. As an example, call-forwarding may be decomposed into its “setup”
where the customer designates the new destination for incoming calls, and “exe-
cution” where an incoming call gets forwarded to the designated destination. In
verifying setup, the reduced program can in addition ignore most of the parts
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of the original program that perform the execution subfunction. Likewise in the
verification of the execution subfunction, most parts of the program that deal
with setup can be ignored. A computer program can check that these subfunc-
tions collectively implement the original function. In general, it is a manual step
to decide how to decompose a function.

Fig. 1. In the commercial model-checking tool FormalCheck [11], required program op-
eration is specified in terms of an enabling condition that determines the onset of a
requirement specified by a fulfilling condition that must hold unless released by a dis-
charging condition, ad infinitum. Each such specification is represented internally by an
ω-automaton. Any property expressible with an ω-automaton can be expressed by a collec-
tion (logical conjunction) of such specifications.

1.2 Formal Verification

Program verification is also called “formal verification” to contrast it with con-
ventional testing, which lacks a precise description of what was tested. Formal
verification begins with a formal statement of some high-level purpose of the
program, and determines whether that purpose is supported in every possible
execution of the program. This is accomplished by analyzing the logic of the
program, not by executing it. Since formal verification can account for every
possible program execution, it is more reliable than conventional testing. There
are numerous accounts of bugs that could have caused significant commercial
damage had they remained, that were found quickly with formal verification
after having been missed by conventional testing.

As a program’s purpose evolves, the influence of one part on another grows, so
correcting defects becomes increasingly costly. A common observation is that the
cost of fixing a bug doubles with each successive stage of development. Finding
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and correcting program errors early in the design cycle thus can decrease devel-
opment time and cost significantly. Conventional testing requires the creation of
program-specific test benches, so it tends to be deferred until late in the program
development cycle, when the program development has stabilized. By contrast,
formal verification algorithms are independent of the program to be verified.
Therefore, formal verification can be applied early in the program-development
cycle.

Within the last ten years research in formal verification has found its way to
commercial products that implement program verification algorithms. For the
present, these products are specialized mainly for industries that manufacture
integrated circuits. However, the program verification methodologies described
here can be applied to significant portions of general software development, and
this is the direction of the industry.

1.3 Verification Methodologies

Formal verification refers not just to a single methodology but to a spectrum of
methodologies. In this spectrum, there is a tradeoff between expressiveness—
what program properties can be described and analyzed—and degree of
automation—the extent to which the verification can be automated with an
efficient algorithm.

The most expressive form of formal verification could be said to be mathe-
matical argument. However, the reliability of mathematical argument is based
upon peer review [5]. It is unlikely that too many peers could be mustered to
check a 100-page proof of the correctness of an integrated circuit. Moreover, it
is unlikely that the circuit manufacturer would be willing to wait for the years
it might take to produce such a proof in the first place.

This latter problem is shared by automated theorem-proving [2]. The dream
of writing a computer program capable of automatically proving marvelous the-
orems never was completely realized. Instead, the “automatic theorem-provers”
in fact are proof checkers. While often quite sophisticated, powerful, and useful,
automatic theorem-provers mainly require the user to come up with the proof,
which must be entered into the “theorem-proving” program using the special
notation accepted by the program. Theorem-provers thus do not presently sup-
port a methodology that can keep up broadly with a commercial development
cycle.

This disappointment led researchers to investigate the other end of the spec-
trum: methodologies that sacrifice expressiveness in favor of automation. Among
the first to discuss this strategy were E. M. Clarke and E. A. Emerson, who, in
1980, proposed a limited but completely algorithmic form of verification they
called “model-checking” [3]. Their mode of verification was founded in a logic
that supported a very simple model-satisfaction check. Around the same time
and independently, J.-P. Quielle and J. Sifakis made a similar proposal.

In 1982, ignorant of the above work, I proposed a verification method based
on automata. Eventually (ten years later!) the method was implemented in a
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commercial tool (Figure 1) that is marketed to manufacturers of integrated cir-
cuits. Since for the moment at least this is the dominant commercial model-
checking tool, I will exercise a certain prerogative and restrict my discussion of
model-checking to automata. There is no loss of generality in using automata, as
logic-based model-checking can be reduced to automaton-based model-checking
(and vice versa).

1.4 Program State

In the von Neumann stored program model, “instructions” update “data” stored
in “memory registers”, in a sequential fashion. “Program variables” designate
memory locations and their data contents, and also define via “assignment ex-
pressions” the rules by which the data stored in the variables get modified.

The program state is the vector of simultaneous values of all program vari-
ables. It captures the entire instantaneous condition of the program, independent
of its history. A program’s behavior is captured by its succession of states. How-
ever, the computer or integrated circuit that implements the program makes it
effectively impossible (on purpose)—or renders it unnecessary—to discern the
precise sequential evolution of certain “transient” states. The program model
should reflect this, and moreover can exploit it to reduce the computational
complexity of verification. For example, for variables x, y, and z, suppose x is
assigned to take the value of y+ 1 after y is assigned to take the value of z+ 1.
An analysis of the program may reveal that with regard to its implementation,
x effectively is or can be treated as a “macro” or synonym for y+ 1 and like-
wise, y for z+ 1, simplifying the two successive assignments to a simultaneous
assignment of the value of z+ 1 to y and of z+ 2 to x.

Deciding which assignments are to be modeled as simultaneous must be done
with great care in order to preserve the semantics of the implemented program.
Commercial model-checkers perform this task algorithmically. In the program
model, a sequential variable is one that attains its value after (rather than si-
multaneously with) the value attained by its assignment expression. Typically, if
a variable x is assigned the value of an expression that depends on x, for exam-
ple, if x is assigned the value of x+ 1, then x would be designated a sequential
variable. The new value of x would then be modeled as succeeding the prior
value of x.

Limiting the number of sequential variables in a program is very important
for the performance of an integrated circuit, and for the performance of model-
checking too. There is a multibillion dollar industry for “synthesis” tools that
help create an integrated circuit layout automatically from its defining program,
focused in important part on this partitioning problem.

The nonsequential program variables are called combinational variables (to
use the hardware term). These hold the values of respective “transient” steps in
a computation, such as the value of y used in x above. They include the primary
inputs, which are variables whose values are assigned according to decisions made
outside of the program, e.g., which keyboard key a human pushes. Typically,
program outputs also are represented by combinational variables.
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In the program model, the program state is partitioned into the sequential
state defined by the values of the sequential variables, and the combinational
state defined by the remaining (combinational) variables. The combinational
state vector C is given as a function C = f(S) of the sequential state vector S.
The sequential state S is initialized and each successive value

S′ = F(S,C) (1)

is expressed in terms of its current value S and the combinational state.

1.5 Nondeterminism

In a model of the program, the assignment of primary inputs must be abstracted
to account for all possible assignments. Abstraction is used more generally in
program verification to simplify parts of a program whose detailed function is
irrelevant to the verification objective. Abstracting duration in respective asyn-
chronous parallel processes can result in a simpler model that is useful when the
required behavior is independent of the relative execution speeds of the processes.

An effective way to abstract a program is through the use of nondeterminism
in program variable assignments. If the function f(S) is allowed to be multival-
ued, at each sequential state S a combinational variable may assume several
values in its range. This gives rise to a set of program behaviors or “lifetimes”.
Each nondeterministic assignment splits the execution of the program model
into separate respective behaviors, ad infinitum.

Without nondeterminism, a program would have only one behavior, and its
analysis would be simple. Although it is the nondeterminism that makes pro-
gram analysis difficult, there is no real alternative with regard to the primary
inputs. It also may be simpler and sufficient to model with a nondeterministic
assignment certain variables that are assigned within the actual program. Imag-
ine a program subroutine that performs a complex computation producing a
nonzero result, writing the result to the program variable v. Suppose the pro-
gram is required to perform some task unrelated to the computation each time
the subroutine completes its calculation, the completion indicated by v �= 0.
In order to verify the property P that whenever v �= 0 the task is correctly
performed, the computation that assigns v is irrelevant. To verify P , it is suffi-
cient to have the program model assign v nondeterministically to 0 or 1, where
v = 1 is an abstraction that stands for all the nonzero values of the variable v in
the original program. In this abstraction, the verification routine can determine,
through a localization reduction described below, that the complex computa-
tion is irrelevant, and exclude it from the analysis leading to the verification
of P . (That computation will be relevant to other properties, with respect to
which other portions of the program may be irrelevant.) If P is verified in the
abstract model and the computation that assigns v in the original program is
subsequently altered, it is unnecessary to reverify P .

If w �= 0 signals the conclusion of another program, then the order in which
v and w assume nonzero values indicates the relative speeds of the associated



Model Checking and Abstraction 7

programs. Assigning v nondeterministically allows it to become nonzero both
before and after w does. A property verified with this abstraction will hold for
alternative implementations that vary the relative speeds of the programs.

Nondeterministic assignment may introduce additional behaviors not present
in the original program (while retaining all original behaviors). In case several
variables are assigned nondeterministically, not all combinations of assignments
may be possible in the original program. On the other hand, nondeterminis-
tic assignment can reduce program complexity by masking relative execution
speeds and program structure (as above). This makes it a vital tool in program
verification.

1.6 Automata

The automaton is a fundamental structure in computer science, useful for much
analysis and proof concerning “regular” sequential behavior. In the translation
of a program to an automaton, defined next, the program’s sequential state
becomes the automaton “state”, and the program’s combinational states define
automaton state transition conditions. Program behaviors are modeled by the
sequences of combinational states consistent with successive automaton state
transitions (cf. a discrete Markov process). The set of all such sequences form
the language of the automaton, which provides the basis for model-checking as
defined here.

To facilitate reduction and decomposition, the modeling automaton is “fac-
tored” into component automata, in emulation of the program’s modularity.
This factoring requires a means to correlate factor automata transition condi-
tions that mediate the respective automaton state transitions. For example, if
one program component reads the value of a variable set by another program
component, the corresponding automata must have a mechanism to reflect a
common view of the value of that variable. For reduction, there also must be a
means to “abstract” transition conditions. If a state transition is conditioned on
a variable v being nonzero, and the nonzero values of v are abstracted to the
value “1” as above, then the corresponding automaton transition condition must
be abstracted in a consistent well-defined manner. To meet these needs, the set of
valuations of combinational program variables is given the structure of a Boolean
algebra1. In this context, the correlation of transition conditions is captured by
their conjunction in the Boolean algebra, and abstraction is obtained through
a Boolean algebra homomorphism. The principal role of the automaton defined
next is to serve as a “scaffolding” to carry this Boolean algebra: the factorization
1 A Boolean algebra [8] is a set with commutative, associative, idempotent binary
operations conjunction and disjunction, and the unary operation negation, which
satisfy DeMorgan’s Law; the set contains a universal element and its negation (called
zero), and satisfies the natural relations for these. Every Boolean algebra can be
represented by a set of subsets of some set, with the operations intersection, union,
and set complement, and universal element consisting of the set. An atom is a nonzero
element that is minimal in the sense that its conjunction with any nonzero element
is itself or zero.
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(4) needed for the decomposition (5) appears as a matrix tensor product on the
automaton state transition matrices, and the simplification needed for reduc-
tion is given as a Boolean algebra homomorphism that acts on these matrices
element-wise, in (11) below. The details are now explained.

In the context of program verification, the most useful type of automaton is
the ω-automaton, whose behaviors are (infinite) sequences. The automaton is de-
fined in terms of a directed graph with a finite set of vertices called states, some
of which are designated initial; a transition condition for each directed edge or
state transition in the graph; and an acceptance condition defined in terms of sets
of states and state transitions. Each transition condition is a nonempty set of
elements called letters drawn from a fixed set called the alphabet of the automa-
ton. There are several different equivalent definitions of acceptance conditions
in use. The acceptance condition of an ω-automaton can capture the concept of
something happening “eventually”, or “repeatedly” (ad infinitum), “forever”, or
“finally” (forever after). The set of all subsets of the alphabet forms a Boolean
algebra L in which the singleton sets are atoms. The set of atoms of L, denoted
by S(L), determines L when L is finite.

How are automaton transition conditions associated with the program’s com-
binational states? If v and w are states of the automaton A, let A(v, w) denote
the transition condition on the directed edge (v, w). Expressing conjunction (set
intersection) in L by ∗, we see for a letter a that a ∈ A(v, w) if and only if the
atom {a} satisfies {a} ∗ A(v, w) �= 0. In the context of L, we refer to the atom
{a} as a “letter”, and S(L) as the “alphabet” of A. We say the automaton A is
over L. L is associated with the Boolean algebra generated by all valuations of
combinational program variables: terms of the form x = c for a value c in the
range of the combinational variable x. Thus, L is all Boolean expressions in these
terms. Each letter is a conjunction of terms of the form x = c, the conjunction
over all the combinational variables x. This corresponds to the combinational
state C with x-th component c. Thus, we associate combinational states with
letters, i.e., atoms of L. Automaton transition conditions are nonzero elements
of L. For example, a transition condition x = 0 corresponds to the set of all
letters (i.e., disjunction of atoms) of the form · · · ∗ (x = 0)∗ · · ·. Referring to (1),
we have

A(v, w) =
∑

F(v,C)=w

C, (2)

the summation expressing disjunction in L.
A sequence (vi) of states of A is a run of a sequence of letters (si) ∈ S(L)N

provided v1 is an initial state and for all i, si ∗A(vi, vi+1) �= 0. A run is accepting
if its infinitely repeating states and transitions satisfy the automaton acceptance
condition.

The set of sequences of letters with respective accepting runs in an automaton
A is the language of A, denoted L(A).

decimal(inputbits) �= output. (3)

The acceptance condition accepts runs that remain forever in the state y = 0.
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1.7 Program Factorization

The automaton model of a program is “built” from smaller automaton models
of program components. A program component may comprise a single variable
or a group of closely related variables. The program consists of its components.
For example, the call-forwarding program may be implemented by respective
components that define its setup and execution, as described earlier. A program
is translated component-by-component to respective “component” automaton
models. The component automata are combined as a “product” to form a single
automaton that models the original program. This “factoring” of the program
model into components follows the natural program structure, and aids in trans-
lation as well as in reduction and decomposition. All component automata are
over one fixed Boolean algebra L determined by the program.

The combinational variables of a program component may be interpreted as
the “outputs” of that component. The simultaneous valuations of the outputs of
a program component get translated to elements of L that generate a subalgebra
of L, the “output subalgebra” of the corresponding component automaton. (In
this context, program primary inputs translate to outputs of trivial automata.)
The call-forwarding setup component p may have as outputs the variables m and
n that designate the called and forward numbers, respectively. If there are no
other outputs of p, then the output subalgebra of the automaton that models p
has as its atoms all expressions of the form (m = m0)∗(n = n0), for m0, n0 in the
range of m and n, respectively. The (interior) product of the respective output
subalgebras of all the component automata is L. Each letter (atom of L) is a
conjunction of atoms from the respective output subalgebras.

A program component is modeled by an L-process P : an ω-automaton over
the Boolean algebra L with an identified “output” subalgebra LP ⊂ L that
models the combinational states of the program component. The atoms S(LP )
of the subalgebra LP are the “output values” of P . By (2), the output values
f(v) represented above (cf. (1)), possible at the state v of P , are the elements of
S(LP ) that have nonzero conjunction with the transition condition of some state
transition leaving v. (The “inputs” to P are the simultaneous collective output
values of the various L-processes, i.e., the alphabet S(L). The transitions of P
may be independent of any particular outputs, of course.)

If P and Q are L-processes modeling respective program components p and q,
the product P ⊗Q is an L-process that models the program component formed by
taking p and q together. (This sometimes is called the “synchronous product” of
p and q, subsuming their “asynchronous” or “interleaving” product [9].) The set
of states of P ⊗ Q is the Cartesian product of their respective state spaces, and
the output subalgebra of the product is the (interior) product of the component
output subalgebras.

If P (v, w) is the transition condition for the transition (v, w) from state v
to state w of P and Q(v′, w′) is likewise for Q, then the transition condition
for the transition ((v, v′), (w, w′)) of the product P ⊗ Q is P (v, w) ∗ Q(v′, w′).
Some program variables that define a component automaton’s transition con-
ditions may come from program components other than the one modeled by
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the automaton. This allows automata to share conditions on the sequences they
accept, and reflect coordination among the program components. For example,
the call-forwarding execution component modeled by L-process Q refers to the
setup component’s output variable n that designates the ultimate call destina-
tion number. In this way, Q coordinates with the setup established by the setup
component. The products of their respective transition conditions define the co-
ordinated behavior of the two automata. If C, D ∈ L, then the product of the
setup transition condition P (v, w) = (n = n0)∗C and Q(v′, w′) = (n = n1)∗D is
nonzero only if n0 = n1. Thus, the transition condition (P ⊗ Q)((v, v′), (w, w′))
of the product automaton is nonzero only when the two numbers agree.

The coordination thus defined by automata transition conditions supports
the automaton “factoring” mentioned earlier. For any L-process we define its
state transition matrix to be the matrix over L whose ij-th element is the tran-
sition condition for the state transition from the i-th state to the j-th state.
By the above definition of process product, the matrix for the product process
P ⊗ Q is the tensor product of the matrices for P and Q.

In general, if M is the state transition matrix for an L-process that is factored
into component L-processes with respective matrices Mi, then

M = M1 ⊗ · · · ⊗ Mk. (4)

Moreover, if each process is designated by its respective matrix,

L(M) = L(M1) ∩ · · · ∩ L(Mk). (5)

The intuition for (5) is that each component Mi imposes certain restrictions on
the behaviors of the product M , and the behaviors of M are the “simultaneous
solutions” for behaviors of the respective components. If M1 restricts the setup
of the call-forwarding number n to numbers in a specified area code, and M2
permits execution only if the designated number n is not busy, then the product
pertains to numbers n in the specified area code that are not busy.

1.8 Model-Checking

We model as respective L-processes the program, its components, and the prop-
erty to be verified. The program model is the product of its components (4).

It is convenient to use the same symbol to denote a process and its matrix,
and henceforth the term program will be used to designate both the syntac-
tic computer program and the L-process automaton model into which it gets
translated.

Our formal definition of verification of property P for a program M is the
automaton language containment check

L(M) ⊂ L(P ).

In words, this says that all behaviors of the program are behaviors “consistent
with” (i.e., “of”) the property. This is equivalent to checking that

L(M) ∩ L(P̂ ) = ∅
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where P̂ is the “complementary” automaton satisfying L(P̂ ) = S(L)N \ L(P ).
By (5), verification is transformed into the automaton language emptiness check

L(M ⊗ P̂ ) = ∅. (6)

The verification algorithm checks whether any state (x, 1) ever can be reached
through a succession of state transitions that begins at the initial state (0, 0).
The analysis concludes when either a violation of the property is found (i.e.,
(x, 1) is reached), or all reachable pairs (x, y) have been examined. The latter
entails an examination of 232 states, which could be costly were it not for a
symbolic technique described below.

The foregoing is an automata-theoretic formulation of model-checking. There
are other formulations of model-checking, expressed in terms of “temporal” logic
formula satisfiability [7]. Each of these formulations can be transformed into (6)
for some class of automata. In some cases, the best way known to perform the
check is first to construct an automaton corresponding to the temporal logic
formula and then to check (6). See [4,7,10] for a way to express the original and
widely practiced form of model-checking for the logic CTL, without reverting to
automata. The automata-theoretic formulation of model-checking was developed
with a somewhat different perspective from the one presented here by M. Y.
Vardi and P. Wolper [12] in the early 1980s, and by this author independently
around the same time.

2 Algorithms

A general method to check whether L(A) = ∅ for (6) is based on the finite
structure of A. L(A) is nonempty (and the required property fails) if and only
if A has an accepting run. This is equivalent to the graph of A’s having a cycle
“consistent” with the acceptance structure, since A’s state space is finite. The
path from an initial state to such a cycle may be retraced, and this “error track”
provides a step-by-step account of how the property can fail in the program.

One way to check for an accepting run involves an explicit enumeration of
the states of A reachable from an initial state. Since the number of states can be
exponential in the size of the program description (4), explicitly enumerating the
states has severe computational limitations. Fortunately, explicit enumeration is
not necessary.

In 1986 R. Bryant made a seminal observation that played a major role
in spurring the commercialization of model-checking techniques—a role that
resulted in the ACM Kanellakis Prize for Bryant and his colleagues Clarke,
Emerson, and McMillan, who showed how to use this beneficially for model-
checking.

Bryant’s observation was that binary decision graphs, long used for planning
and programming, could be viewed as automata and thus minimized in a canon-
ical fashion. The minimized structures were dubbed “binary decision diagrams”
or BDDs. The idea was to represent the global state as a binary vector and rep-
resent a set of states by its characteristic function (having value 1 for each state
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in the set), encoded symbolically as a Boolean function. The set of reachable
states could be represented as a fixed point of the state set transformer that
starts with the set of initial states and repeatedly applies the state transition
matrix as an operator on the state space, adding the new states reached in one
transition, from the set of states reached thus far. Since the set of states is fi-
nite, iterating this transformation has a least fixed point—the set of reachable
states—in the lattice of state sets. Each iteration is expressed symbolically in
terms of the Boolean characteristic functions, reduced to their canonical form
and represented as a BDD. A very simple Boolean function can express an ar-
bitrarily large set of states. For example, x1 = 0 defines the set of all global
states whose first bit is 0, representing half of the global states, no matter how
large the state space. Thus, there is the potential to manipulate very large sets
of states. In practice, the ability to compute reachable state sets with 1010 states
for typical commercial programs is considered fairly trivial, 1020 states is routine
and 1050 states and higher is not unusual. While the worst-case complexity of
performing state reachability symbolically is the same as for explicit enumer-
ation of the states, symbolic search lowered the threshold of acceptability for
model-checking, leading to its commercialization.

2.1 Homomorphic Reduction

A program modeled by an L-process M can be “abstracted” by a “simpler”
program (with fewer variables or variables with smaller ranges) that is modeled
by an L′-process M ′. The relationship between M and M ′ is given by a Boolean
algebra homomorphism φ : L′ → L. If φM ′ is the L-process with transition
matrix obtained by applying φ element-wise to the transition matrix of M ′, and
L(M) ⊂ L(φM ′) then we say M ′ is a reduction (or “abstraction”) of M , and M
is a refinement of M ′. If this is the case and moreover,

L(M ′) ⊂ L(P ′) (7)

for a property defined by the L′-process P ′, then applying φ to both sides gives
L(φM ′) ⊂ L(φP ′). So for P = φP ′, it follows that

L(M) ⊂ L(P ), (8)

which means that verifying the reduction verifies the refinement.
One type of reduction, localization reduction described below, is derived by

an algorithm. So M ′ and φ are defined algorithmically, and L(M) ⊂ L(φM ′)
is guaranteed by construction. Alternatively, a reduction can be “guessed” and
then verified as above, where the “guess” consists of a definition of M ′ and φ.
As an example of the latter, imagine a component adder used in the context of a
program for an integrated circuit that computes the norm of an incoming signal.
The correctness of the adder can be established by considering it in isolation
from the rest of the circuit. M ′ in this case could be just the model of the adder,
with φ mapping the adder to the full circuit with all nonadder variables assigned
nondeterministically.
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In this example, a failure of the isolated adder does not necessarily imply
it would fail in the context of the full circuit. If the otherwise-correct adder
had errors in case of negative inputs, but negative inputs were impossible in
the context of the full circuit, then the failure for negative inputs would not
matter—and this “error” in fact may reflect an intentional optimization. In this
case, one could constrain the inputs to the adder to be positive and prove it
correct in that context. This approach would create a “proof obligation” with
respect to the remainder of the circuit: to verify that the full circuit does in fact
produce only positive inputs to the adder. In discharging such proof obligations,
one must beware of circular reasoning: “the adder is good if the rest of the circuit
offers it only positive inputs; the rest of the circuit offers only positive inputs
if the adder is good” (perhaps a faulty adder gives feedback to the rest of the
circuit that can cause the rest of the circuit to offer negative inputs).

In the earlier example of a “complex computation”, all nonzero values of the
program variable v were abstracted by the value “1”, giving another example
of a homomorphic reduction. The homomorphism maps v = 1 in the abstract
Boolean algebra to the disjunction of all nonzero assignments to v in the refined
Boolean algebra.

In order to verify (8), the reduction (7) may be simplified by decomposing
the property P into small “subproperties” P1, · · · , Pk, where

L(P1 ⊗ · · · ⊗ Pk) ⊂ L(P ). (9)

The required check (8) is replaced by

∀i, L(M) ⊂ L(Pi).

By (5), this implies (8). Although one check is replaced with k, (8) may entail
O(|M |) computations for a model M with |M | sequential states, whereas each
of the k component checks can engender a reduction (7), with Pi in place of
P , that entails only O(|M |1/k) computations. The check (9) can be recursively
decomposed into a tree of such checks. At each node of the tree, the respective
k is small and the P is checked against the product of the Pi’s at the successive
nodes [9]. If the total number of nodes is O(log |M |), i.e., is proportional to the
number of program components, then the complexity of program verification
is proportional to the size of the program. In some cases, when P refers to a
“repetitive” structure in M like an array, P can be decomposed algorithmically
by restricting it to each successive array element. In general, a decomposition is
obtained by a manual “guessing” step, and the guess is verified algorithmically
as above.

Reduction and decomposition apply more generally to infinite-state program
models. The principles behind them are central to most program verification
methodologies that scale tractably with increasing program size.

Design by refinement is an application to verification of a general “top-down”
program design methodology that has been around for many years [6,13]. By
evolving a design together with its verification, a development methodology that
leads to a tractable verification, as above, may be built into the design process.
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Program details are added incrementally through a succession of program re-
finements:

L(Mi+1) ⊂ L(φiMi). (10)

Here, the increasing “level” i indexes progressively more refined program mod-
els, leading ultimately to the program with all its details elaborated. Since Mi is
a reduction of Mi+1, any property verified for Mi holds for Mi+1, and on. Prop-
erties of the program thus may be verified once and for all at the most abstract
level possible, and each level may be verified before the next level is defined.

Based on the composition (4) of each level Mi = Mi1 ⊗ · · · ⊗ Miki , the check
(10) can be decomposed into a set of smaller sufficient checks: for each j,

L(M(i+1)h1 ⊗ · · · ⊗ M(i+1)ht
) ⊂ L(φiMij), (11)

where the factors M(i+1)h in the successive checks (11) are factors of Mi+1.

2.2 Localization Reduction

The variable dependency graph of a program is the directed graph whose vertices
are the program’s variables, with an edge (v, w) whenever v appears in the pro-
gram’s assignment expression for w. An automatic way to derive a homomorphic
reduction involves a traversal of the variable dependency graph, to determine
which values of which variables are equivalent, with respect to the property be-
ing checked. A variable v is irrelevant if it has no directed path to the variables
that implement the automaton P that defines the property being checked. In
this case, if we transform the program’s acceptance conditions to P , the partic-
ular values assigned to v can have no bearing on the check (6). Two values of a
variable are equivalent if the assignment expressions of the relevant variables do
not distinguish them. A homomorphism may associate together all equivalent
values.

Localization reduction is an iterative algorithm that starts with a small “ac-
tive” program component that is topologically close in the variable dependency
graph to P (Figure 2). All other program variables are abstracted with non-
deterministic assignments. This renders the values of the variables beyond the
boundary of the active variables equivalent, so operationally these variables may
be “pruned” out of the model. If the property is thus verified, then by (5) it holds
for the full program. On the other hand, if the property fails for this reduction,
the algorithm attempts to expand the resulting error track to an error track
for the full program. If this succeeds, it means the error in fact reveals a “bug”
in the full program. If, however, the expansion fails, it means the error is an
artifact of the localization. In this case, the active component is augmented by
a heuristically small set of topologically contiguous relevant program variables
whose assignments are inconsistent with (and thus invalidate) the error track.
The verification check is repeated for the expanded program component, and
the process is iterated until the algorithm terminates with a verification or a
genuine program error.
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Fig. 2. Localization Reduction. In the variable dependency graph, a program component
close to the automaton P that defines an aspect of the program’s required operation is
designated active. The remaining variables are pruned, removing their effect. If the required
operation is verified for this reduction, it holds for the full program. If it neither verifies nor
falsifies, the active component is augmented, and the check is repeated.

3 Conclusion

Program verification can increase the reliability of a program by checking it
in ways that may be overlooked in conventional testing. Conventional testing
intrinsically comes at the end of the design cycle, whereas program verification
may be introduced at the beginning, eliminating bugs earlier than otherwise
possible. This can accelerate program development.

A principal type of program verification is model-checking, which may be
expressed in terms of automata. Although the worst-case time complexity for
model-checking is for all practical purposes exponential in the size of the pro-
gram to be verified, model-checking often can be accomplished in time propor-
tional to the size of the program, as follows. Define the properties to be checked;
decompose each property into subproperties that admit of respective tractable
reductions; verify each subproperty on its respective reduction. This approach
is “bottom-up”, since it begins with the full program.
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The alternative “top-down” approach starts with the same property decom-
position, but before the program exists. Rank the subproperties according to
level of abstraction. For each level, define an “abstraction” of the program-to-
be. This abstraction corresponds to a reduction in the bottom-up approach.
Program details are added incrementally, ending with the fully elaborated pro-
gram. Each increment is verified to be a refinement of the previous level. A
property verified at one level thus remains true at all subsequent levels. Since
the program is written and checked incrementally, debugging starts earlier in
the program development cycle than with conventional testing, which requires
the fully elaborated program. With the top-down approach, the program can be
designed so that each required check is tractable.

Reductions can be derived algorithmically in the bottom-up approach. In ei-
ther approach, a prospective reduction may be verified to be an actual reduction
by checking the refined program against a homomorphic image of the reduced
program.

For both the bottom-up and top-down approaches, property decomposition
is a fundamental step. In special cases, when a property refers to a repetitive
structure, its decomposition can be derived algorithmically. In general, decom-
position can be verified—but not derived—by a tractable algorithm. In fact, it
is not tractable to determine whether a “good” decomposition—one that gives
rise to tractable bottom-up verification—exists. Finding useful heuristics for de-
composition is a foremost open problem in model-checking.

References

1. J. Barwise, Mathematical proofs of computer system correctness, Notices Amer.
Math. Soc. 36 (1989), 844–851.

2. W. W. Bledsoe and D. W. Loveland (eds.), Automated Theorem Proving: After 25
Years, Contemporary Math., vol. 29, Amer. Math. Soc., Providence, 1984; espe-
cially R. S. Boyer and J. S. Moore, Proof-checking, theorem-proving and program
verification, pp. 119–132.

3. E. M. Clarke and E. A. Emerson, Design and synthesis of synchronization skele-
tons using branching time temporal logic, Logic of Programs: Workshop, Yorktown
Heights, NY, May 1981, Lecture Notes in Computer Science, vol. 131, Springer-
Verlag, 1981.

4. E. M. Clarke Jr., O. Grumberg, and D. Peled, Model Checking, MIT Press, 1999.
5. R. DeMillo, R. Lipton, and A. Perlis, Social processes and proofs of theorems and

programs, Comm. ACM 22 (1979), 271–280.
6. E. W. Dijkstra, Hierarchical ordering of sequential processes, Acta Informatica 1

(1971), 115–138.
7. E. A. Emerson, Temporal and modal logic, Handbook of Theoretical Computer

Science, vol. B, Elsevier, 1990, pp. 995–1072.
8. P. Halmos, Lectures on Boolean Algebras, Springer-Verlag, 1974.
9. R. P. Kurshan, Computer-aided Verification of Coordinating Processes—The

Automata-Theoretic Approach, Princeton University Press, 1994.
10. K. L. McMillan, Symbolic Model Checking, Kluwer, 1993.
11. S. Schroeder, Turning to formal verification, Integrated System Design Magazine,

Sept. 1997, 1–5.



Model Checking and Abstraction 17

12. M. Y. Vardi and P. Wolper, An automata-theoretic approach to automatic program
verification, Proc. (1st) IEEE Symposium on Logic in Computer Science, (1981),
322–331.

13. N. Wirth, Program development by stepwise refinement, Comm. ACM 14 (1971),
pp. 221–227.



Reformulation in Planning

Derek Long, Maria Fox, and Muna Hamdi

Department of Computer Science
University of Durham, UK

d.p.long@dur.ac.uk maria.fox@dur.ac.uk

Abstract. Reformulation of a problem is intended to make the problem more
amenable to efficient solution. This is equally true in the special case of reformulat-
ing a planning problem. This paper considers various ways in which reformulation
has been exploited in planning. In particular, it considers reformulation of planning
problems to exploit structure within them by allowing deployment of specialised
sub-solvers, capable of tackling sub-problems with greater efficiency than generic
planning technologies. The relationship between this reformulation of planning
problems and the reformulation of problems in general is briefly considered.

1 Introduction

The reformulation of a problem is intended to make the problem more amenable to
efficient solution. While problems can usually be expressed in many ways, it is often the
case that a particular problem-solving strategy is applicable only to problems expressed
in a certain form. In this case, reformulation is the means by which a useful strategy can
be brought to bear on a problem — the problem is reformulated in the canonical form
in which that the particular strategy can be applied. Similar benefits can be obtained
when the original problem expression is already in a form that can be tackled by a
strategy, but reformulation can allow the strategy to be applied more effectively. Both of
these situations can be seen as cases within the scenario depicted in figure 1. The figure
illustrates how reformulation of a problem can allow different elements (or strategies)
within a problem-solving system to be brought to bear on a problem by reformulating
it. The figure illustrates that reformulation of a problem can allow different problem-
solving strategies to be applied to it. A special case is where reformulation can allow
the same strategy to be applied but in a more efficient way. The figure also suggests
an important point: a single problem might require multiple strategies to solve it and
reformulation might change the combination of strategies that can be applied to solving
the problem.

In this paper we consider the role of reformulation in planning, examining several of
the ways in which it has been exploited. We then turn to an important use of reformulation
based on our notion of generic types and discuss how this approach can be used to
improve planner performance. We also consider how generic types can be used to support
alternative approaches to reformulation and, finally, discuss how the strategy that we have
identified, for applying reformulation to planning, might generalise to other problems.

S. Koenig and R. Holte (Eds.): SARA 2002, LNAI 2371, pp. 18–32, 2002.
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Fig. 1. Reformulation and redeployment: reformulating a problem can allow different problem-
solving strategies to be deployed to solve it.

2 Reformulation in Planning

Planning problems are no exception to the possibility of benefits from reformulation. If
we consider the problem-solving system in figure 1 to be a loose collection of strategies
that might include constraint satisfaction strategies, general planning strategies, SAT-
solvers and other, more specialised, problem solvers, then there have already been several
efforts at reformulation of planning problems described in the literature. For example,
Kautz and Selman have considered reformulating planning problems as SAT-problems
in order to apply SAT-solving strategies to them [25]. Van Beek showed how planning
problems can be reformulated as finite-domain constraint satisfaction problems and a
CSP solver applied to solve them [39]. Where van Beek reformulated the problems by
hand, Kambhampati and Binh Do have shown that automatic reformulation to CSPs is
possible [10], allowing automatic redeployment of a planning problem from a generic
planning strategy (such as Graphplan [4] or FF [24]) to a CSP-solver. Again, Cimatti,
Roveri and Traverso have shown that planning problems can be reformulated as model-
checking problems and an OBDD strategy applied to them [6]. All of these pieces of
work have relied on a complete reformulation of planning problems from a classical
action-based planning domain representation into the forms appropriate for each of
the respective general problem-solving strategies (SAT-solving, CSP-solving or model-
checking). This can be seen as the replacement of one “pure” problem-solving strategy
with another.

The benefits of such a wholesale replacement of one generic problem formulation
into another are sometimes rather ambiguous: the objective is often to take advantage
of a well-developed strategy, perhaps one having made recent gains in performance. For
example, the early work on reformulation to SAT-problems took advantage of then recent
advances in SAT-solving technology to seek performance gains in planning. However,
planning by SAT-solving has not demonstrated a convincing long-term benefit (no SAT-
solver planning technology has demonstrated challenging performance compared with
the current leading generic purpose-built planning technology such as FF [24], HSP2 [5]
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or the more recent LPG [23]). Planning by model-checking has also not shown convinc-
ing performance benefits and the significant number of model-checking approaches
participating in the 2nd International Planning Competition in 2000 has dropped to
there being no examples of pure model-checking in the 3rd (and most recent) compe-
tition although MIPS [12] adopts a hybrid approach which includes a model-checking
component. CSP-solving has been rather more successful as a strategy for planning by
complete reformulation of planning problems, with Sapa [9] showing some promising
performance in the 3rd IPC.

In the context of the competitions, at least, application of reformulation is constrained
to be via fully automatic reformulation, unless one considers the “hand-coding” planners
(such as TLPlan [3], TALPlanner [27] and SHOP2 [34]), for which domains are recoded
by hand, to be exploiting reformulation. This would be somewhat misleading, since
the recoding of the domains for these planners is not simply to reshape the domain,
but to allow control rules to be added to the encoding that control the search in the
planning systems. Although one can consider the addition of new information as part of
the process of reformulation, it is clearly a far more expensive and knowledge-intensive
task if this is intended and the subsequent benefits in problem-solving performance
are therefore bought at a significant price in the reformulation efforts. Considered as
a complete approach to solving planning problems there remains controversy in the
community about the extent to which planning by “reformulating” through the addition
of knowledge-intensive control information represents a generally acceptable tradeoff
between reformulation effort and performance gains.

2.1 Reformulation and Expressiveness

One benefit that reformulation can offer is the ability to tackle problems expressed in an
enriched formalism, where the formalism can express problems that extend beyond the
capabilities of existing solving strategies. For example, Gazen and Knoblock [21] col-
lected, completed and formalised common techniques for conversion of various elements
of the expressive power of the ADL [36] extensions of planning domain descriptions
into the simpler STRIPS subset. This reformulation allows the simpler STRIPS planning
strategies to tackle problems expressed in the richer language. The greater expressive
power of the ADL extension can be seen in the cost of the reformulation, which can be
exponential in the size of the problem encoding in certain cases. Thus, the extra expres-
sive power allows an exponential compression relative to a STRIPS encoding and can
therefore lead to exponentially worse performance from a STRIPS planning strategy
that the size of the original ADL encoding might suggest should be expected. A more
practical reformulation is applied in IPP [26] to handle ADL expressive power more ef-
fectively. In that system the use of conditional effects, responsible for the most common
exponential blow-up in the encodings of problems in the scheme proposed by Gazen
and Knoblock, is handled by an extension to a STRIPS planning strategy, leaving the
remaining elements of ADL to be reformulated into simpler forms. The gain is that the
treatment of conditional effects in IPP can often be managed efficiently, while the Gazen
and Knoblock approach will always cause combinatorial growth in domain encodings.
A similar approach is taken in SGP [2] and in the more recent FF. Nebel has shown
how the relative expressive power of these language extensions can be compared more
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formally, precisely by a reformulation technique, in [35]. In that work, Nebel considers
the effect of reformulation of the original problem in such a way that a solution to the
reformulated problem allows recovery of a solution to the original problem. This is, in
fact, a common technique when applying reformulation approaches to problem-solving:
a problem is reformulated and solved, if all goes as expected, more efficiently, and then
the solution to the original problem is extracted from the solution to the reformulated
problem.

Another example of the same approach is in Fox and Long’s work on temporal plan-
ning in the system LPGP [17]. In that system, planning problems in which there are
durative actions, which are actions with duration that can have conditions and effects at-
tached to both their start and end points and invariant conditions attached to the duration
of their activity, are reformulated as collections of simple non-durative actions. These
actions, together with some important linking constraints, allow a relatively straightfor-
ward extension of a non-temporal Graphplan planning strategy to handle much more
expressive temporal planning problems.

A reformulation of this kind could, in principle, also be used to tackle the use of
numeric valued expressions within planning domains. Since a finite plan can only ever
introduce finitely many new numeric values, which it is possible to identify by a finite
reachability analysis (such as a plan-graph construction), a propositional planning strat-
egy can be used to tackle problems involving numbers using a continual reformulation
as the strategy considers longer and longer possible solutions in its search for a plan.
Whether such a strategy could be useful in practice would depend on the number of
numeric values introduced during reachability analysis.

Occasionally reformulation can be used to to exploit a more powerful solver more
effectively, where a problem has been expressed using a simpler expressive power that
the solver can exploit. A simple example is that in which the domain analysis system,
TIM [13], can be used to infer types in an untyped planning domain description, en-
riching the domain description and allowing a system that can exploit type information
to improve its performance accordingly. Another example is the use of TIM to identify
symmetries in a planning domain [14,16], reformulating a problem in order to allow
exploitation of symmetry elimination in the planning machinery. TIM and another fully
automatic system, DISCOPLAN [22], both support reformulation of planning problems
by the addition of mutex information and other constraints that can be exploited by
planning systems.

3 Reformulation of Planning Problems for Deployment of Multiple
Problem-Solving Strategies

The majority of the work described so far is directed at the reformulation of a plan-
ning problem into a form that can be tackled by a complete problem-solving strategy.
Although this is obviously an important role for reformulation, it is also possible, as
figure 1 suggests, to reformulate a problem in order to exploit multiple problem-solving
strategies. An hypothesis that has driven an important line of research is that generic
problem-solving strategies are unlikely to be the most efficient tools with which to
tackle specific sub-problems that commonly arise as a part of larger problems. For ex-
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ample, the general search approaches that underlie many planning and CSP solving
systems are not ideally suited to tackling problems that involve finding efficient routes
for agents moving around while executing a plan. Much more effective is a tool that
can exploit the fact that the problem involves finding shortest paths, possibly including
paths that visit specific locations in sequence, or as an unordered collection, and can use
a problem-solving strategy that is tailored to that problem.

Several researchers have identified the benefits of specialised treatments of prob-
lems that arise naturally as an element of planning problems, particularly scheduling
and resource handling [11,28,38,15]. In almost all of these systems the planning prob-
lem is reformulated by hand in order to allow the planner to identify the separation
of the sub-problem or sub-problems from the remainder of the planning problem. The
whole problem can the be deployed across multiple solvers, including, possibly, a generic
planning strategy to be applied to the core of the planning problem left once the sub-
problems have been separated. The separation of a hard problem (NP-hard or worse)
from a planning problem offers far more hope for handling it effectively than attempting
to use general planning technology. It is unlikely in the extreme that a general planning
strategy can prove a powerful heuristic approach to managing, for example, combi-
natorial resource management problems, Travelling-Salesman-variant route planning
problems, Job-Shop-Scheduling-variant resource allocation problems and so on. In Ix-
TeT [28] resources are handled by reformulating planning problems to make explicit
the resource-producing and resource-consuming actions and then by using a resource-
constraint manager to handle the constraints on the resources used within developing
solutions. Similarly, resource profiling is used in OPlan [11]. In RealPlan [38] the prob-
lem of scheduling transporters to cargoes is handled by a separate scheduler. In all of
these systems the communication between sub-solvers (resource manager, profiler or
scheduler) and the rest of the planning system is a sophisticated technical problem.

In [15] Fox and Long describe Hybrid STAN, a planning system in which a special
purpose strategy for addressing route-planning sub-problems is integrated with a gen-
eral planning system. This system is based on automatic reformulation of a planning
problem from a standard action-based formulation into one in which the sub-problems
are identified and linked to the remainder of the problem using specialised expressions
associated with actions that rely on conditions established within the fragment of the
planning problem that is identified as a sub-problem. In [15] the need for a more gen-
eral form of interface between the planner and its sub-solvers is indicated, allowing the
communication of constraints between all the processes participating in the solution of
a diversely structured problem. In this paper we outline some of the progress we have
made towards the development of such an interface. We describe the notion of active
precondition — a general means by which information can be communicated between a
planner and one or more sub-solvers. Active preconditions represent an expressive form
that can be exploited in the reformulation of a planning problem from a pure action-
based model into one that makes explicit the relationships between those actions and
sub-problems within a planning problem. We proceed to discuss this process of reformu-
lation. We then demonstrate the use of active preconditions in the integration of STAN
with two specialised solvers: one for planning the routes to be followed by mobile ob-
jects committed to visiting various locations in a plan, and one for allocating drivers to
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these mobiles. The domains we use for demonstrating the power of our integrated system
feature mobiles that must be driven (in contrast to mobiles that are self-propelled, such
as those in the Logistics domain).

3.1 Automatic Reformulation of Planning Problems through Generic Types

The automatic reformulation of planning problems rests on a well-established line of
research that developed from the TIM system [13]. The development introduced the
notion of a generic type [29] (the developments and the relationship to the original
system can be seen in more detail in [32]).

A type, in a planning domain, is a set of objects that can all be used to instantiate
the same subset of arguments of action schemas within the domain (although not all of
the instantiated actions will necessarily be applicable, because of unsatisfied precondi-
tions). Thus, types in planning domains are actually based on a functional commonality
between objects within a single domain. In contrast, generic types are collections of
types, characterised by specific kinds of behaviours, examples of which appear in many
different planning domains. Thus, generic types are defined across domains, rather than
within single domains. For example, domains often feature transportation behaviours
since they often involve the movement of self-propelled or portable objects between
locations. In the context of recognising transportation domains TIM can identify mobile
objects, even when they occur implicitly, the operations by which they move and the
maps of connected locations on which they move, the drivers (if appropriate) on which
their mobility depends, any objects they can carry, together with their associated loading
and unloading operations. The analysis automatically determines whether the maps on
which the mobiles move are static (for example, road networks) or dynamic (for ex-
ample, corridors with lockable doors). The recognition of transportation features within
a domain suggests the likelihood of route-planning sub-problems arising in planning
problems within the domain.

In addition to mobility-related generic types, other generic types have been identified
and characterised. A generic type has been identified for construction behaviours [7].
Construction problems are commonly associated with iterative behaviour, suggesting
the presence in the domain of types with inductive structure (analogous to lists and
trees) associated with well-defined inductive operations. Recognition of these features
supports an abstract level of reasoning about the domain. Generic types representing
certain kinds of resources which restrict the use of particular actions in a domain have
also been characterised [30]. The presence of these features suggest that processor and
resource allocation sub-problems might arise and might be related to combinatorial sub-
problems such as Multi-processor Scheduling or Bin Packing. TIM is able to recognise
the existence, in a domain, of finite renewable resources which can be consumed and
released in units [31].

The analysis performed by TIM takes as input a standard STRIPS or, following
recent extensions [8], an ADL description of a domain and problem. Some experiments
have also been conducted with domains using numbers [18]. It should be emphasised
that the analysis is automatic: no annotations are required to identify special behaviours
and the analysis is completely independent of the syntactic labels used to describe the
objects and operations. As a consequence, the analysis can recognise generic behaviours
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Type L
P

Transformation by action A

Type M

Predicate in property P relates objects
of type M to objects of type L.

Fig. 2. A simple generic type fingerprint: the mobile type.

in domains which do not obviously fall into the categories indicated by the names of the
generic types. This allows automatic reformulation of problems where a human domain-
engineer might not identify the possibility. Recognition is based on the discovery of
patterns within the structure of a domain encoding that can be described as fingerprints
denoting the occurrence of specific behaviours amongst objects within the domain. The
fingerprints are described in terms of relationships between finite-state machines that
are extracted by TIM from a domain description and which show how objects in a
domain make state transitions as actions are applied to them. For example, figure 2
represents the simplest pattern, indicating the existence of mobile objects. Figure 3 is an
example of a more sophisticated pattern, this one identifying the existence of objects that
display a particular constrained resource behaviour corresponding to a Multi-Processor
Scheduling problem. In the figure the type P is the processor type and a processor object
must be allocated to a task (type T ) instance before that task can execute (moving from
stage to stage). An example of a domain encoding that displays this behaviour (in its
most explicit form) is given in figure 4.

Although the recognition of different generic types is still carried out using ad hoc
analysis techniques, based around the core TIM analysis, work is in progress towards
the unification of these techniques based on a single matching strategy and a common
framework for the description of generic types and relationships between them.

Once generic types have been identified in a domain, the planning problem can be
reformulated in terms of sub-problems.A sub-problem is defined to contain the following
components:

– A collection of objects capable of a specific behaviour (eg: trucks are capable of
mobility);

– A collection of predicates capturing this behaviour (eg: at captures locatedness, in
captures portability, free captures ability to be allocated to a task, etc).

– A collection of operators that affect these predicates (eg: drive affects at, load affects
in, allocate affects free, etc).

TIM identifies the relevant objects, predicates and operators in a given domain. For
example, figure 5 shows a particular encoding of the Multi-Processor Scheduling sub-
problem, associated with the generic type of processable task (type T in figure 3). In this
example there are three different types of objects participating in the sub-problem, and
predicates associated with each of the three types. These predicates are the critical ones
for solving the MPS problem. The collection of operators contains operators responsible
for changing the states of the objects with respect to these key predicates.
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Type S

1

3

4

5

Type P Type T

running at−stagefree

Type T

running
2

execute

1: A type, P, contains a state defined by a predicate that links to a single instance of a type, T.
The T instance acquires the corresponding property as an attribute.

2: The type, T, has a second property space, defining state−transition behaviour.

4: The state for T is a property that links T to instances of another type, S.
5: The elements of P can enter the state in which they are related to elements of T by either a

simple loop (reallocate) or by a transition (release) to a second state (free) and a transition back
(allocate).

3: The attribute of T is an enabling condition for the transition, execute, in the second space for T.

Fig. 3. The fingerprint of the generic type of driver objects.

(:action execute
:parameters (?p ?j ?s ?t)
:precondition (and (running ?p ?j) (stage ?j ?s) (nextto ?s ?t))
:effect (and (stage ?j ?t) (not (stage ?j ?s))))

(:action swap-to
:parameters (?p ?j)
:precondition (and (idle ?p) (job ?j))
:effect (and (running ?p ?j) (not (idle ?p))))

(:action swap-from
:parameters (?p ?j)
:precondition (and (running ?p ?j))
:effect (and (idle ?p) (not (running ?p ?j))))

Fig. 4. Canonical Multi-Processor Scheduling (CMPS) as a Planning Domain.

tasks, stages, processors
free, allocated, priocessed
allocate, de−allocate, re−allocate, process

Objects:
Predicates:
Operators:

MPS Sub−problem

Fig. 5. An encoding of the MPS Sub-problem
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The reformulation of the planning problem links sub-problem structures to actions
by a process of abstraction. Abstraction of a recognised sub-problem from the planning
domain involves the removal from the domain description of the sub-problem operators
and the modification of all remaining operators to remove reference to the sub-problem
predicates. In this way, all references to the sub-problem are removed from the planning
domain description, leaving a core problem for the planner to solve. In [15] is described
a simple form of integration between a forward planner and a route-planning sub-solver.
This integration is based on passing information from the planner to the sub-solver
about the current and required locations of mobiles that are required to move. The
interface mediating the interaction between the planner and sub-solvers described in
that work has now been generalised into a more powerful form of interface called an
active precondition.

We begin by defining the structure of an object specification:

Definition 1 An Object Specification, OSt, associated with an object in a planning
problem, t, is a triple containing the following components:

1. The current state of t. This is initialised from the initial state and is updated every
time t changes its state;

2. The final state of t, taken from the goal specification. If t has no state specified in
the goal destination this field is null.

3. The generic structure of t. This defines what kinds of generic behaviours t supports.

The state of an object is the collection of properties that refer to that object in
the current state of the world. Typically, the state of an object can be partitioned into
collections of propositions that identify the state of the object relative to one or other of
the generic behaviours the object supports. For example, a mobile object will support
movement between locations and the current location is its state relative to this behaviour.

Definition 2 An Active Precondition, APo, with respect to a set of objects os, is a triple
containing the following components:

1. A proposition, P , involving os;
2. The object specifications, for each o ∈ os, OSo;
3. The identity of the sub-solver that is responsible for satisfying P .

The active precondition is a data structure that couples the original precondition of
an action to the objects that are involved in the proposition and the sub-solver that can
bring about the necessary condition. Often the objects that appear in a proposition are
not all equally significant. For example, if the proposition is that a certain task must
reach a particular stage then the task is the more important object since it is the task
that must be processed in order to reach a particular stage. The precise significance of
each object in an active precondition depends on the way that the sub-solver manages
the process of achieving the corresponding proposition.

If we consider a planning problem that includes an instance of the generic type of
processable tasks, then we can see that the object specification for a task will include the
information indicating what stage the task is currently at, what stage it is to reach and
whether it currently has a processor allocated to it or not. An object specification is a
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data structure that encapsulates the representation of the state associated with the object.
The advantage of this is that, having identified a particular instance of a generic type
to which the object belongs, we can select a representation for the object specification
that makes it more efficient to access the corresponding properties of the object. In the
case of the task, we can store its current stage, its goal stage and whether or not there is
a processor allocated to it in an internal form that is much more easily modified as the
task is processed than a simple set of propositions would be.

Figure 6 shows how this abstraction is achieved with a task argument to a packing
action. It can be seen that each action that has a precondition that is to be solved by a sub-
solver will acquire a collection of active preconditions to replace them, along with the
remaining standard preconditions. Each active precondition is responsible for handling
only one proposition, but an action can have many active preconditions.

(:action pack
  :parameters (?t ?c ?s)
  :precondition (and (at−stage ?t ?s)
                                 (packable ?s)

                                 (empty ?c))
                                 (unpacked ?t)

  :effect (and (not (unpacked ?t))
                      (packed ?t)

(not (empty ?c))
(contains ?c ?t)))

���
���
���

���
���
���

Abstracted operator

Original operator

(not (empty ?c))
(contains ?c ?t)))

(:action pack
  :parameters (?t ?c ?s)

                                 (packable ?s)

                                 (empty ?c))
                                 (unpacked ?t)

  :effect (and (not (unpacked ?t))
                      (packed ?t)

  :precondition (and Active precondition
Condition: (at−stage ?t ?s)

Objects: ?t − task ?s − stage
Subsolver: MPS solver

Fig. 6. The abstraction process for a packing operator. The at-stage precondition for the task t is
replaced with an active precondition.

In addition to replacing the preconditions with active preconditions in this way,
the abstraction process will remove the action responsible for the generic movement
behaviour associated with the mobile type. In certain cases the process of asbtraction
can leave a null domain description (this happens in the canonical MPS problem encoded
as a planning problem [30], where there is no other structure than that of the MPS sub-
problem), but in general there remain components of the original problem that have to
be solved by the planner. Active preconditions form one component of the mechanisms
by which sub-solvers communicate. The way in which they are currently exploited is
described in the next section.
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3.2 Exploitation of Generic Types

In order to exploit the reformulation, our planning system is driven by a forward search
engine that attempts to solve the remaining planning problem (if there is one), using a
relaxed-plan heuristic in much the same way as FF [24]. As relaxed plans are constructed
in order to evaluate alternative state transitions these relaxed plans create agendas, formed
from the active preconditions of actions selected in the relaxed plan. The agendas are
then examined by sub-solvers to identify the goals that have been posed that fall under
the remit of each of the sub-solvers. The sub-solvers then communicate to the forward
planner an estimate of the cost of achieving the corresponding goals within the sub-
problem for which they are responsible. Using this enriched goal distance estimate the
forward planner selects the best transition by which to progress.

If the action selected contains an active precondition then the corresponding sub-
solver is given a new task: to construct an actual plan fragment which will achieve the
necessary precondition from the current state prior to insertion of the newly selected
action. The abstraction process ensures that all of the materials required by the sub-
solver in order to achieve this are under the control of the sub-solver, so that the goal
can be achieved. This process ensures efficient solution of the sub-problem and can
utilise global state information about the progress of the solution in order to ensure that
resources are sensibly deployed — for example, the MPS solver can ensure that loads
are balanced between processors in order to achieve an efficient solution.

There are complications in this linkage that we have not space to address properly
in this paper. An initial report of some of the progress we have made in handling the
difficulties that arise when sub-problems are interdependent can be found in [19]. In
particular, we have identified the relationships that can exist between sub-solvers and
their respective responsibilities and can automatically build a dependency network that
allows these relationships to be identified. Armed with this information it is possible to
decompose the agenda constructed by a planner so that sub-solvers examine it in an order
that allows sub-solvers to impose further goals for subsequent sub-solvers to achieve.
There remain several significant challenges to resolve in order to make this approach
fully general.

To give a broad idea of what can be achieved using the reformulation into sub-
problems we present one data set. Data demonstrating performance in other problem
sets can be found in, for example, [15,7,19]. The current data set shows performance
on a collection of randomly generated MPS problems.

In this test we compared IPP [26], BlackBox [25], FF [24] and STAN on CMPS
(the canonical MPS problem illustrated earlier) instances involving increasing numbers
of processors and tasks. We were interested in comparing both time taken to solve the
instances and makespan of the solutions. All experiments were performed on a Celeron
333 Intel processor and a machine with 256Kb of RAM, 256Kb swap space. The larger
problems defeated FF primarily in the instantiation phase. It should be noted that the
reformulation being carried out by TIM in these problems includes the addition of type
information which is only impicit in the encodings. The instantiation by FF is improved if
type information is explict, but even with this information FF cannot solve the largest half-
dozen problems on this machine. The quality of the plans produced by FF is consistently
poor, with all tasks being allocated to a single processor until late in the sequence when
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Procs Tasks IPP Blackbox FF STAN Diff Sub
Secs Span Secs Span Secs Span Secs Span Opt?

2 5 3.28 11 12.72 11 .01 19 .006 11 0
2 10 .1 72 .008 38 1
2 20 .87 233 .066 118 0
3 10 1.49 64 .088 25 1
3 20 1.83 211 .064 79 1
3 30 8.92 477 .073 170 1
4 20 53.07 215 .017 59 1
4 30 .09 128 2 1
4 40 .121 190 2
4 50 .141 358 3 1
10 50 .206 145 10 2
10 80 .560 300 3
10 100 .954 548 2
15 50 .132 97 6 2
15 100 .98 366 4
15 150 2.48 806 4
20 50 .153 72 3
20 80 .504 150 10
20 100 .894 275 5
20 150 2.498 606 3

Fig. 7. Results for MPS domain instances. Instances were randomly generated.

one or two alternative processors are sometimes used. This is only to be expected, since
FF generates plans that IPP and BlackBox both found the optimal parallel plan for the
smallest instance but had insufficient memory to solve any further instances. BlackBox
attempts first to use a GraphPlan strategy and only switches to SAT-solving if this has
failed to make progress when a fixed time cut-off is reached. The first instance was small
enough to be solved before the cut-off so BlackBox used its Graphplan strategy in this
case.

STAN is able to solve all of the instances without any search at all. When TIM
has identified the MPS nature of the problem a heuristic strategy is invoked to solve the
sub-problem. The first-fit decreasing heuristic produces very good quality solutions. The
Diff column in the table shows the difference in load between the lightest and heaviest
loaded processors. As can be seen, the difference is generally very small indicating that
all processors are being allocated an approximately average load. The final column shows
the extent to which STAN’s solutions seem likely to deviate from optimal. By inspection
of the proposed allocation it can be determined whether it is, in principle, possible to
rearrange the loads to result in a shortened makespan. Whether this is actually possible
or not cannot easily be determined (we would need to search for an alternative solution
or compare our solutions with ones generated by alternative heuristics or approximation
schemes). Only four of the solutions were possibly non-optimal and these only by very
small margins.
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4 Generic Types and Reformulation

So far we have discussed the use of generic types in their role as a foundation for
automatic reformulation of planning problems, based on automatic recognition of fin-
gerprints within action-based models. A more recent direction of work is exploring the
use of generic types as planning domain design patterns, analogous to the software en-
gineering notion of design pattern [20]. Defining a design pattern in his seminal work,
Alexander, credited with invention of design patterns, states [1] that:

Each pattern describes a problem which occurs over and over again in our
environment, and then describes the core of the solution to that problem in such
a way that you can use this solution a million times over without ever doing it
the same way twice. Christopher Alexander

Generic types capture precisely this generality and the fingerprints define, in a planning-
domain pattern language, the necessary components and relationships between them.
The characterisations provided in figures 2 and 3 have a similar status to the design
patterns of programs and can play a similar role: to support the construction of planning
domain descriptions using well-understood structural components that capture common
behaviours. Seen in this light, the automatic recognition of generic types is an attempt to
recognise and capture design patterns in use within a planning domain. The exploitation
of generic types as planning domain design patterns is at an early stage and we perceive
there to be opportunities in domain engineering as well as in supporting efficient plan-
ning. Some early work illustrating the use of generic types in a domain engineering role
can be found in [37].

The construction of planning domains in terms of generic types ab initio offers some
important opportunities for reformulation. All of the techniques for abstraction of sub-
problems can, of course, be used to reformulate problems in the ways already described,
but in addition it is possible to use the existence of generic types to reformulate problems
in canonical structures, or to add control information that is associated with the existence
of generic types within a problem allowing automatic reformulation for planning systems
that currently rely on hand-coded control rules [33].

5 Conclusions

Reformulation has played and continues to play a vital role in planning. In this paper we
have concentrated on a particular strategy for the application of reformulation, based on
the observation that planning problems typically contain sub-problems that have been
tackled as research problems in their own right and for which efficient heuristic solvers
have been developed that will inevitably out-perform generic planning technology. This
approach is still at an early stage of development, but we have demonstrated that it is
both possible and effective.

Planning is not alone in being faced with a wide variety of problems that are often
composed of combinations of structured sub-problems. Reformulation in order to rede-
ploy problem solving across multiple sub-solvers, each specialising in the solution of
one kind of sub-problem, would appear to be a strategy that can be applied across a much
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broader spectrum of combinatorial problem solving. Indeed, it seems likely that even
the notion of a generic type is more general than to be applicable to planning problems
alone, and its application to other areas of automatic reasoning could be a fruitful way
in which to extend the power of reformulation across the whole field.
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Abstract. Probabilistic finite state machines have become a popular
modeling tool for representing sequential processes, ranging from images
and speech signals to text documents and spatial and genomic maps.
In this paper, I describe two hierarchical abstraction mechanisms for
simplifying the (estimation) learning and (control) optimization of com-
plex Markov processes: spatial decomposition and temporal aggregation.
I present several approaches to combining spatial and temporal abstrac-
tion, drawing upon recent work of my group as well as that of others. I
show how spatiotemporal abstraction enables improved solutions to three
difficult sequential estimation and decision problems: hidden state mod-
eling and control, learning parallel plans, and coordinating with multiple
agents.

1 Introduction

Abstraction has long been viewed as central to artificial intelligence (AI). A
popular textbook defines abstraction as the “process of removing detail from
a representation” [30]. Many approaches to abstraction have been pursued in
the past several decades of research in AI. A common strategy is constraint
relaxation where the problem is simplified by eliminating some conditions, as
illustrated by logic-based planners such as ABSTRIPS [12] and by methods for
discovering admissible heuristics [25]. This paper describes some recent work on
probabilistic abstraction of stochastic sequential processes, which have become a
common approach underlying many areas of AI.

Figure 1 characterizes a popular view of AI as the science underlying the
design of agents: software or hardware artifacts that interact with an external
environment through perception and action. What is unique about the agent-
centered viewpoint is that it directs attention to the sequential interaction be-
tween an agent and its environment, and how to model the dynamics of such
an interaction. Typically, the interaction is such that decisions (or observations)
made earlier can impact later decisions.

Probabilistic finite state machines have become a popular paradigm for mod-
eling sequential processes. In this representation, the interaction between an
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Fig. 1. The perception-action cycle of interaction between an agent and its environment
can be modeled as a sequential process. A sequential program for a corridor navigation
task represented as a finite state machine on the right. The set of observations generated
as the agent executes this machine can be modeled as a Markov process.

agent and its environment is represented as a finite automata, whose states par-
tition the past history of the interaction into equivalence classes, and whose
actions cause (probabilistic) transitions between states. Here, state are a suf-
ficient statistic for computing optimal (or best) actions, meaning past history
leading to the state can be abstracted. This assumption is usually referred to as
the Markov property.

Markov processes have become the mathematical foundation for much cur-
rent work in reinforcement learning [33], decision-theoretic planning [1], informa-
tion retrieval [7], speech recognition [10], active vision [20], and robot navigation
[13]. In this paper, I focus on the abstraction of sequential Markov processes,
and present two main strategies for “removing irrelevant detail”: state aggre-
gation/decomposition and temporal abstraction. State decomposition methods
typically represent states as collections of factored variables [1], or simplify the
automaton by eliminating “useless” states [3]. Temporal abstraction mecha-
nisms, for example in hierarchical reinforcement learning [34,5,23], encapsulate
lower-level observation or action sequences into a single unit at more abstract
levels. For a unified algebraic treatment of abstraction of Markov decision pro-
cesses that covers both spatial and temporal abstraction, the reader is referred
to the paper by Ravi and Barto in these proceedings [27].

The main thesis of this paper is that combining spatial and temporal ab-
straction enables significant advances in solving difficult sequential estimation
and decision problems. I focus on three specific problems – multiscale repre-
sentations of hidden state, learning concurrent plans, and acquiring multiagent
coordination strategies – and show how spatiotemporal abstraction is a powerful
approach to solving instances of these well-known difficult problems.
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Fig. 2. A spectrum of Markov process models along several dimensions: whether agents
have a choice of action, whether states are observable or hidden, and whether actions
are unit-time (single-step) or time-varying (multi-step).

2 Markov Processes

Figure 2 illustrates eight Markov process models, arranged in a cube whose axes
represent significant dimensions along which the models differ from each other.
While a detailed description of each model is beyond the scope of this paper, I
will provide examples of many of these models in the rest of this paper, beginning
in this section with the basic MDP model.

A Markov decision process (MDP) [26] is specified by a set of states S, a set
of allowable actions A(s) in each state s, and a transition function specifying the
next-state distribution P a

ss′ for each action a ∈ A(s). A reward or cost function
r(s, a) specifies the expected reward for carrying out action a in state s. Solving
a given MDP requires finding an optimal mapping or policy π∗ : S → A that
maximizes the long-term cumulative sum of rewards (usually discounted by some
factor γ < 1) or the expected average-reward per step. A classic result is that
for any MDP, there exists a stationary deterministic optimal policy, which can
be found by solving a nonlinear set of equations, one for each state (such as by
a successive approximation method called value iteration):

V ∗(s) = max
a∈A(s)

(
r(s, a) + γ

∑
s′

P (s′|s, a)V ∗(s′)

)
(1)

MDPs have been applied to many real-world domains, ranging from robotics [13,
16] to engineering optimization [2,17,17], and game playing [36]. In many such
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domains, the model parameters (rewards, transition probabilities) are unknown,
and need to be estimated from samples generated by the agent exploring the
environment. Q-learning was a major advance in direct policy learning, since
it obviates the need for model estimation [41]. Here, the Bellman optimality
equation is reformulated using action values Q∗(x, a), which represent the value
of the non-stationary policy of doing action a once, and thereafter acting opti-
mally. Q-learning eventually finds the optimal policy asymptotically. However,
much work is required in scaling Q-learning to large problems, and abstraction is
one of the key components. Factored approaches to representing value functions
are also emerging as a key approach to scaling to large problems [14].

3 Spatiotemporal Abstraction of Markov Processes

We now discuss strategies for hierarchical abstraction of Markov processes, in-
cluding temporal abstraction, and spatial abstraction techniques.

3.1 Semi-Markov Decision Processes

Hierarchical decision-making models require the ability to represent lower-level
policies over primitive actions as primitive actions at the next level (e.g., in the
sequential machine in Figure 1, the “go forward” state might itself be comprised
of a lower-level machine for moving through the corridor to the end, while avoid-
ing obstacles). Policies over primitive actions are “semi-Markov” at the next level
up, and cannot be simply treated as single-step actions over a coarser time scale
over the same states.

Semi-Markov decision processes (SMDPs) have become the preferred lan-
guage for modeling temporally extended actions. Unlike Markov decision pro-
cesses (MDPs), the time between transitions may be several time units and can
depend on the transition that is made. An SMDP is defined as a five tuple
(S,A,P ,R,F ), where S is a finite set of states, A is the set of actions, P is the
state and action transition probability function, R is the reward function, and
F is a function giving probability of transition times for each state-action pair.
The transitions are at decision epochs only. The SMDP represents snapshots
of the system at decision points, whereas the so-called natural process [26] de-
scribes the evolution of the system over all times. Discrete-time SMDPs represent
transition distributions as F (s′, N |s, a), which specifies the expected number of
steps N that action a will take before terminating in state s′ starting in state s.
For continuous-time SMDPs, F (t|s, a) is the probability that the next decision
epoch occurs within t time units after the agent chooses action a in state s at
a decision epoch. Q-learning generalizes nicely to discrete and continuous-time
SMDPs. The Q-learning rule for discrete-time discounted SMDPs is

Qt+1(s, a)← Qt(s, a)(1− β) + β

(
R+ γk max

a′∈A(s′)
Qt(s′, a′)

)

where β ∈ (0, 1), and action a was initiated in state s, lasted for k steps, and
terminated in state s′, while generating a total discounted sum of rewards of R.
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Fig. 3. An example hierarchical hidden Markov model. Only leaf nodes produce ob-
servations. Internal nodes can be viewed as generating sequences of observations.

Several frameworks for hierarchical reinforcement learning have been pro-
posed, all of which are variants of SMDPs, including options [34], MAXQ [5],
and HAMs [23]. We discuss some of these in more detail in the next section.

3.2 Hierarchical Hidden Markov Models

Hidden Markov models (HMMs) are a widely-used probabilistic model for repre-
senting time-series data, such as speech [10]. Unlike an MDP, states are not per-
ceivable, and instead the agent receives an observation o which can be viewed as
being generated by a stochastic process P (o|s). HMMs have been widely applied
to many time-series problems, ranging from speech recognition [10], information
extraction [7], and bioinformatics [11]. However, like MDPs, HMMs do not pro-
vide any direct way of representing higher-level structure that is often present
in many practical problems. For example, an HMM can be used as a spatial
representation of indoor enviroments [31], but typically such environments have
higher order structures such as corridors or floors which are not made explicit in
the underlying HMM model. As in the case with MDPs, in most practical prob-
lems, the parameters of the underlying HMM have to be learned from samples.
The most popular method for learning an HMMmodel is the Baum-Welch proce-
dure, which is itself a special case of the more general Expectation-Maximization
(EM) statistical inference algorithm.

Recently, an elegant hierarchical extension of HMMs was proposed [6]. The
HHMM generalizes the standard hidden Markov model by allowing hidden states
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to represent stochastic processes themselves. An HHMM is visualized as a tree
structure (see Figure 3) in which there are three types of states, production
states (leaves of the tree) which emit observations, and internal states which are
(unobservable) hidden states that represent entire stochastic processes. Each
production state is associated with an observation vector which maintains dis-
tribution functions for each observation defined for the model. Each internal
state is associated with a horizontal transition matrix, and a vertical transition
vector. The horizontal transition matrix of an internal state defines the transi-
tion probabilities among its children. The vertical transition vectors define the
probability of an internal state to activate any of its children. Each internal state
is also associated with a child called an end-state which returns control to its
parent. The end-states (e1 to e4 in Figure 3) do not produce observations and
cannot be activated through a vertical transition from their parent.

Figure 3 shows a graphical representation of an example HHMM. The HHMM
produces observations as follows:

1. If the current node is the root, then it chooses to activate one of its children
according to the vertical transition vector from the root to its children.

2. If the child activated is a product state, it produces an observation according
to an observation probability output vector. It then transitions to another
state within the same level. If the state reached after the transition is the
end-state, then control is returned to the parent of the end-state.

3. If the child is an abstract state then it chooses to activate one of its chil-
dren. The abstract state waits until control is returned to it from its child
end-state. Then it transitions to another state within the same level. If the
resulting transition is to the end-state then control is returned to the parent
of the abstract state.

The basic inference algorithm for hierarchical HMMs is a modification of
the “inside-outside” algorithm for stochastic context-free grammars, and runs
in O(T 3) where T is the length of the observation sequence. Recently, Murphy
developed a much faster inference algorithm for hierarchical HMMs by mapping
them onto a dynamic Bayes network [21].

3.3 Factorial Markov Processes

In many domains, states are comprised of collections of objects, each of which can
be modeled as a multinomial or real-valued variable. For example, in driving, the
state of the car might include the position of the accelerator and brake, the radio,
the wheel angle etc. Here, we assume the agent-environment interaction can be
modeled as a factored semi-Markov decision process, in which the state space
is spanned by the Cartesian product of random variables X = {X1, X2, ..., Xn},
where each Xi takes on values in some finite domain Dom(Xi). Each action
is either a primitive (single-step) action or a closed-loop policy over primitive
actions.

Dynamic Bayes networks (DBNs) [4] are a popular tool for modeling tran-
sitions across factored MDPs. Let Xt

i denote the state variable Xi at time t
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and Xt+1
i the variable at time t + 1. Also, let A denote the set of underlying

primitive actions. Then, for any set of actions represented by a ⊆ A, the Ac-
tion Network is specified as a two-layer directed acyclic graph whose nodes are
{Xt

1, X
t
2, ..., X

t
n, X

t+1
1 , Xt+1

2 , ..., Xt+1
n } and each node Xt+1

i is associated with a
conditional probability table (CPT) P (Xt+1

i |φ(Xt+1
i ),a) in which φ(Xt+1

i ) de-
notes the parents ofXt+1

i in the graph. The transition probability P (Xt+1|Xt,a)
is then defined by: P (Xt+1|Xt,a) =

∏n
i P (Xt+1

i |wi,a) where wi is a vector
whose elements are the values of the Xt

j ∈ φ(Xt+1
i ).

Figure 4 shows a popular toy problem called the Taxi Problem [5]) in which
a taxi inhabits a 7-by-7 grid world. This is an episodic problem in which the
taxi (with maximum fuel capacity of 18 units) is placed at the beginning of
each episode in a randomly selected location with a randomly selected amount
of fuel (ranging from 8 to 15 units). A passenger arrives randomly in one of the
four locations marked as R(ed), G(reen), B(lue), and Y(ellow) and will select a
random destination from these four states to be transported to. The taxi must go
to the location of the passenger (the “source”), pick up the passenger, move to the
destination location (the “destination) and put down the passenger there. The
episode ends when either the passenger is transported to the desired destination,
or the taxi runs out of fuel. Treating each of taxi position, passenger location,
destination and fuel level as state variables, we can represent this problem as
a factorial MDP with four state variables each taking on values as explained
above. Figure 4 shows a factorial representation of taxi domain for Pickup and
Fillup actions.

R G

BY

F

t

passenger location

Taxi position

Destination

Fuel

passenger location

t+1

Taxi position

Destination

Fuel

Fillup

Fig. 4. The taxi domain is an instance of a factored Markov process, where actions
such as fillup can be represented compactly using dynamic Bayes networks.

Other examples include the mixed memory factorial Markov model and its
extension to factorial MDPs [29]. In factorial MDPs, the transition model is addi-
tionally decomposed into transition sub-components, each describing a transition
sub-model for a particular state variable given the current instantiation of the
set of state variables. Mixed memory representation of the transition probabili-
ties models each sub-component as a mixture of simpler dynamical models, each
describing a cross-correlation between a pair of state variables. The parameters
of this model can be fitted iteratively using an EM procedure.
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3.4 Structural Decomposition of Markov Processes

Other related techniques for decomposition of large MDPs have been explored,
and some of these are illustrated in Figure 5. A simple decomposition strategy
is to split a large MDP into sub-MDPs, which interact “weakly” [23,34,3]. An
example of weak interaction is navigation, where the only interaction among
sub-MDPs is the states that connect different rooms together. Another strategy
is to decompose a large MDP using the set of available actions, such as in air
campaign planning problem [19], or in conversational robotics [24]. An even
more intriguing decomposition strategy is when sub-MDPs interact with each
other through shared parameters. The transfer line optimization problem from
manufacturing is a good example of such a parametric decomposition [40].

Room 3
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x x
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x x

x

x x

$

Room 2 x
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Fig. 5. State and action-based decomposition of Markov processes.

4 Spatiotemporal Abstraction: Three Case Studies

This section describes some recent research from my group on exploiting spa-
tiotemporal abstraction to produce improved solutions to three difficult prob-
lems: learning concurrent actions and multiagent coordination, and using mem-
ory to deal with hidden state.

4.1 Learning Concurrent Plans

I now describe a probabilistic model for learning concurrent plans over tempo-
rally extended actions. Figure 6 illustrates a toy example of concurrent planning.
The general problem is as follows. The agent is given a set of temporally extended
actions, each of which can be viewed as a (fixed or previously learned) “subrou-
tine” for choosing actions over a subspace of the overall state space. The goal
of the agent is to learn to construct a closed-loop plan (or policy) that allows
multiple concurrent subroutines to be executed in parallel (and in sequence) to
achieve the task at hand. For multiple actions to be executed concurrently, their
joint semantics must be well-defined. Concurrency is facilitated by assuming
states are not atomic, but structured as a collection of (discrete or continuous)
variables, and the effect of actions on such sets of variables can be captured by
a compact representation, such as a dynamic Bayes net (DBN) [4].
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- 2 multi-step key options (pickup-key) for

water trap

and holding both keys

- 4 stochastic primitive actions
(Up, Down, Left and Right)
- Fail 10% of times, when not passing
the water trap
- Fail 30% of times, when passing the
water trap

Agent H0

H2

H1 H3 (Goal)

Fig. 6. A grid world problem to illustrate concurrent planning: the agent is given
subroutines for getting to each door from any interior room state, and for opening a
locked door. It has to learn the shortest path to the goal by concurrently combining
these subroutines. The agent can reach the goal more quickly if it learns to parallelize
the subroutine for retrieving the key before it reaches a locked door. However, retrieving
the key too early is counterproductive since it can drop with some probability.

Since multiple concurrent actions may not terminate synchronously, the no-
tion of a decision epoch needs to be generalized. For example, a decision epoch
can occur when any one of the actions currently running terminates. We refer
to this as the Tany termination condition. Alternatively, a decision epoch can be
defined to occur when all actions currently running terminate, which we refer to
as the Tall condition.

For concreteness, we will describe the concurrent planning framework us-
ing the options formalism [34]. The treatment here is restricted to options over
discrete-time SMDPs and deterministic policies, but the main ideas extend read-
ily to other hierarchical formalisms [5,23] and to continuous-time SMDPs [8].
More formally, an option o consists of three components: a policy π : S → A,
a termination condition β : S → [0, 1], and an initiation set I ⊆ S, where I
denotes the set of states s in which the option can be initiated. For any state
s, if option π is taken, then primitive actions are selected based on π until it
terminates according to β. An option o is a Markov option if its policy, initiation
set and termination condition depend stochastically only on the current state
s ∈ S. An option o is semi-Markov if its policy, initiation set and termination
condition are dependent on all prior history since the option was initiated. For
example, the option exit-room in the grid world environment shown in Figure 6,
in which states are the different locations in the room, is a Markov option, since
for a given location, the direction to move to get to the door can be computed
given the current state.
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A hierarchical policy over subroutines or options can be defined as follows.
The Markov policy over options µ : S → O (where O is the set of all options)
selects an option o ∈ O at time t using the function µ(st). The option o is then
initiated in st until it terminates at a random time t + k in some state st+k

according to the termination condition, and the process repeats in st+k.
The multistep state transition dynamics over options is defined using the

discount factor to weight the probability of transitioning. Let po(s, s′, k) denote
the probability that the option o is initiated in state s and terminates in state
s′ after k steps. Then p(s′|s, o) =

∑∞
k=1 p

o(s, s′, k)γk. If multi-step models of
options and rewards are known, optimal hierarchical plans can be found by
solving a generalized Bellman equation over options similar to Equation 1.

The sequential subroutine (option) model is now generalized to concurrent
multi-options. Initially, assume the set of options can be partitioned into mutu-
ally exclusive coherent subsets, where options from disjoint subsets can always
be parallelized since they affect different state variables. For example, turning
the radio off and pressing the brake can always be executed in parallel since they
affect different state variables.

We now define multi-options (denoted below by o) more precisely. Let
o ≡< I, π, β > be a standard option with state space So governed by the set of
state variables Wo = {wo

1, w
o
2, ..., w

o
no
}. Let ϕo ⊂ Wo denote the subset of state

variables that evolve by some other processes (e.g. other options) and indepen-
dent of o, and let Ωo = Wo−ϕo denote the subset of state variables that evolve
solely based on the option o. We refer to the class of options with this property
as partially-factored options. Two options oi and oj are called coherent if (1)
they are both partially-factored options, and (2) Ωoi ∩ Ωoj = ∅ (this condition
ensures these two options will not affect the same portion of the state space
so that they can safely run in parallel). In the driving example, turn radio on
and brake options are coherent, but turn-right and accelerate options are not
coherent, since the state variable position is controlled by both these actions.

Now, assume O is the set of available options and {C1, C2, ..., Cn} are n
classes of options that partition O into disjoint classes such that any two op-
tions belonging to different classes are coherent (can run in parallel), and any
two options within the same class are not coherent. Clearly any set of options
generated by drawing each option from a separate class can safely be run in
parallel. Given the above definitions, we can define the multi-option model as a
4-tuple (S,O, P, r), where S is the state space spanned by the cartesian prod-
uct set over state variables, O is the set of all possible concurrent multi-options
⊆ C1×C2×...×Cn, P is the transition probability specifying the state dynamics
under any multi-option, and r : S ×O → R is the expected reward for taking a
multi-option o ∈ O.

When multi-option o is executed in state s, a set of m options oi ∈ o are
initiated. Each option oi will terminate at some random time toi . We can define
the event of termination for a multi-option based on either of the following events:
(1) Tall = maxi(toi): when all the options oi ∈ o terminate according to βi(s),
multi-option o is declared terminated (2) Tany = mini(toi): when any (i.e., the
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first) of the options terminate, the rest of the options that are not terminated
at that point in time are interrupted. Under either definition of termination, the
following result holds.

Theorem 1. Given a Markov decision process, and a set of concurrent Markov
options defined on it, the decision process that selects only among multi-options,
and executes each one until its termination according to the either Tall or Tany

termination condition forms a semi-Markov decision process.

The proof requires showing that the state transition dynamics p(s′, N | o, s)
and the rewards r(s,o) over any concurrent option o defines a semi-Markov
decision process [28]. The significance of this result is that SMDP Q-learning
methods can be extended to learn to concurrent plans under this model. The
extended SMDP Q-learning algorithm for learning to plan with concurrent op-
tions updates the multi-option-value function Q(s,o) after each decision epoch
where the multi-option o is taken in some state s and terminates in s′ (under
either termination condition):

Q(s,o)← Q(s,o)(1− β) + β

[
R+ γk max

o′∈Os′
Q(s′,o′)

]
(2)

where k denotes the number of time steps between initiation of the multi-
option o in state s and its termination in state s′, and R denotes the cumulative
discounted reward over this period. The result of using this algorithm on the
simple grid world problem in shown in Figure 7. The figure illustrates the dif-
ference in performance under different termination conditions (Tall, Tany, and
Tcont).

The concurrent option model can be extended to allow cases when options
executing in parallel modify the same shared variables at the same time. Using a
DBN representation of concurrent actions, the above theorem continues to hold
in this case (and the concurrent SMDP Q-learning method works as well).

4.2 Learning Multiagent Task-Level Coordination Strategies

The second case study uses hierarchical abstraction to learn multiagent coor-
dination strategies. Figure 8 illustrates a robot trash collection task, where the
two agents A1 and A2 will maximize their performance at the task if they learn
to coordinate with each other. Here, we want to design learning algorithms for
cooperative multiagent tasks [42], where the agents learn the coordination skills
by trial and error. The key idea here is that coordination skills are learned more
efficiently if agents learn to synchronize using a hierarchical representation of the
task structure [32]. In particular, rather than each robot learning its response to
low-level primitive actions of the other robots (for instance, if A1 goes forward,
what should A2 do), they learn high-level coordination knowledge (what is the
utility of A2 picking up trash from T1 if A1 is also picking up from the same
bin, and so on). The proposed approach differs significantly from previous work
in multiagent reinforcement learning [15,35] in using hierarchical task structure
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Fig. 8. A two-robot (A1 and A2) trash collection task. The robots can learn to coordi-
nate much more rapidly using the task structure than if they attempted to coordinate
at the level of primitive movements.

to accelerate learning, and as well in its use of concurrent temporally extended
actions.

One general approach to learning task-level coordination is to extend the
above concurrency model to the joint state action space, where base level policies
remain fixed. However, an extension of this approach is now presented, where
agents learn coordination skills and the base-level policies all at once. However,
convergence to optimal (hierarchical) policies is no longer assured since lower
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level (subroutine) policies are varying at the same time when learning higher
level routines. The ideas extend to other formalisms also, but for the sake of
clarity, we focus on the MAXQ value function decomposition approach [5]. This
decomposition is based on storing the value function in a distributed manner
across all nodes in a task graph. The value function is computed on demand by
querying lower level (subtask) nodes whenever a high level (task) node needs to
be evaluated.

It is necessary to generalize the MAXQ decomposition from its original se-
quential single-agent setting to the concurrent multiagent coordination problem.
Let o = (o1, ...,on) denote a concurrent action, where oi is the set of concur-
rent subprocesses under the control of agent i. Let s = (s1, ..., sn) denote the
joint state. The joint action value function Q(p, s,o) represents the value of
concurrent action o in joint state s, in the context of doing parent task p.

The MAXQ decomposition of the Q-function relies on a key principle: the
reward function for the parent task is essentially the value function of the child
subtask. This principle can be extended to joint concurrent action values as
shown below. Define the completion function for agent j as Cj(p, sj ,o) as the
expected cumulative discounted (or average-adjusted) reward of agent j com-
pleting concurrent subtask oj in the context of doing parent task p, when the
other agents are performing concurrent subtasks ok,∀k ∈ {1, ..., n}, k �=j. The
joint concurrent action value function Q(p, s,o) is now approximated by each
agent j (given only its local state sj) as:

Qj(p, sj ,o) ≈ V j(oj , sj) + Cj(p, sj ,o) (3)

V j(p, sj) =

{
maxok Qj(p, sj ,ok) if parent task p is composite∑

s′
j
P (s′

j | sj , p)R(s′
j | sj , p) if p is a primitive action

The first term in the Q(p, sj ,o) expansion above refers to the discounted sum of
rewards received by agent j for doing concurrent action oj in state sj . The sec-
ond term “completes” the sum by accounting for rewards earned for completing
the parent task p after finishing oj . The completion function is updated from
sample values using an SMDP learning rule. Note that the correct action value
is approximated by only considering local state sj and also by ignoring the effect
of concurrent actions ok, k �=j by other agents when agent j is performing oj . In
practice, a human designer can configure the task graph to store joint concurrent
action values at the highest (or lower than the highest as needed) level(s) of the
hierarchy as needed.

To illustrate the use of this decomposition in learning multiagent coordi-
nation, for the two-robot trash collection task, if the joint action-values are
restricted to only the highest level of the task graph under the root, we get the
following value function decomposition for agent A1:

Q
1(Root, s1, (NavT1, NavT2)) ≈ V

1
t ((NavT1), s1) + C

1
t (Root, s1, (NavT1, NavT2))

which represents the value of agent A1 doing task NavT1 in the context of the
overall Root task, when agent A2 is doing task NavT2. Note that this value
is decomposed into the value of agent A1 doing NavT1 subtask itself and the
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completion sum of the remainder of the overall task done by both agents. In this
example, the multiagent MAXQ decomposition embodies the constraint that the
value of A1 navigating to trash bin T1 is independent of whatever A2 is doing.

4.3 Hierarchical Memory

When agents learn to act concurrently in real-world environments, the true state
of the environment is usually hidden. To address this issue, we need to combine
the above methods for learning concurrency and coordination with methods for
estimating (joint) hidden state and actions. We have explored two multiscale
memory models [9,39]. Hierarchical Suffix Memory (HSM) [9] generalizes the
suffix tree model [18] to SMDP-based temporally extended actions. Suffix mem-
ory constructs state estimators from finite chains of observation-action-reward
triples. In addition to extending suffix models to SMDP actions, HSM also uses
multiple layers of temporal abstraction to form longer-term memories at more
abstract levels. Figure 9 illustrates this idea for robot navigation for the simpler
case of a linear chain, although the tree-based model has also been investigated.
An important side-effect is that the agent can look back many steps back in
time while ignoring the exact sequence of low-level observations and actions that
transpired. Tests in a robot navigation domain showed that HSM outperformed
“flat” suffix tree methods, as well as hierarchical methods that used no mem-
ory [9]. POMDPs are theoretically more powerful than finite memory models,

. . .. . . . . .

*
?

T-junctioncorner dead end

D3 D1 D3 D2 D1 D3

*
. . . ?

d3 d2 d3d3 d2d2

abstraction level: navigation

abstraction level: traversal

abstraction level: primitive

Fig. 9. A hierarchical suffix memory state estimator for a robot navigation task. At the
abstract (navigation) level, observations and decisions occur at intersections. At the
lower (corridor-traversal) level, observations and decisions occur within the corridor. At
each level, each agent constructs states out of its past experience with similar history
(shown with shadows).

but past work on POMDPs has mostly studied “flat” models for which learn-
ing and planning algorithms scale poorly with model size. We have developed a
new hierarchical POMDP framework termed H-POMDPs (see Figure 10) [39],
by extending the hierarchical hidden Markov model (HHMM) [6] to include re-
wards and (temporally extended) actions. We have developed a hierarchical EM
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has two (unobservable) abstract states s1 and s2 and each abstract state has two entry
and two exit states. The (hidden) product state s4, s5, s6, s9, and s10 have associated
observation models.

algorithm for learning the parameters of an H-POMDP model from sequences
of observations and actions. Extensive tests on a robot navigation domain show
learning and planning performance is much improved over flat POMDP models
[39,38]. The hierarchical EM-based parameter estimation algorithm scales more
gracefully to large models because previously learned sub-models can be reused
when learning higher levels. Also, the effect of temporally extended actions in H-
POMDPs (e.g. exit the corridor) can be modeled at abstract and product level
states, which supports planning at multiple levels of abstraction. H-POMDPs
have an inherent advantage in allowing belief states to be computed at different
levels of the tree. In addition, there is often less uncertainty at higher levels (e.g.,
a robot is more sure of which corridor it is in, rather than exactly which low
level state). A number of heuristics for mapping belief states to action provide
good performance in robot navigation (e.g, the most-likely-state (MLS) heuris-
tic assumes the agent is in the state corresponding to the “peak” of the belief
state distribution) [13,31,22]. Such heuristics work much better in H-POMDPs
because they can be applied at multiple levels, and belief states over abstract
states usually have lower entropy (see Figure 11). For a detailed study of the
H-POMDP model, as well as its application to robot navigation, see [37].

5 Conclusions

In this paper, I described some general approaches to solving large sequential
process models through spatiotemporal abstraction. In particular, I presented a
framework for learning parallel plans that combined factored state representa-
tions with temporally extended actions. In addition, I described how this concur-



48 S. Mahadevan

0

0.2

0.4

0.6

0.8

1

0 10 20 30 40 50 60 70 80 90 100

N
or

m
al

iz
ed

 e
nt

ro
pi

es

Number of steps

Normalized entropies of the abstract and global levels

Global entropy
Abstract entropy

Fig. 11. This plot shows a sample robot navigation run whose trace is on the right,
where positional uncertainty (measured by belief state entropy) at the abstract (cor-
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the uncertainty and requires less frequent decision-making, allowing the robot to get
to goals without inital positional information.

rency framework could be extended to learn multiagent coordination strategies
by using the overall task hierarchy. Finally, I showed how abstraction can help
alleviate the problem of hidden state by building multiresolution state estima-
tors. These case studies are some inital steps towards a more unified and rigorous
approach to abstraction of sequential processes.
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Abstract. Few combinatorial optimization problems can be solved ef-
fectively by dynamic programming as the number of the vertices of the
state space graph can be enormous.
State space relaxation, introduced by Christofides, Mingozzi and Toth
[1] is a general relaxation method whereby the state-space graph of a
given dynamic programming recursion is relaxed in such a way that the
solution of the associated recursion in the relaxed state-space provides
a lower bound to the original problem. This talk gives a survey of this
methodology and gives, as examples, applications to some combinatorial
optimization problems including the traveling salesman problem (TSP).
We describe a more general relaxation method for dynamic programming
which produces a ”reduced state space” containing a subset of the origi-
nal states and the state space relaxation of the other states. Subgradient
optimization and “state space decompression” are discussed as methods
for improving the resulting lower bounds. We describe an iterative opti-
mal search strategy in the original state space using bounding functions
based on the reduced state space which explores, at each iteration, only a
limited subset of states of the original state space graph. This procedure
can also be used as a heuristic simply by limiting the maximum number
of iterations. We give, as examples, applications to the TSP with time
windows and precedence constraints and to the shortest path problem
with additional constraints.
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2 rue de la Liberté, 93526, St-Denis, France

cazenave@ai.univ-paris8.fr

Abstract. Some games have abstract properties that can be used to
design admissible heuristics on moves. These admissible heuristics are
useful to speed up search. They work well with depth-bounded search
algorithms such as Gradual Abstract Proof Search that select moves
based on the distance to the goal. We analyze the benefits of these ad-
missible heuristics on moves for rules generation and search. We give
experimental results that support our claim for the game of AtariGo.

1 Introduction

In some games, abstract properties can be used to design admissible heuristics
on the minimal number of moves required to win the game. It is possible to
relax the rules of a game and play admissible moves in the game with relaxed
rules. The number of moves to win is always lower in the relaxed game than in
the real game. The interest of relaxation is that the minimal number of moves
can be computed faster than in the original game. The abstract knowledge on
the moves can be used to select a subset of relevant threat moves when using
a threat based search algorithm. It can also be used to stop a depth-bounded
search when the number of admissible moves required to win is greater than
twice the depth of the search.

In the paper, the attacker is the player who tries to win a game, and the
defender is the player who tries to prevent the attacker from winning. For ex-
ample, if the game is to make a group live in the game of Go, the attacker is the
player who plays moves to live, and the defender is the player who tries to kill
the group. When the game is to connect two strings in the game of Go or in the
game of Hex, the attacker tries to connect the strings and the defender tries to
prevent the attacker from doing so.

We present examples of admissible heuristics on moves, as well as experimen-
tal results and some methods relevant to the generation and the use of admissible
moves in two-players games. Where experimental results are available, we men-
tion them. Whenever it is possible, we also outline ideas that are currently under
investigation in the hope to stimulate research on admissible heuristics in games.
In the second section, the game of AtariGo is described. In the third section, we
explain how admissible heuristics can be designed in two-player games. In the
fourth section, we relate the admissible heuristics on the number of moves that
have to be played in order to win a game to threat based search algorithms. We
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also describe Gradual Abstract Proof Search and we give experimental results
quantifying the usefulness of abstract knowledge for the game of AtariGo solved
by the Abstract Gradual Proof Search algorithm. In the fifth section, we out-
line the interest of admissible heuristics for the automatic generation of rules.
The sixth section details the automatic generation of admissible heuristics on
moves by transforming a logic program of the rules of the game. The last section
outlines future work and concludes.

2 AtariGo

AtariGo is used to teach beginners to play the game of Go. The board used to
play AtariGo is a square grid. It can be played on any board size. It is usually
played on a small board so that games do not take too much time. Teachers
also often choose to start with a crosscut in the centre of the board in order to
have an unstable position. We have tested the usefulness of different abstraction
levels on the game starting with a crosscut in the centre of a 6x6 board.

Fig. 1. The initial board for 6x6 AtariGo.
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The rules are similar to Go: Black begins, Black and White alternate playing
stones on the intersections of the board, strings of stones are stones of the same
color that are linked by a line on the board. The number of empty intersections
adjacent to the string is the number of liberties of the string. A string is captured
if it has no liberty. For example in the Figure 1, all the strings have two liberties.
A string that has only one liberty left can be captured by the other color in one
move, it is in Atari, this is where the name of the game comes from. The goal
of the game is to be the first player to capture a string of the opponent.

3 Admissible Number of Moves

In this section we start with explaining how it is possible to design admissible
heuristics on the number of moves to win by relaxing the rules of the game.
Then we give some example of admissible moves, and of the related admissible
heuristics. The last subsection outlines possible optimizations of the computation
of the designed heuristics.

3.1 Relaxation of the Rules of the Game

The admissible rules of a game are modified rules of the game. Usually, the
admissible rules are more simple than the original ones. The rules of a game are
admissible if the number of moves to win under these rules is always lower than
the number of moves to win under the real rules, in any legal position.

An example of relaxation in the game of Go is to remove the forbidden moves.
For example, relaxed rules where it is always legal to play on an empty intersec-
tion can be designed. Relaxations of the rules of a game can be automatically
discovered by removing some conditions of the rules of the game represented in
a logic language. However, with this method there are a large number of possible
relaxations. It is not always easy to automatically find the useful relaxations out
of all the possible ones. It can be easier in some games than in other. For example
in Go, the number of liberties is easily deduced as an admissible heuristic on the
number of moves to capture a string. For the 15-puzzle, the Manhattan distance
can also be found with a relaxation of the rules of the game, just by removing
the condition that the target tile has to be empty.

3.2 Admissible Moves

An admissible move is a move in a game with relaxed rules. The number of
admissible moves required to win is always lower than the number of moves
required to win in the real game.

For example in the game of Go, putting a stone on the liberty of a string is
an admissible move. In the real game of Go, it is not always possible to play on
the liberty of a string. For example it is not possible to remove a liberty if it is
an eye, and if it is not the last liberty of the string. But if we relax the rules of
Go, stating that it is always possible to put a stone on an empty intersection,
we have admissible moves.
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3.3 Admissible Number of Moves

The admissible number of moves is a lower bound on the number of moves needed
to win the game. It is also the number of admissible moves needed to win the
game. For example in the game of Go, the number of liberties of a string is
an admissible heuristic of the number of moves in a row needed to capture the
string.

In Philosopher’s Football (Phutball) [1] threat search algorithms work very
well. It is also possible to define simple admissible heuristics on the number of
moves. A move in Phutball consists either in putting a white stone on an empty
intersection, or jumping the ball (a black stone) over white stones. The game is
over when the ball is on or behind the opponent goal line. A simple admissible
heuristic on the number of moves is the length of the shortest line of empty
intersections touching the goal line. The minimal number of moves in a row
needed to win is half this length plus one, as there has to be at least one white
stone every two intersections to move the ball to the goal line, and that moving
the ball is the last move.

For the game of connection in Go, an admissible heuristic on the number of
moves required to connect two strings is the length of the shortest path between
the two strings. The length of the path being the number of empty intersections
on the path plus the number of liberties that are not already on the path of the
opponent strings that are on the path.

A refinement of these simple heuristics is to perform a tree search to find
the minimum number of moves the attacker has to play when the defender is
allowed to play one move, to play two moves separated by one or more moves by
the attacker, etc... It is equivalent to a search algorithm, but it is faster than an
Alpha-Beta as the Alpha-Beta is the limit of this sequence of trees: In Alpha-Beta
the defender is allowed to play as many moves as the attacker. As the complexity
of the search is exponential with the depth, these trees are computed much faster
than the usual Alpha-Beta and they can stop search earlier and memorize useful
information for move ordering as in the iterative deepening algorithm. We will
come back to this refinement in the section on search.

3.4 Optimisation of the Computation of the Admissible Number of
Moves

In Hex or in the connection game of Go, the admissible number of moves is the
length of the shortest path between the two strings to connect. An optimization
to the computation of the shortest path is to start searching the shortest path
from the two strings to connect and to iteratively expand the perimeter around
each string. It is equivalent to a bidirectionnal search, and it is faster than to
expand from the first string until the second string is touched. It is also much
faster that a brute force algorithm that would try all the possible moves.

An important speed-up come from the incremental updating of the heuristic.
For the capture game of Go, it is not so simple to maintain the liberties incre-
mentally from move to move. The algorithm used to incrementally update the
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liberties is an union find algorithm. In our experiments, all the liberties of all
strings are maintained incrementally each time a move is made and each time
it is taken back. The admissible heuristic which is the minimum number of lib-
erties over all the strings for each player is also maintained incrementally. The
incrementality gives a substantial speed-up.

In our experiments, it is faster to maintain the liberties incrementally for the
capture game than to recompute them when needed. We did not test the efficacy
of incrementality for the connection game. We are not aware of any theory that
could tell us in which games incrementality speeds computations up. Such a
theory would be very useful.

4 Optimization of Gradual Abstract Proof Search with
Abstract Knowledge on the Admissible Number of
Moves

In games that have a large number of possible moves, and when playing few
moves in a row often means a win, search algorithms based on threats can greatly
outperform brute force Alpha-Beta. Go-Moku was solved by V. Allis using a
search algorithm based on threats [2]. More recently, Abstract Proof Search [3]
and Lambda Search [4] were designed and have outperformed basic Alpha-Beta
search in the capture game of Go. The order of a position is the number of
moves in a row that have to be played to win the game. A threat move leads
to a position of order one. Abstract Proof Search uses abstract information to
select the possible moves that can win a game at a given order.

4.1 Gradual Abstract Proof Search

Gradual Abstract Proof Search [5] is a refinement of Abstract Proof Search that
solves the game of 6x6 AtariGo starting with a crosscut in the center. In AtariGo
the first player to capture a string of stones wins. Abstract Proof Search selects
MIN node moves using small depth bounded search. Lambda Search selects MIN
node moves using order bounded search. Gradual Abstract Proof Search selects
MIN node moves using both depth and order bounded search.

The gradual games that select moves at MIN nodes start with the letters
’ip’. Following the ip letters, a number gives the maximum number of attacker
moves that can be played before winning the game. Then a sequence of numbers
give the maximum order of each of these moves. For example the ip1 game finds
moves that prevent the attacker from winning in one move. The ip2 game finds
moves that prevent the attacker from winning in a depth two search tree. The
ip2 game should be noted ip211, but as all the attacker moves in an ip2 game are
always of order 1 it is simply noted ip2. The ip311 game finds moves that prevent
a winning sequence of two consecutive direct threats followed by a winning move.
All the attacker moves lead to positions of order one or less (winning position
if the attacker moves and won positions). The ip4221 game finds moves that
prevent the attacker from winning after two order 2 threats.
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Figure 2 gives some examples of trees representing different gradual games.
As in combinatorial game theory the two players are named Left and Right. The
Left player is the attacker and the Right player is the defender. In these trees,
a branch that goes on the left represents a Left move, and a branch that goes
on the right represents some Right moves. Left branches are associated with
winning moves for Left, and right branches are associated with the complete
set of Right moves that can possibly prevent the win of the corresponding left
branch (the left branch directly at the left of the right one, i.e. its sibling). All
the leaves of the trees are positions won for Left. In order for the game to be
verified, all Left moves have to be winning moves, and all Right moves have to
be refuted by Left.

The tree labeled ip1 in the Figure 2 is the most simple one. The ip1 game is
verified when the attacker can win in one move. A left branch that ends with a
leaf node is always a winning move for the attacker. The ip2 tree represents a
position where the attacker can win in at most two moves. The first left branch
represents an attacker move that threatens to win. Below this first branch, there
are two branches. The left one is the winning attacker move that executes the
threat, and the right one represents all the defender moves that can potentially
invalidate the threat. But all the defender moves are followed by a winning
attacker move as symbolized by the last left branch. The other trees in the
figure show some other games following the same graphical convention.

ip1

ip2

ip311

ip4111

ip321

Fig. 2. Some gradual games.

4.2 Abstract Knowledge for Gradual Games

Verifying complex gradual games such as ip4221 can take a relatively long time.
Abstract knowledge can be used to detect early that a gradual game cannot be
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verified, for example when the number of admissible moves to win is greater than
the order of the game. For example in AtariGo, it means that no order 2 game
can be verified when the minimum number of liberties of all the defender strings
is 3.

The abstract knowledge of order one is the knowledge to optimize the gener-
ation of possible moves when looking for a winning move. It consists in testing if
there is an opponent string with only one liberty left. The attacker move gener-
ator returns the liberty if it is the case, and returns an empty set of moves when
there is no such string. The defender move generator of order one first tries to
capture an opponent string with only one liberty, and if there is none, it looks
for friend strings with only one liberty. If there is one such string, it plays its
liberty. If there is none, it returns an empty set of moves.

This order one abstract knowledge is very useful. An Abstract Gradual Proof
Search with no abstract knowledge is impractical. We have stopped it after
more than one hour of search. Whereas a simple order one abstract knowledge
optimization makes it practical as can be seen in Table 1: 6x6 AtariGo with a
cross cut in the centre is solved in less than 10 minutes.

The order two abstract knowledge for the attacker move generator consists in
returning the liberty of a defender string if it has only one liberty, otherwise in
returning an empty set if the minimum number of liberties of opponent strings
is greater than two, else to return the liberty of a friend string with only one
liberty, else to return the liberties of the opponent strings with two liberties, and
if this last condition is not verified to return an empty set.

The order two abstract knowledge for the defender move generator is almost
the symmetric of the attacker move generator, except when there is a defender
string to save with two liberties. In this case the possible moves are the liberties
of the defender string, the empty neighbors of the liberties of the defender string,
the liberties and the empty neighbors of the liberties of the strings that have
two liberties and which are also adjacent to the defender string, the liberties of
the strings that have three liberties and which are also adjacent to the defender
string and the liberties of the attacker strings that have two liberties.

The order three abstract knowledge for the attacker move generator is pro-
grammed in a similar way as the order two abstract knowledge, except that all
the empty intersections that can be connected in two moves to the defender
string are sent back when the defender string has only two liberties. Only the
liberties are sent back when the defender string has three liberties.

There is no order three abstract knowledge for the defender move generator,
it return all possible moves.

4.3 Experimental Results Quantifying the Usefulness of Abstraction

In order to estimate the usefulness of this abstract knowledge, we solved 6x6
AtariGo with Abstract Gradual Proof Search using different abstract knowledge
orders. The results are given in the Table 1. The game is solved in 1 minute
with the order three abstract knowledge, and in 10 minutes with the order one
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Table 1. Search time with different abstractions orders.

Time (s)

Depth Order1 Order2 Order3

1 0.06 0.02 0.00
2 17.86 4.23 2.41
3 18.06 4.04 2.98
4 54.86 11.56 5.56
5 52.95 9.59 5.43
6 114.71 21.66 10.19
7 127.42 23.25 12.85
8 174.98 38.28 19.09
9 21.07 8.15 3.89
10 3.16 0.68 0.25

Total 585.13 121.46 62.65

abstract knowledge. We did not report the results for the solution with no ab-
stract knowledge as it took too much time. The maximum gradual game needed
to solve 6x6 AtariGo is ip4221. At each MIN node, the ip1, ip2, ip311, ip4111,
ip51111, ip4121, ip4211, ip4221 games are checked. If at least one game is veri-
fied, the intersection of all the sets of moves sent back by the verified games is
performed and the moves in the intersection set are tried for the defender.

Table 2. Average time used to verify gradual games for different abstract orders.

Average time (µs)

Game Order1 Order2 Order3

ip1 2 5 5
ip2 328 66 136
ip311 1165 137 137
ip4111 1751 253 220
ip51111 1763 187 148
ip321 36877 8476 4614
ip4121 63737 7843 3809
ip4211 40451 9477 4878
ip4221 196836 40368 20661

We have also output the average time used for the verification of the different
gradual games. The results are given in Table 2. As can be expected the abstract
knowledge of order three is quite useful for the more complex gradual games.
For the ip4221 game, using abstractions of order 3 is 10 times faster than using
abstractions of order 1, and twice as fast as abstractions of order 2.
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The overall Alpha-Beta that calls the gradual games at MIN nodes, uses
transposition tables, iterative deepening, two killer moves, the history heuristic
and the difference between the minimum number of liberties of the attacker and
the minimum number of liberties of the defender as an evaluation function.

The verification of the games definitions in Abstract Proof Search and Grad-
ual Abstract Proof Search can be related to the progressive admissibility of the
depth of the win. We have used so far as an admissible heuristic the number
of moves in a row of the attacker color needed to win the game. If instead, we
refine the heuristic by taking into account only one defender move. We still have
an admissible heuristic on the depth of the win, but it is usually higher as the
defender is allowed to play one move before all the attacker moves are played. If
the admissible heuristic with one move for the defender gives a number greater
than the maximal depth allowed, then we can cut. The number of allowed de-
fender moves can be progressively increased until it is equal to the number of
attacker moves or the depth of the search is too high. This progressive increase
of the admissible heuristic costs one defender move at each step. The cost of
the search is exponential in the number of moves. The final tree is the Alpha-
Beta tree. This progressive refinement of the admissible heuristic toward the real
Alpha-Beta is very close to what is performed when verifying the gradual games
definitions as the reader can verify.

Currently, we do not use heuristics for move ordering when verifying the
gradual games. It would make the search faster to use transposition tables and
the killer move heuristic in the gradual games.

5 Automatic Generation of Rules

Retrograde analysis of patterns has been succesfully applied to the 15-puzzle [6]
and to the Rubik’s cube [7] to improve the accuracy of admissible heuristics. In
our application to the game of Go, we rather use admissible heuristics to generate
safe rules associated with external conditions by retrograde analysis [8]. A rule
is a rectangular pattern associated with conditions related to the number of
liberties of the objects in the pattern. The admissible number of moves is used
to reduce the amount of learned rules, to generate more general rules and to
ensure the validity of the generated rules. Hundreds of thousands of rules have
been generated for making one eye, making two eyes and connecting strings.
They give a large speed-up for our problem solver as they enable the solver to
detect eyes and life many moves in advance.

In an automatically generated rule, the conditions associated with the attack-
er are always admissible conditions. For example, if the attacker has to be able
to resist two defender moves for the capture of a string, the associated condition
is that the minimum number of liberties of the string at the exterior of the
pattern is three. On the contrary, the conditions associated with the defender
are always upper bounds of the real value. For example, if a defender string
has to be captured in one move when it has no more liberties at the interior
of the pattern, the associated condition is that the string has one liberty or no
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liberty at the exterior of the pattern. There are never conditions on more than
one liberty for the defender, as a string with two external liberties can have two
eyes, and can possibly never be captured whatever the number of moves of the
attacker.

The conditions for the defender strings are the maximal number of moves to
remove all his liberties, and the conditions for the attacker strings are minimal
number of moves to remove them. This ensures that the attacker will always be
able to verify the conditions, whatever the real values are. On the contrary of
admissible heuristics in one player games where there are only lower bounds on
the number of moves, here we see that we need both lower and upper bounds on
the number of moves.

It would be interesting to relate the time used to solve problems with the
size of the generated databases and see if the same behavior is observed as in
single agent search [9]. The condition that the number of external liberties of
the defender is always less than one can sometimes prevent from learning useful
rules. A refinement of the heuristic to take into account situations where the
maximum number of moves to capture a defender string is greater than one
would enable our system to generate more complex rules.

6 Automatic Generation of Heuristics

Introspect is a partial evaluator specialized on games [10]. It can automatically
generate programs that verify the gradual game definitions described in the
section on search. It uses the rules of the game written in first order logic to
unfold the gradual games definitions and obtains efficient programs for gradual
games. It is able to discover by partial evaluation the admissible heuristics on the
number of moves. For example, in the generated programs for the capture game
of Go, the number of liberties of the string is tested at first to see if the string
can be captured a given number of moves ahead. The generated programs are
also very selective on the moves to consider. They have knowledge very similar
to the knowledge on relevant moves described in the section on search.

An important issue when using partial evaluation to unfold the rules of a
game is the set of predicates used to represent the rules. Different rules rep-
resentations can generate very different programs. For example, if some of the
rules used to specialize the capture game contain the two commonly occuring
conditions ’liberties(X, N), N > 2’ it is worse than containing the condition
’minliberties(X, 2)’. In the first case, the specializer will unfold the definition
of liberties, and there are many rules to update liberties after a move. In the
second case, the number of rules to compute the minimal number of liberties is
much less. As the specializer will unfold the rules of the game as many times as
there are moves in a gradual game, it will generate a very large number of rules
in the first case, and only a few rules in the second case.

A related problem is the unfolding of recursive predicates. The number of
liberties is a recursive function, and it is well known that unfolding recursive
function has to be done very cautiously, and sometime is not to be done at all.
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In the case of the number of liberties, the unfolding leads to an explosion of the
number of generated rules and to worse generated programs. So the number of
liberties should not be unfolded.

Given these warnings on the use of partial evaluation to generate game knowl-
edge, it is possible to use partial evaluation to generate clever programs that
select relevant moves and find admissible heuristics on moves. The unfolding on
the rules of the game of the dumb algorithm that plays all the possible moves n
times in a row to see a win can generate a very selective and efficient algorithm
for generating moves. Another possible use of partial evaluation is to find fast
way to compute the heuristics when they are given. For example, it could find a
fast way to compute the shortest path between two strings given a simple and
inefficient algorithm.

A more ambitious goal for Introspect is to discover more accurate heuristics.
Given a simple heuristic such as the number of liberties of a string in the capture
game, it could transform the definition of the heuristic to find another one which
always gives a greater value. For example, a more accurate admissible heuristic
for the capture game is to add the number of independent protected intersections
minus one. An intersection is protected if the opponent is captured when he
plays on it. It is possible to find this heuristic and some other by unfolding
the definition of the heuristic with the MinMax algorithm and the rules of the
games. Once this unfolding is performed, many rules are generated that give
all the cases when the heuristic has underestimated the number of moves. Out
of all this rules, the most simple and general can be kept. A similar method
to generate admissible heuristics is to remove conditions inside the rules of the
game [11,12]. The two methods overlap, but a combination of the two might give
better results than each of them.

7 Conclusion and Future Work

We have given experimental evidence that admissible heuristics on moves in
two-player games account for a large speed-up for threat search algorithms.
These algorithms are already much faster than basic Alpha-Beta for the games
of AtariGo, Phutball and others games with frequent low order threats. The
admissible heuristics we have used can also improve a depth-bounded Alpha-
Beta to stop search earlier. We feel that some progress can still be made in the
accuracy of these heuristics so as to improve the efficacy of current threat based
search algorithms.

Admissible heuristics on the number of moves are also required in the genera-
tion of rules by retrograde analysis. Using them, our system reduces the amount
of learned rules, generates more general rules and ensures the validity of the
generated rules.

Some work is still needed to understand the reasons why incrementality of
the computation of the admissible heuristics works well for some heuristics in
some games but not in others. Improving the accuracy of our current admissible
heuristics on the number of moves could speed-up our search algorithm by orders
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of magnitude. We are interested in experimenting threat search algorithms with
different games and different admissible heuristics. Introspect, our partial eval-
uation system can be used to automatically generate accurate heuristics from
simple ones. A special attention has to be given to the representation of the rules
of the game, as different representations can lead to very different qualities of
generated programs. Introspect can also be used to generate programs that can
compute a given heuristic faster. In some games where it is not so easy to write
admissible heuristics, it has been used as a program writing assistant that writes
long, complex and efficient programs by unfolding the definition of the gradual
games on the rules of the game.
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Abstract. Bundling of the values of variables in a Constraint Satisfac-
tion Problem (CSP) as the search proceeds is an abstraction mechanism
that yields a compact representation of the solution space. We have pre-
viously established that, in spite of the effort of recomputing the bundles,
dynamic bundling is never less effective than static bundling and non-
bundling search strategies. Objections were raised that bundling mech-
anisms (whether static or dynamic) are too costly and not worthwhile
when one is not seeking all solutions to the CSP. In this paper, we dispel
these doubts and empirically show that (1) dynamic bundling remains
superior in this context, (2) it does not require a full lookahead strategy,
and (3) it dramatically reduces the cost of solving problems at the phase
transition while yielding a bundle of multiple, robust solutions.

1 Introduction

Many problems in engineering, computer science, and management are naturally
modeled as Constraint Satisfaction Problems (CSPs), which is, in general, NP-
complete. Backtrack search remains the ultimate mechanism for solving such
problems. One important mechanism for enhancing the performance of search is
the exploitation of symmetries in the problem or a particular instance of it. From
a practical perspective, the exploitation of symmetry can be used both to reduce
the size of the search space and, more importantly, to represent the solution space
in a compact manner by identifying families of qualitatively equivalent solutions,
as we argued which is useful in practical applications [6].

In this paper we study the following two issues: (1) the combination of the
dynamic computation of symmetries during search with the currently most pop-
ular lookahead strategy, and (2) the effect of symmetry detection on the presence
and severity of the phase-transition phenomenon believed to be inherent to NP-
complete problems. Our results are two fold. First, in accordance with [11], we
dispel the growing myth that the aggressive lookahead strategy known as Main-
taining Arc Consistency (MAC) [17] is always beneficial. Second, we establish
that the dynamic detection and exploitation of symmetries during search, which
results in multiple robust solutions, does not impede the performance of search
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but is actually a cost-effective tool for dramatically reducing the cost peak at the
phase transition, possibly the most critical phenomenon challenging the efficient
processing of combinatorial problems in practice.

2 Background and Motivation

Glaisher [13], Brown et al. [3], Fillmore and Williamson [9], Puget [16] and Ell-
man [8] proposed to exploit declared symmetries among values in the problem
to improve the performance of search. The first four papers considered exact
symmetries only, and the latter proposed to include also necessary and sufficient
approximations of symmetry relations. Freuder [10] introduced a classification of
various types of symmetry, which he called interchangeability. While all prior ap-
proaches focused on declared symmetry relations, Freuder proposed an efficient
algorithm that discovers an exact but local form of interchangeability, neighbor-
hood interchangeability (NI). NI partitions the domain of a given variable into
a set of equivalence classes of values. Haselböck [14] simplified NI into a weaker
form that we call neighborhood interchangeability according to one constraint
(NIC). Further, he showed how to exploit NIC advantageously during backtrack
search by generating solution bundles. Every solution bundle is a set of robust
solutions [12]: Any value for a variable can be safely replaced by another value
for the variable taken from the same domain bundle without altering the as-
signments of the remaining variables. Since the strategy devised by Haselböck
computes domain partitions in a pre-processing step prior to search, we call this
strategy static bundling and denote it NIC-FC. We proposed [7] a weak form of
NI, namely neighborhood partial interchangeability (NPI) that can be controlled
to compute interchangeability anywhere between, and including, NI and NIC ,
see Fig. 1. In [1,2] we proposed to recompute NPI relations dynamically during

NI NPI
[Haselboeck�93][Freuder�91] [Choueiry & Noubir�98]

weakstrong

NIC

Fig. 1. Three types of neighborhood interchangeability.

search yielding a new type of interchangeability we called dynamic neighbor-
hood partial interchangeability (DNPI). We call this dynamic bundling and the
search strategy DNPI-FC. While restricting our investigations to forward check-
ing (FC) as a lookahead strategy during search, we established the superiority
of dynamic bundling (DNPI-FC) over both static bundling (NIC-FC) and non-
bundling search (FC) in terms of the criteria that assess the search effort and the
‘compaction’ of the solution space. These theoretical results hold when looking
for all solutions and using a static variable ordering.
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3 Our Study and Expectations

There has been a misconception that the cost of bundling in general and that of
dynamic bundling in particular require too much overhead when one is only look-
ing for a first solution. Indeed, the following two erroneous impressions prevailed:
(1) when looking for a first solution, bundling–whether static or dynamic–is not
worth the effort, and (2) all the more reason, dynamic bundling is an overkill.
We showed empirically1 that the above stated superiority of dynamic bundling
holds almost always in practice when looking for one solution and under various
ordering heuristics [2]. For lack of space, we cite here only a few of the ones we
investigated: (1) Static ordering (SLD): Variables are ordered statically before
search according to the least domain heuristic. (2) Dynamic variable ordering
(DLD): Variables are ordered dynamically during search according to the same
heuristic. And (3) Dynamic variable-value ordering: In the context of bundling,
a value is in fact a bundle. For this purpose, we proposed a new strategy, Least
Domain-Max Bundle [2] (LD-MB) that chooses, dynamically during search, the
variable of smallest domain (as in DLD) and, for this variable, the largest bundle
in its domain. This heuristic2 proved to be superior to other heuristics [5].

The surprising performance of dynamic bundling is explained by the fact that,
while bundling partial solutions, it also factors out the no-goods, thus effectively
pruning the search space. The two questions below remained unanswered:

1. How well does dynamic bundling combine with the most aggressive and
popular, lookahead strategy MAC?

2. How does dynamic bundling affect the spike of the problem-solving cost at
the phase transition identified in [4] and extensively studied in [15]? The
cost and behavior of bundling on the cross-over point (i.e., critical area of
the order parameter [4]) is the ultimate for its practical utility.

We concentrate on finding the first solution (bundle) where we expect the cost
of bundling to hinder seriously the performance of search. To answer these ques-
tions, we conduct the experiments summarized below:

Question Values reported Ordering
Dynamic bundling: MAC vs. FC Ratio of DNPI-MAC to DNPI-FC SLD, DLD, LD-MB, Fig. 3

Effects of bundling
on the phase transition

DNPI-FC, DNPI-MAC
NIC-FC, (non-bundling) FC

SLD, Fig. 4
DLD, Fig. 5
LD-MB, Fig. 6

Below, we discuss the context of these two questions and list our expectations.
Then, in Section 4, we present our experiments, provide a list of observations
that summarize our findings, and finally discuss these results in detail.

1 Under a wide variety of testing conditions and for problems in which we finely
controlled the amount of interchangeability embedded in a given problem instance.

2 Note that for finding all solutions LD-MB collapses to DLD.



Dynamic Bundling: Less Effort for More Solutions 67

3.1 Lookahead Strategies

Sabin and Freuder [17] introduced a procedure to Maintain Arc Consistency
(MAC), and advised to use this full-lookahead strategy instead of the popular
partial-lookahead strategy known as forward checking (FC). While FC propa-
gates the effects of a variable assignment to connected future variables, MAC
propagates these effects over the entire remaining (future) constraint network.
This stronger filtering of MAC has the potential to be particularly advantageous
when coupled with dynamic bundling. We call this new search strategy DNPI-
MAC. A similar study was independently conducted by Silaghi et al. in [18], who
coupled MAC with the Cross Product Representation (CPR)3. They consider
two different implementations of MAC, and show that they are comparable. They
test only CPR and only MAC omitting (1) whether or not MAC is beneficial
and (2) a comparison of CPR with static and non-bundling search strategies.
We seek to quantify the value of adding MAC to dynamic bundling.

We first study dynamic bundling in combination with MAC and with FC
under various ordering heuristics. In Section 3.2 we further compare them (i.e.,
DNPI-MAC and DNPI-FC) to non-bundling and static bundling strategies with
the goal of studying their behavior at the phase transition. We anticipate that
the integration of DNPI and MAC will fulfill the expectations discussed below.

Expectation 1. Since MAC performs a stronger pruning than FC, DNPI-MAC
should not visit more nodes than DNPI-FC does.

Indeed any value that is pruned by MAC and not pruned by FC is an additional
node that FC examines. Further, it is guaranteed to fail and it results in extra
useless work for the FC search strategy. We suspect that Expectation 1 could
stand as a theorem under static ordering. It is supported by strong empirical
evidence in Section 4.2, Fig. 3 and Observation 5, which relate average values
over a pool of 6040 random problems. However, a careful examination of the
results uncovered a single exception that we have not yet resolved.

Expectation 2. DNPI-MAC should generate larger bundles than DNPI-FC
and every bundle of DNPI-FC should be a subset of a bundle of DNPI-MAC
under the same static variable ordering. The following expression should hold:

SB(FC) ≥ SB(NIC-FC) ≥ SB(DNPI-FC) ≥ SB(DNPI-MAC) (1)

where SB is the number of solution bundles found. When finding only the first
solution, Equation (1) suggests a statement about the First Bundle Size (FBS)
(when SB is small, bundles are large). Thus we anticipate the following:

FBS(FC) ≤ FBS(NIC-FC) ≤ FBS(DNPI-FC) ≤ FBS(DNPI-MAC) (2)

Expectation 3. Because of the above, we are tempted to infer that DNPI-MAC
should be computationally cheaper than DNPI-FC and perform better bundling.
3 Silaghi et al. erroneously claim that CPR was proposed as DNPI. We showed in-
dependently that CPR and DNPI yield the same bundling while DNPI visits fewer
nodes. The difference is polynomially bounded, as suggested by a reviewer.
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3.2 Phase Transition

Cheeseman et al. [4] presented empirical evidence of the existence of a phase
transition phenomenon in the cost of solving NP-complete problems when vary-
ing an order parameter. In particular, they showed that the location of the phase
transition and its steepness increase with the size of the problem4, thus yielding
a new characterization of this important class of problems. We now examine the
effect of bundling (statically and dynamically) on the phase transition. Because
problems at the cross-over point are acknowledged to be probabilistically the
most difficult to solve, determining the performance of our algorithms in this re-
gion is important. So far, we have not found a scenario where dynamic bundling
is any hindrance to the performance of search, both for all solutions and for one
solution. It is further aided by dynamic variable ordering, but not by MAC as
discussed in Observations 5 and 3. In these experiments with the phase transi-
tion, we prepare the most adverse situation that we know of for our algorithms.
However, given the ability of dynamic bundling in pruning ‘bundled’ no-goods,
we anticipate the following:

Expectation 4. Dynamic bundling will significantly reduce the steepness of the
phase transition, that is, the problems in the phase transition will be easier to
solve with dynamic bundling.

4 Experiments

In this section, we examine the above expectations through empirical tests. We
used the random generator for binary CSPs described in [2]. This generator
allows us to control the level of interchangeability embedded in an instance of
a CSP by controlling the number of equivalence classes of values induced by
every constraint on the domain of one of the variables in its scope. We call this
number the induced domain fragmentation IDF. Fig. 2 shows a constraint C
with an IDF=3. For each measurement point, we generated 20 instances with

V1 c
{1, 2, 3, 4, 5}

V2

{  1,  3,  4,   2,  5   }

1
2
3
4
5

1   1   0   0   1

1   1   0   0   1
1   1   0   0   1

1   0   0   1   1

1   1   1   1   1

1   2   3   4   5
V2

V1

Fig. 2. Left: Constraint as a binary matrix. Right: Domain of V1 partitioned by C.

the following characteristics: number of variables n = 20; domain size a = 10;
induced domain fragmentation IDF = [2, a] by a step of 1; tightness (ratio of
4 Problems in P do not in general contain a phase transition, or if they do, the cost
at the transition bounded and is not affected by an increase of problem size [4].
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number of allowed tuples over that of all possible tuples) of any constraint t =
[0.15, 0.85] with a step of 0.05; and constraint probability (ratio of the number
of constraints in the CSP over that of all possible constraints) p= 0.5 and 1.0.

In order to reduce the duration of our experiments to a reasonable value, we
chose to make all problems arc-consistent (AC-3) before search begins. This is
done uniformly in all experiments and for all strategies and does not affect the
quality of our conclusions. We compute, at each data point, both the average and
the median values of the following evaluation criteria: number of nodes visited
(NV); number of constraint checks (CC); CPU time in msec with a clock resolution
of 10 msec; and size of the first bundle found (FBS). The horizontal axis denotes
various tightness values t= 0.15 · 0.4. Problems beyond t = 0.4 were determined
unsolvable by the preprocessing step and thus required no search. We notice
that the average and median curves almost always have the same shapes (except
for one case discussed below). Our experiments yield a number of observations
summarized in Section 4.1 and discussed in detail in Sections 4.2 and 4.3.

4.1 List of Observations

We first state a general observation (Observation 1), then observations regarding
the effect of lookahead strategies (Observations 5 to 5) and finally observations
about the effect on the phase transition (Observations 6 to 16).

Observation 1. The curves for constraint checks (CC) and CPU time are often
similar in shape and differ from that for NV, suggesting that constraint checks
dominate the computational cost in our implementation.

Observation 2. DNPI-MAC always visits fewer nodes (NV) than DNPI-FC, in
confirmation of Expectation 1.5

Observation 3. DNPI-MAC in general requires more constraint checks (CC)
than DNPI-FC. This effect always holds under dynamic orderings (DLD and
LD-MB) where DNPI-MAC performs particularly poorly.

When constraint checks, and not nodes visited, dominate computation cost,
DNPI-FC performs better than DNPI-MAC. Thus, contrary to Expectation 3,
the advantage in fewer nodes visited does not translate into saved time, yielding:

Observation 4. Either because of its high cost in CPU time (which, in our
implementation, seems to reflect more the effort spent on checking constraints
than that spent on visiting nodes), or because the advantages of DNPI-MAC in
terms of NV does not balance out the loss for constraint checks, DNPI-MAC is
more costly than DNPI-FC. This tendency is aggravated under dynamic order-
ings where the performance of MAC further deteriorates.
5 This observation holds for the average values reported in our graphs of Fig. 3, how-
ever we detected a single anomaly as mentioned in Section 3.1.



70 B.Y. Choueiry and A.M. Davis

Observation 5. The solution bundle found by DNPI-MAC is in general not
significantly larger than that found by FC and does not justify the additional
computational cost.

Observation 6. The magnitude and steepness of the phase transition increases
proportionally with p, in accordance with the experiments reported in [15].

Observation 7. Although dynamic bundling does not completely eliminate the
phase transition, it dramatically reduces it.

Observation 8. DLD orderings are generally less expensive than SLD orderings
for all search strategies and yield larger bundles.

Observation 9. DLD orderings are also generally less expensive than LD-MB for
dynamic bundling but similar for static bundling. However, LD-MB orderings pro-
duce larger bundles.

Observation 10. LD-MB orderings are generally less expensive than SLD order-
ings for all search strategies and yield larger bundles.

Observation 11. The bundle sizes of all bundling strategies are comparable,
thus their respective advantages are better compared using other criteria.

Observation 12. DNPI-MAC is effective in reducing the nodes visited (NV) at
the phase transition.

Observation 13. DNPI-MAC does not significantly reduce the overall cost at
the phase transition.

Observation 14. In static orderings, the reduction of the phase transition due
to the use of MAC seems to be more significant than that due to the use of
dynamic bundling.6

Observation 15. Static bundling (NIC) is expensive in general and we identify
no argument to justify using it in practice. Further, under dynamic orderings,
its high cost extends beyond the critical area of the phase transition to the point
of almost concealing the spike.7

Observation 16. In dynamic orderings, DNPI-FC is a clear ‘champion’ among
all strategies with regard to cost (i.e., constraint checks and CPU time).
6 We stress that this effect is reversed in dynamic orderings.
7 The high cost of NIC in the zone of ‘easy’ of problems is linked to the overhead of
pre-computing interchangeability prior to search while many solutions exist.
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4.2 Data Analysis: MAC vs. FC

As stated above, we report the results for finding one solution bundle. Fig. 3
shows the ratio of the values of the evaluation criteria for MAC versus FC under
dynamic bundling and for the three ordering heuristics SLD (�), DLD (✷), LD-MB
(×). For values above 1, the value of DNPI-MAC is higher than the value of FC,
and vice versa. Below we discuss each row:

Nodes visited (row 1): The value of the ratio is consistently below 1 across
ordering strategies, IDF values, and p values. This indicates that MAC always
visits fewer nodes than FC and supports Observation 5. Note that this effect
becomes more pronounced as the constraint probability increases from 0.5 (left
column) to 1.0 (right column) and as tightness increases (shown by the downward
slope of the lines).

Constraint checks (row 2): The non-null values (except for a few black di-
amonds that we discuss below) are all above 1, indicating that FC is superior
to MAC (Observation 3). Now let’s look at the few cases where DNPI-MAC
outperforms DNPI-FC (ratio < 1). This sometimes happens, almost exclusively
under the static ordering SLD (�). It happens for: (1) p=0.5, t is large, and for
all values of IDF, and (2) p=1.0 and IDF is small. This provides an interesting
result, because DNPI-MAC is sensitive to IDF where DNPI-FC is insensitive
(specifically, when constraint probability is high). As IDF increases, we see that
DNPI-MAC loses the edge it had when more interchangeability was present.
Note also that when using dynamic variable ordering such as DLD (✷) or LD-MB
(×), DNPI-FC is a clear winner over DNPI-MAC. When we use dynamic vari-
able ordering, DNPI-MAC checks from 3 to 13 times as many constraints as
DNPI-FC. This supports Observation 3 and is a clear indication of an expense
in MAC that is not compensated by dynamic bundling.

CPU time (row 3): The advantage of DNPI-FC over DNPI-MAC noted in
the constraint checks is reinforced by the CPU time data. Thus the use of DNPI-
MAC (except for a few cases, mostly in SLD) is detrimental to the performance
of search despite the savings of nodes visited (Observation 4).

Size of first bundle (row 4): Finally, we look at the bottom row of Fig. 3
to check whether or not the additional propagation effort of MAC benefits the
size of the bundle found (Observation 5). We see that, and in accordance with
Expectation 2, DNPI-MAC does generate slightly larger bundles than DNPI-FC.
For p=0.5, the bundle comparisons huddle mostly just above 1. This means that
the bundle sizes are comparable, with DNPI-MAC generally producing bundles
that are just a little bit larger. We note two extreme behaviors:

1. At IDF=2, t=0.40, the bundle produced by DNPI-MAC is fifteen times larger
than that of DNPI-FC (�). Additionally, this much larger bundle took less
time to find. This demonstrates and justifies the advantage of DNPI-MAC.
Note however that this extent of divergence between DNPI-MAC and DNPI-
FC does not hold when IDF> 2. Indeed, for p=1.0, the bundles of DNPI-
MAC are never more than three times larger than those of DNPI-FC, but
are frequently smaller (especially under dynamic variable ordering).
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Fig. 3. Comparing MAC and FC in the context of DNPI.
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2. At IDF=4 and t=0.15, the bundle produced by DNPI-MAC is smaller than
that of DNPI-FC (�). This is the only major opposition to our Expectation 2.
(There are other small exceptions, where DNPI-FC produces a bundle that
is 1 or 2 solutions larger than DNPI-MAC’s bundle. We traced all these
exceptions to the non-deterministic value ordering.) We traced this violation
of Expectation 2 to a single problem where DNPI-MAC found a bundle of
size 84 and DNPI-FC found a bundle of size 168. This happens for the single
problem mentioned above, which we cannot yet justify.

Conclusions of the data analysis: The cost of DNPI-MAC is neither system-
atically nor predictably worthwhile, except possibly under SLD ordering. This
tendency becomes even stronger under dynamic orderings DLD and LD-MB.

4.3 Data Analysis: Dynamic Bundling at the Phase Transition

These charts are arranged in Fig. 4, 5, and 6 for the ordering heuristics SLD, DLD,
and LD-MB, respectively. Each graph shows four search strategies, namely non-
bundling FC (�), static-bundling NIC-FC (×), dynamic bundling with forward
checking DNPI-FC (�), and dynamic bundling with Maintaining Arc Consis-
tency DNPI-MAC (✷). Each figure has two columns: left for p=0.5 and right
for p=1.0. We first state some global observations over the experiments as a
group and across ordering heuristics. Then we examine the data for each of the
three ordering heuristics in this order: SLD, DLD, then LD-MB. In each graph, we
pay particular attention to the relative behavior of the search strategies at the
phase transition, demonstrated here by the presence of a ‘spike’ in nodes visited,
constraint checks and CPU time.

Global observations: The comparison of the left and right charts in Fig. 4,
5, and 6, confirms the findings in [15] on how the slope and importance of
the phase transition augment with the constraint probability (Observation 6).
The examination of all 24 graphs at the phase transition peak confirms that
dynamic bundling dramatically reduces its magnitude (Observation 7). Finally,
the comparison of graphs for CPU time and bundling power, interpreted as first
bundle size across ordering strategies, shows that DLD is consistently an excellent
ordering unless one is specifically seeking larger bundles at the expense of a slight
increase in cost in which case LD-MB is justified (Observations 8, 9, and 10).

4.3.1 DNPI at Phase Transition: Static Ordering
Recall from Observation 4 and Section 4.2 that DNPI-MAC performs best under
SLD ordering. Under dynamic orderings (DLD and LD-MB), it is non-competitive.

Nodes visited (NV) with SLD (row 1): Fig. 4 shows that strategies based on
dynamic bundling (✷ and �) expand in general fewer nodes than strategies
based on non-bundling (�) or static bundling (×) (Observation 7). A careful
examination shows that the phase transition is indeed present for DNPI-FC (to
some extent) and for NIC-FC and FC (to a large extent) but seemingly absent
in DNPI-MAC (Observation 12). Recall that MAC almost always visits fewer
nodes than DNPI-FC, which is guaranteed to visit fewer nodes than the others
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Fig. 4. Bundling with static variable ordering.
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when finding all solutions. We see here that MAC expands by far the fewest
nodes in the phase transition. It seems to almost not have a phase transition at
all. A closer inspection of the data shows that a phase transition is present, even
in DNPI-MAC, but is 3 to 4 orders of magnitude smaller than the competing
methods. DNPI seems to benefit very much from the pairing with MAC in SLD.
However, this saving on the number of nodes visited does not extend to the CPU
time as noted in Observations 1 and discussed below.

Constraint checks (CC) with SLD (row 2): At the left column (p=0.5), we
notice that, in general, either FC (�) or NIC-FC (×) performs the most con-
straint checks. In particular, the performance of static bundling (×) is quite
disappointing, see IDF= 7, 9 for p=0.5 (Observation 7). Moreover, DNPI-MAC
performs the fewest constraint checks at every phase transition except when
IDF=10. This illustrates an advantage that justifies the use of MAC. Further,
dynamic bundling remains the winning strategy as stated in Observation 7.

Recall that the ‘traditional’ fear of dynamic bundling is the excessive number
of constraint checks it requires to compute the interchangeability sets. We show
here that, in the most critical region, it is the non-bundling and static bundling
strategies that are actually requiring the most constraint checks. We are now
confident to recommend the use of dynamic bundling in search not only to
output several interchangeable solutions (which is useful in practice and the main
goal of bundling) but moreover to reduce the severity of the phase transition.
This result becomes even more significant under dynamic orderings (see Fig. 5
and 6). In the right column (p=1.0), this tendency is less pronounced and all
strategies seem to perform fairly similarly: none of them consistently performing
fewer or more constraint checks than any other. Nevertheless, the behavior of
dynamic bundling never deteriorates the performance of search enough to make
it impractical.

CPU time with SLD (row 3): The graphs for CPU time bear quite a resem-
blance with that of constraint checks (Observations 1). However, the distance
between the two dynamic bundling strategies and the two others is more clearly
visible, in favor of dynamic bundling. Indeed, both dynamic bundling strategies
DNPI-FC (�) and DNPI-MAC (✷) are well below the other strategies in both
graphs. This is likely thanks to the significant reduction in the number of nodes
visited by these strategies and again supports the use of dynamic bundling to
reduce the steepness of the phase transition. Both Observations 7 and 6 are
supported here. In the left chart (p=0.5), DNPI-MAC (✷) usually consumes the
least CPU time. In the right chart (p=1.0), DNPI-MAC consumes more time
than DNPI-FC for high IDF values. This is consistent with the behavior that we
observed for constraint checks.

First bundle size (FBS) with SLD (row 4): We do not report the First Bundle
Size FBS for non-bundling FC, since the solution size is either 1 (when a solution
exists) or 0 (when the problem is unsolvable). In general, we find that the sizes
of the first bundle found are comparable across strategies (Observation 11) with
a few exceptions addressed below. For p=0.5 (left), we see that NIC-FC surpris-
ingly performs the best bundling for low values of IDF (i.e., 2 and 3). When IDF
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increases to and beyond 4, dynamic bundling regains its advantage: DNPI-FC
and DNPI-MAC compete for the larger bundle in most cases. However, for p=1.0
(bottom graph), DNPI-MAC nearly always performs the best bundling. Notice
that these bundles are quite small, less than 5 solutions are contained in each.
One exception is worth mentioning here at the right chart when IDF=10 and
t = 0.15: the data point here is off the chart indicating an exceedingly large first
bundle. This is effect is traced to a single instance of the 20 values averaged here
and can traced to a weird, but correct, random problem in which 173 out of 190
constraints are identical.

Conclusions relative to SLD: Under static variable ordering, dynamic
bundling, especially when coupled with MAC in DNPI-MAC, drastically re-
duced the phase transition for a CSP, making the most difficult instances easier
to solve.

4.3.2 DNPI at Phase Transition: Dynamic Variable Ordering
In general, search strategies with dynamic variable orderings (i.e., DLD and
LD-MB) almost always perform better than statically ordered search strategies
[2]. In this section we examine DLD and in Section 4.3.3 we will examine LD-MB.
The results are presented in Fig. 5. The comparison of Fig. 5 and 4 shows that in
general DLD indeed performs better that SLD (the CPU time scale decreases al-
most tenfold). Moreover, we see that dynamic variable ordering heuristics have
a stronger effect on some strategies than others. Specifically, it seems to hurt
DNPI-MAC while helping the other strategies. This justifies Observation 4.

Nodes visited (NV) with DLD (row 1): Similar to what we saw for SLD, DNPI-
MAC (✷) with DLD clearly visits fewer nodes than any other search strategy
(Observation 12). Further, we see that the other three strategies DNPI-FC (�),
NIC-FC (×) and FC (�) compete for visiting the most nodes. DNPI-FC per-
forms the worst most frequently as shown in (p=0.5 at IDF = 2, 4, 5, 8 and 9) and
(p=1.0 at IDF = 2, 4, 8 and 10). Fortunately, poor performance in nodes visited
does not otherwise affect the other performance of DNPI-FC, which remains a
champion (Observation 16).

Constraint checks (CC) with DLD (row 2): The data here discredits NIC-FC
and DNPI-MAC and demonstrates that DNPI-FC is a champion under dynamic
ordering. DNPI-MAC performs quite poorly with dynamic ordering, beginning
with DLD in Fig. 5 and carrying over LD-MB in Fig. 6. In all cases, DNPI-MAC
performs the most constraint checks at the phase transition (Observation 4). In
all cases, DNPI-MAC performs the most constraint checks at the phase tran-
sition (Observation 4). Therefore, we safely conclude that the large amount of
checks performed by DNPI-MAC is due to the addition of MAC and not to dy-
namic bundling. Further, we see that DNPI-FC (�) is quite effective. It clearly
and significantly reduces the phase transition (Observation 7) and, in general,
outperforms the other methods (Observation 16). Interestingly, the strongest
competitor to DNPI-FC is FC (�) itself. Note however that FC gives one solu-
tion while DNPI-FC gives several robust ones. Neither NIC-FC (Observation 7)
nor DNPI-MAC (Observation 4) is worthwhile: they increase the phase tran-
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Fig. 5. Bundling with dynamic variable ordering.



78 B.Y. Choueiry and A.M. Davis

sition rather than decrease it. This justifies our argument in favor of dynamic
bundling and confirms our doubts about the appropriateness of MAC in dynamic
orderings.

CPU time with DLD (row 3): The charts here amplify the effects discussed
above. The disadvantage of static bundling becomes apparent in the left chart,
for p=0.5 (Observation 7). Though the phase transition is less steep (i.e., the
spike is almost concealed), the overall cost of performing NIC-FC (×) search is
unnecessarily high. This is due to the overhead of finding all NIC interchange-
abilities before beginning search. We can also see that DNPI-MAC (✷) continues
to perform poorly (Observation 4). DNPI-MAC is consistently more costly than
DNPI-FC (�) and FC (�) even when not at the phase transition. When p=1.0,
it takes more CPU time than even NIC-FC. Once again, DNPI-FC performs the
best overall (Observation 16). In the right graph (p=1.0), we see that DNPI-FC
(�) reduces the phase transition, and performs best at every phase transition
(Observations 7 and 16).

First bundle size (FBS) with DLD (row 4): Finally, we see that though DNPI-
MAC (✷) puts forth much effort, it does not even produce the best bundles.
In reality, NIC-FC (×) performed unexpectedly good bundling, especially where
p=0.5. DNPI-FC (�) also bundles very well; it is even with DNPI-MAC in much
of the left charts, and slightly better for most of the right charts (Observation 11).

Conclusions relative to DLD: Under dynamic variable ordering, DNPI-FC con-
tinues to perform better than non-bundling FC as bundling effectively reduces
the phase transition. Further, the addition of MAC to DNPI is disastrous with
a DLD ordering: it increases the amplitude of the spike of the phase transition
(Observation 4). Similarly, NIC-FC behaves worse than FC overall under this
ordering (though it finds large bundles).

4.3.3 DNPI at Phase Transition: Dynamic Variable-Value Ordering
The remaining results are shown in Fig. 6. Notice the absence of FC (non-
bundling) search on these graphs. Since LD-MB is a strategy specific to bundling,
a non-bundling search strategy such as FC makes no sense in this context. There-
fore the comparisons drawn here are between the different bundling strategies.
Recall that LD-MB is merely DLD with a bundle ordering enforced since it assigns
to the variable chosen the largest bundle in the partition of its domain. Because
of its similarity to DLD, it often generally performs as well as DLD, but produces
a larger first bundle. Revisiting this strategy, we see that its effect on the phase
transition (when combined with bundling) is also very similar to DLD.

Nodes visited (NV) with LD-MB (row 1): As for the other orderings, DNPI-
MAC (✷) visits fewer nodes than any other strategy for both values of p (Obser-
vation 12). As with DLD in Section 4.3.2, we see that DNPI-FC (�) often visits
the most nodes. This may serve as a notice that, when looking for only one so-
lution, if it is expensive to expand nodes but cheap to check constraints (here it
is the opposite), then DNPI-MAC may be an appropriate choice, as highlighted
in Observation 4.



Dynamic Bundling: Less Effort for More Solutions 79

Fig. 6. Bundling with dynamic variable-value ordering.
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Constraint checks (CC) with LD-MB (row 2): Here we see DNPI-MAC (✷)
checks significantly more constraints than either DNPI-FC (�) or NIC-FC (×)
at the phase transition (Observation 4). However, notice that at most points,
especially for a low p (left graph), NIC-FC (×) performs many more constraint
checks than the others, almost concealing the phase transition (Observation 7).
This again is due to the overhead of static interchangeability computation. This
disadvantage is less visible with a high p, where NIC-FC performs more con-
straint checks for very loose problems (t = 0.15), but reduces the phase tran-
sition more effectively than either DNPI-FC or DNPI-MAC. The comparison
of the second rows of Figs. 5 and 6 shows the following. NIC-FC (×) performs
about the same number of constraint checks for LD-MB ordering than for DLD
ordering (i.e., between 100,000 and 200,000 when p=1.0), but DNPI-FC (�) and
DNPI-MAC (✷) both perform more constraint checks in LD-MB than in DLD (Ob-
servation 9). This is a disadvantage of the combination of LD-MB with dynamic
bundling. LD-MB requires more backtracking, because the largest bundle in a
variable is often a bundle of no-goods, and will trigger backtracking. This will
require a re-computation of interchangeability, and becomes more costly in gen-
eral. Even when looking for only one solution, it seems that DLD is best suited
to dynamic bundling. Further, the comparison of second rows in Figs. 4 and
6 confirms an obvious expectation of LD-MB ordering being less expensive and
yielding better bundles than static variable ordering SLD (Observation 10).

CPU time with DLD (row 3): The trends we noted in the nodes visited and
constraints checked for LD-MB consistently extend to the CPU time consumed.
We see that both NIC-FC (×) and DNPI-MAC (✷) have generally poor perfor-
mance, requiring more time that DNPI-FC (�). This confirms Observations 7, 4,
and 16. Also, the comparison of CPU time (third row) with the first two ordering
heuristics (i.e., SLD in Fig. 4 and DLD in Fig. 5) confirm Observations 10 and 9,
respectively.

First bundle size (FBS) with LD-MB (row 4): We see that, based on the size of
the first bundle, no particular bundling strategy can be declared a clear winner.
In general, dynamic bundling is a little stronger than static bundling, with two
exceptions (p=0.5, IDF=2 and p=1.0, IDF=4). As far as lookahead strategies
are concerned, DNPI-MAC and DNPI-FC are comparable and quite competitive
with respect to their bundling capabilities, thus justifying again the power of the
dynamic bundling and the superfluity of MAC (Observation 11). The comparison
across ordering heuristics show that LD-MB yields better bundles than both SLD
(Observation 10) and DLD (Observation 9)

Conclusions relative to LD-MB: It appears clearly that dynamic bundling with-
out MAC, that is DNPI-FC, effectively reduces the phase transition and produces
large bundles across all variable ordering heuristics. Further, we note that, in the
phase transition, DLD seems to be the most effective ordering.
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5 Conclusions

Regarding the lookahead strategy to use with dynamic bundling, we establish
that, although MAC visits fewer nodes than FC, it requires in general more con-
straint checks and more CPU time. This is especially true in dynamic variable
ordering (i.e., DLD and LD-MB), where the cost of MAC becomes a serious im-
pediment. In conclusion, unless we are using SLD, DNPI-MAC is not worth the
effort and DNPI-FC should be used instead.

Regarding the phase transition, we prove that dynamic bundling is uniformly
worthwhile by reducing the spike at the cross-over point. This is especially true
for DNPI-FC. DNPI-MAC is a good search strategy to reduce the phase tran-
sition if static ordering must be used, but if dynamic ordering is permitted,
DNPI-FC is much more effective. As a conclusion, the phase transition is best
reduced by DNPI-FC with DLD variable ordering, which has never before been
implemented. These strategies, and their relative rank (1st, 2nd and 3rd) are
summarized in Figure 7.

FC
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Fig. 7. A summary of the strategies implemented and tested and the best ranking ones.
All strategies not otherwise marked were proposed by us.
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Abstract. We show how to use symbolic model-checking techniques in
heuristic search algorithms for both deterministic and decision-theoretic
planning problems. A symbolic approach exploits state abstraction by
using decision diagrams to compactly represent sets of states and oper-
ators on sets of states. In earlier work, symbolic model-checking tech-
niques have been used to find plans that minimize the number of steps
needed to reach a goal. Our approach generalizes this by showing how to
find plans that minimize the expected cost of reaching a goal. For this
generalization, we use algebraic decision diagrams instead of binary de-
cision diagrams. In particular, we show that algebraic decision diagrams
provide a compact representation of state evaluation functions. We de-
scribe symbolic generalizations of A* search for deterministic planning
and of LAO* search for decision-theoretic planning problems formalized
as Markov decision processes. We report experimental results and discuss
issues for future work.

1 Introduction

There is currently great interest in using symbolic model-checking to solve AI
planning problems with large state spaces [1,2,3,4,5,6,7,8]. This interest is based
on recognition that the problem of finding a plan (i.e., a sequence of actions and
states leading from an initial state to a goal state) can be treated as a reacha-
bility problem in model checking. The planning problem is solved symbolically
in this sense: reachability analysis is performed by manipulating sets of states,
rather than individual states. Sets of states (and operators on sets of states)
are represented compactly using decision diagrams. This approach exploits state
abstraction to solve problems with large state spaces. For problems with regular
structure, decision diagrams can often provide a polynomial representation of an
exponential number of states. A symbolic approach to model-checking has made
it possible to verify systems with more than 1030 states, and a similar approach
to scaling up planning algorithms shows much promise.

Symbolic model-checking techniques have been explored for both determin-
istic and nondeterministic planning. However, the algorithms that have been de-
veloped only find plans that are “optimal” in the sense that they minimize the
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number of actions needed to reach a goal. The more general problem of finding
minimal-cost plans, where there is a varying or state-dependent cost for actions,
has not yet been addressed (or has not been addressed adequately). We argue
that this follows, in part, from the use of binary decision diagrams in previous
work. We adopt algebraic decision diagrams as a more general data structure for
symbolic heuristic search. Whereas binary decision diagrams represent Boolean
functions, algebraic decision diagrams can represent arbitrary real-valued func-
tions. We show that this allows us to develop algorithms for deterministic and
decision-theoretic planning that can find minimal-cost plans.

The paper is organized as follows. In section 2, we review the framework of
state-space heuristic search and present some relevant background for a symbolic
approach to heuristic search. We review binary decision diagrams and algebraic
decision diagrams. We also review previous work in which decision diagrams are
used to support state abstraction in AI planning. In section 3, we describe a
symbolic generalization of A* that can be used to solve deterministic planning
problems. In section 4, we describe a symbolic generalization of LAO*, a heuristic
search algorithm for solving decision-theoretic planning problems formalized as
Markov decision processes. We present experimental results for both algorithms.
We conclude the paper with a comparison of the two algorithms and a discussion
of issues for future work.

2 Background

2.1 State-Space Search

We begin by reviewing the framework of state-space search and introduce some
notation that will be used in the rest of the paper.

A state-space search problem is defined as a tuple (S,G, s0, A, T, c), where
S denotes a set of states; G ⊂ S denotes a set of goal states; s0 denotes a start
state; A denotes a set of actions (or operators); T denotes a set of transition
models {T a}, one for each action a ∈ A, describing the state transitions caused
by each action; and c denotes a set of cost models {ca}, one for each action,
specifying the state-dependent (expected) cost of actions.

We consider two kinds of transition model in this paper. In a deterministic
transition model, an action a ∈ A in state s ∈ S always leads to the same
successor state s′ ∈ S. We can represent this by a function T a : S × S → {0, 1},
where the value of the function is 1 when action a causes a transition from state
sS to state s′. In a stochastic transition model, an action a ∈ A in state s ∈ S has
several possible successor states, each occurring with some probability. We can
represent this by a function T a : S×S → [0, 1], where the value of the function is
the probability that action a causes a transition from state s to state s′. The first
kind of state-space search problem is a deterministic shortest-path problem. The
second is a special kind of Markov decision process called a stochastic shortest-
path problem [9]. Both can be solved by dynamic programming. But given a start
state s0 ∈ S and an admissible heuristic function h : S → �, an optimal solution



Symbolic Heuristic Search Using Decision Diagrams 85

can also be found by a heuristic search algorithm that gradually expands a
partial solution, beginning from the start state and guided by the heuristic, until
a complete solution is found. The heuristic search approach has the advantage
that it only needs to evaluate part of the state space to find an optimal solution.
We consider two heuristic search algorithms in this paper; the A* algorithm
for deterministic planning problems [10] and the LAO* algorithm for stochastic
planning problems [11]. The contribution of this paper is to describe how both
of these algorithms can exploit state abstraction using decision diagrams.

2.2 Factored State Representation

To use decision diagrams for state abstraction, we adopt a binary encoding of
states. We assume the set of states S is described by a set of Boolean variables
X = {X1, . . . , Xn}, where x = {x1, . . . , xn} denotes a particular instantiation of
the variables, corresponding to a unique state s ∈ S. In the planning literature,
such Boolean variables are called fluents. In the literature on decision-theoretic
planning, a state space structured in this way is called a factored Markov deci-
sion process. Thus we represent the transition and cost models of a state-space
search problem as a mapping defined over a Boolean encoding of the state space.
For example, we represent the transition model of a planning problem by the
function T a(X,X′), where X = {X1, . . . , Xn} refers to the set of state variables
before taking action a and X′ = {X ′

1, . . . , X
′
n} refers to the set of state variables

after taking the action. Similarly, we represent the cost model by the function
ca(X). Although the set of states S = 2X grows exponentially with the number
of variables, decision diagrams can exploit state abstraction to represent these
models compactly.

2.3 Decision Diagrams

The decision diagram data structure was developed by the symbolic model-
checking community for application to VLSI design and verification [12,13]. A
decision diagram is a compact representation of a mapping from a set of Boolean
state variables to a set of values. A binary decision diagram (BDD) represents a
mapping to the values 0 or 1. An algebraic decision diagram (ADD) represents a
more general mapping to any discrete set of values (including real numbers) [14].

A decision diagram is a directed acyclic graph with internal nodes of out-
degree two (corresponding to Boolean variables) and a terminal node for each
value of the function it represents. In an ordered decision diagram, the Boolean
variables in all paths through the graph respect a linear order X1 ≺ X2 ≺ · · · ≺
Xn. An ordered decision diagram can be reduced by successive applications of
two rules. The deletion rule eliminates a node with both of its outgoing edges
leading to the same successor. The merging rule eliminates one of two nodes with
the same label as well as the same pair of successors. A reduced decision diagram
with a fixed variable ordering is a canonical representation of a function. The
canonicity of decision diagrams gives rise to the existence of efficient algorithms
for manipulating them. Because the complexity of operators on decision diagrams
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depends on the number of nodes in the diagrams and not on the size of the state
space, decision diagrams can exploit regularity in the model to solve problems
with large state spaces more efficiently.

A symbolic approach to both model checking and heuristic search manipu-
lates sets of states, instead of individual states. A set of states S is represented by
its characteristic function χS , so that s ∈ S ⇐⇒ χS(X) = 1. The characteristic
function is represented compactly by a BDD. (From now on, whenever we refer
to a set of states, S, we implicitly refer to its characteristic function, represented
by a decision diagram.) In both model checking and heuristic search, a central
task is to determine the set of states that is reachable from an initial state. This
can be achieved through a simple breadth-first search starting from the initial
state, until no more new states can be added. Let Si denote the set of states
reachable from the initial state s0 in i steps, initialized by Si = {s0}. There
is an efficient algorithm for determining the next step characteristic functions
χSi+1(X) given the current characteristic function χSi(X). Recall that T (X,X′)
is true if and only if X is the encoding of a given state and X′ is the encoding of
its successor state. The next-step characteristic function is computed as follows:

χSi+1(X′) = ∃X∈X(χSi(X) ∧ T (X,X′)) (1)

Equation (1) is called the relational product operator. It represents a series of
nested existential quantifications, one for each variable in X. The conjunction
T a(X, X ′) ∧ χS(X) selects the set of valid transitions and the existential quan-
tification extracts and unions the successor states together. Given χS0(X), we
can iteratively compute the characteristic function χS1(X), χS2(X), χS3(X), · · ·,
until the transitive closure of the transition relation is computed. Both the
relational-product operator and symbolic traversal algorithms are well studied
in the symbolic model checking literature, and we refer to that literature for
further details [15].

2.4 Deterministic Planning

We are not the first to explore the use of decision diagrams in heuristic search.
Edelkamp and Reffel [3] describe a symbolic generalization of A*, called BDDA*,
that can solve deterministic planning problems. It uses BDDs to represent sets of
states and operators on sets of states in a compressed form that exploits structure
in the problem domain. They show that symbolic search guided by a heuristic
significantly outperforms breadth-first symbolic search. They also show that this
approach is effective in solving a class of deterministic planning problems [4].

In Section 3, we describe an alternative implementation of symbolic A* that
uses ADDs. Because BDDA* uses BDDs as a data structure, the cost-functions
ca, the state evaluation function f , the heuristic evaluation function h, and
the open list, must all be encoded in binary. Although it is possible to encode
anything in binary, this makes the implementation of BDDA* awkward in several
respects. In fact, the original version of BDDA* could only solve problems for
which all actions have unit cost and the objective is to find the shortest plan.
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Edelkamp [16] later described a more general implementation of BDDA* does
not assume unit-cost actions. However, we argue that ADDs provide a more
natural representation for such problems.

2.5 Nondeterministic and Decision-Theoretic Planning

Decision diagrams have also been used for nondeterministic and decision-
theoretic planning. Nondeterministic planning considers actions with multiple
outcomes and allows plan execution to include conditional and iterative behav-
ior. However, it does not associate probabilities and costs with state transitions,
as in decision-theoretic planning. In decision-theoretic planning, the problem is
not simply to construct a plan that can reach the goal, but to find a plan that
minimizes expected cost (or equivalently, maximizes expected value).

There has been substantial work on using BDDs for nondeterministic plan-
ning [1,2]. There has also been work on using ADDs to exploit state abstraction
in dynamic programming for MDPs [7,8]. In Section 4, we show how to integrate
these two approaches to create a symbolic heuristic search algorithm that can
solve decision-theoretic planning problems formalized as MDPs.

3 Deterministic Planning: Symbolic A*

We first describe an implementation of A* that uses ADDs instead of BDDs as
a data structure. We call this algorithm ADDA*, in contrast to Edelkamp and
Reffel’s BDDA* algorithm. We show that this change of data structure leads
to a simpler and more natural implementation of symbolic A* that can solve
cost-minimization problems.

3.1 Algorithm

In the preceding section, we reviewed how symbolic model-checking techniques
are used to compute the set of states reachable from a start state. For reach-
ability analysis, it is sufficient to compute successor states. But for a heuristic
search algorithm such as A*, we also need to compute and store state costs. We
begin by pointing out that an algebraic decision diagram provides a symbolic
representation of a real-valued function, and thus a more natural representation
for the cost function, c, heuristic function h, and state evaluation function f , of
A*. No binary encoding of these real-valued functions is necessary, as in BDDA*.
As we will show, this simplifies our implementation of A*, without sacrificing
the advantages of a symbolic representation.

Recall that A* stores the search frontier in a list called OPEN , which orga-
nizes nodes in increasing order of their f -cost. The node with the least f -cost is
selected to generate all its successor nodes, a process known as a node expansion.
Note that the OPEN list for A* can be viewed as a function that maps states
to costs. If the f -cost of many nodes are the same, then a considerable degree
of state abstraction can be achieved by treating states with the same f -cost as
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an aggregate or abstract state. This is the approach adopted by BDDA* and
it is the same approach we adopt for ADDA*. It makes it possible to perform
node expansion symbolically by expanding a set of states (with the same f -cost),
instead of a single state at a time.

BDDA* represents the OPEN list as a set of BDDs, one for each distinct
f -cost. Each BDD represents the characteristic function of a set of states with
the same f -cost. By contrast, ADDA* represents the open list as a single ADD,
where the leaves of the ADD correspond to the distinct f -costs in the open list.
This representation is more natural, and as we will show, it makes it easier to
implement the rest of the A* algorithm.

When we expand a set of states in A*, we determine their successor states and
compute their g and f -costs. In graph search, we also need to detect states that
represent duplicate paths and preserve the one with the least g-cost. Edelkamp
and Reffel’s original implementation of A* determines the set of successor states
separately from computing their g and f -costs, and does not detect duplicate
nodes.1 Using ADDs instead of BDDs as a data structure makes it possible to
do all of these things at the same time.

But to do so, we need to generalize the relational product operator defined
for BDDs so that it also works with ADDs. The standard operator cannot be
used with ADDs because the terminals of ADDs correspond to real values, and
not necessarily the Boolean constants {0, 1}. In Boolean algebra, the relational
product is computed by using existential quantification given by the following
formula:

∃Xf(X) = f(X)|X=0 ∨ f(X)|X=1 (2)

A naive way of adapting existential quantification to ADDs is to substitute
the algebraic addition operator (+) for the Boolean disjunction operator (∨)
in equation (2). However, this won’t generalize to the case of graph search. In
graph search, there may be more than one path from the start state to a given
state. Only one of these paths should be preserved and the minimal-cost path
is preferred. But if the naive approach to adapting existential quantification to
ADDs is used, the cost of a successor state would be the sum of the costs of
all duplicate paths to that state! Because this does not make sense, we invented
a new operator called existential least-cost quantification. It is defined by the
following equation:

∃LC
X f(X) = min(f(X)|X=0, f(X)|X=1) (3)

The intuitive meaning of the existential least-cost quantification operator is to
preserve only the path that has the least cost to a given state, discarding any
suboptimal paths.

In order to make existential least-cost quantification work seamlessly with the
transition function T , we change the definition of the latter as follows: T (X,X′)
1 Edelkamp [16] describes a later implementation of BDDA * that does detect dupli-
cate nodes using a technique called forward set simplification, although this technique
can only detect duplicate paths to nodes that are already expanded.
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Table 1. Pseudocode for ADDA*

procedure ADDA* (χS0 , χSg )
1. OPEN(X, f)← (χS0 , h(χS0)) ∧ (¬χS0 ,∞)
2. while OPEN �=∅ do
3. B ← {β|(β, n ∈ OPEN) ∧ (f(β) = min f(n))}
4. if ∃X∈X(X(B) ∧ χSg ) then return f(B)
5. OPEN− ← OPEN \ B
6. G(X, g)← (X(B), f(B)− h(B))
7. G(X′, g)← ∃LC

X∈X

⋃
a
(X(G) ∗ T a(X,X′) + ca(X))

8. X(G)← SwapV arX′,X(X′(G))
9. OPEN+ ← (X(G), g(G) + h(X(G)))
10. OPEN ← min(OPEN−, OPEN+)

maps to constant 1 if and only if X is the encoding of a given state and X′ is the
encoding of its successor state; otherwise, it maps to an infinity (∞) constant.
This modification of the transition function T is necessary in order to make
the cost of any illegal move infinity. As a consequence, all illegal moves will be
ignored.

In order to detect duplicate paths in graph search and preserve the one
with the least g-cost, ADDA* performs existential least-cost quantification on
an ADD that represents the g-costs of the set of states being expanded. First
it selects the set of states to expand by selecting those with the least f -cost.
ADDA* computes the ADD representing the g-cost of the states by subtracting
the heuristic estimate from their f -costs, as follows: g(X) = f(X)−h(X). Then
ADDA* uses least-cost existential quantification to compute the successors of
this set of states and their g-costs. The f -costs of the successor states after taking
action a are computed as follows:

fa(X′) = g(X′) + h(X′)
= g(X) + ca(X) + h(X′)
= f(X)− h(X) + ca(X) + h(X′),

and the successor states for each action are inserted into the open list.
Figure 1 shows the pseudocode of ADDA*. Let χS0 , χSg denote the charac-

teristic function of the starting node(s) and goal node(s), respectively. Initially,
OPEN contains a single starting node with its f value set to the heuristic esti-
mate h and the f value for everything else is set to infinity. Then the algorithm
finds the set of nodes with the least f value, B. Once the intersection between
the set B and the goal set χSg is not the trivial zero function, this indicates a
goal node has been found. If no goal node is found, the set B is detached from
the OPEN and the g values of node ∈ B are computed and stored in G. Since
the transition function T has a value of 1 for any legal move, which means after
the product of “X(G)” and “T (X,X′)” in line# 7, the g value of all legal moves
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will be preserved, while the g value of all illegal moves will be set to infinity and
discarded later. Furthermore, according to the definition of existential least-cost
quantification, among all the legal moves, only the move that produces the least-
cost path will be kept. Which means for the successors of the nodes with the
minimum f value, only the best (shortest) paths are stored in the OPEN . The
last line (line# 10) adds the successor nodes back to the original OPEN . The
purpose of using a “min” operator is to check for duplicate paths between the
set of newly generated successors nodes and the set of old nodes in OPEN . We
note that the data structure we refer to as OPEN is the union of the open and
closed lists of A* and contains all states evaluated by A*. Although the open
and closed lists can be represented by distinct data structures in symbolic A*,
we found that it is more memory-efficient to represent them by a single ADD.

3.2 Experimental Results

We implemented ADDA* and compared its performance to a symbolic breadth-
first search algorithm implemented using BDDs, called BDD-BFS.2 We tested
both algorithms on 200 randomly generated instances of the Eight Puzzle and
the Fifteen Puzzle. (For the Fifteen Puzzle, we only considered instances with
solution depth up to 40.) As shown in Table 2, ADDA* stores about one fifth
as many nodes as BDD-BFS and is more than twice as fast in solving the Eight
Puzzle. None of the Fifteen Puzzle instances could be solved by BDD-BFS. The
performance of ADDA* on the Fifteen puzzle is shown in the table. We note that
these results are consistent with the results reported by Edelkamp and Reffel for
BDDA* in solving the Eight and Fifteen Puzzles. Our current algorithm does
not seem to be more or less efficient than theirs. However, it is simpler and more
general, by virtue of being implemented using ADDs instead of BDDs.

Table 2. Performance comparison of ADDA* and breadth-first search (BDDBFS).

Problem Size Time
BDDBFS ADDA* BDDBFS ADDA*

8-puzzle 28096 5465 8.91 3.89
15-puzzle Unsolvable 548546 Unsolvable 902.85

We also compared ADDA* and ordinary A* in solving the Fifteen Puzzle. On
average, A* generates 434,282 nodes. Although this seems less than the number
of nodes generated by ADDA* (548, 546), a node in ADDA* is not the same
as a node in A*. A decision diagram node can only represent a single bit (true
or false) in the encoding of a Fifteen Puzzle state; whereas a node in A* can
2 The decision diagram package used to implement our algorithm is the CUDD pack-
age from University of Colorado [17]. We modified the package to support the ex-
istential least-cost quantification operator. Experiments were performed on a Sun
UltraSPARC II with a 300MHz processor and 2 gigabytes of memory.
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represent the entire state of the board. In our implementations, a node in A*
takes roughly two and a half times the physical memory required for a node in
ADDA* and we found that the amount of physical memory saved using ADDA*
instead of ordinary A* is slightly more than 50%. This reflects the benefit of
state abstraction. In solving sliding-tile puzzles, however, there is not sufficient
state abstraction to compensate for the significant overhead involved in using
decision diagrams and ordinary A* is faster than ADDA*.

Our experimental results for ADDA* are very preliminary. There are several
ways in which its performance may be improved, and we plan to test it on a
range of different problems. We discuss some of the possibilities for future work
in the conclusion of the paper.

4 Decision-Theoretic Planning: Symbolic LAO*

We now turn to a more complex class of planning problems in which state tran-
sitions are stochastic, and, as a result, plans have a more complex structure
that includes branches and loops. Previous authors have described how to use
symbolic reachability analysis to solve nondeterministic planning problems. But
nondeterministic planning does not consider the probability of state transitions
or their cost. Hoey et al. [7] have described a symbolic dynamic programming
algorithm for Markov decision processes. It does consider the probability of state
transitions and their cost, and uses ADDs to aggregate states with the same value
– the same approach to state abstraction we used for A*. However, their SPUDD
planner is a dynamic programming algorithm that solves the problem for all pos-
sible starting states, without considering reachability. In the rest of this paper,
we describe a heuristic search approach to solving this class of problems that
integrates both approaches – reachability analysis and dynamic programming.

4.1 Algorithm

Our algorithm is a symbolic generalization of the LAO* algorithm, a heuristic
search algorithm for stochastic shortest-path problems (and other Markov deci-
sion problems) [11]. Given a start state, LAO* finds an optimal policy that can
include cycles and reaches the goal state with probability one. It is interesting to
note that a policy that reaches the goal state with probability one can be viewed
as a decision-theoretic generalization of the concept of a strong cyclic plan in
nondeterministic planning [18].

LAO* is an extension of the classic search algorithm AO* [19]. Like AO*,
it has two alternating phases. First, it expands the best partial solution (or
policy) and evaluates the states on its fringe using a heuristic evaluation function.
Then it performs dynamic programming on the states visited by the best partial
solution, to update their values and possibly revise the best current solution. The
two phases alternate until a complete solution is found, which is guaranteed to
be optimal. LAO* differs from AO* by allowing solutions with loops, requiring it
to use a more general dynamic programming algorithm such as value iteration or
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Table 3. Symbolic LAO* algorithm.

procedure solutionExpansion(π, χS0 , G)
1. E ← F ← φ
2. from← χS0

3. repeat
4. to← ⋃

a
∃X∈X((from ∩ χSa

π
) ∧ T a(X,X′))

5. F ← F ∪ (to−G)
6. E ← E ∪ from
7. from← to ∩G− E
8. until (from = φ)
9. E ← E ∪ F
10. G← G ∪ F
11. return (E, F, G)

procedure dynamicProgramming(E, f)
12. savef ← f
13. E′ ← ⋃

a
∃X∈X(E ∧ T a(X,X′))

14. repeat
15. f ′ ← f
16. FOR each action a
17. fa ← ca

E +
∑

E′ T a
E∪E′f ′

E′
18. M ← mina fa

19. f ←M ∪ savef
E

20. residual ← ‖fE − f ′
E‖

21. until stopping criterion met
22. π ← extractPolicy(M, {fa})
23. return (f, π, residual)

procedure LAO*({T a}, {ca}, χS0 , h, threshold )
24. f ← h
25. G← φ
26. π ← 0
27. repeat
28. (E, F, G)← solutionExpansion(π, χS0 , G)
29. (f, π, residual)← dynamicProgramming(E, f)
30. until (F = φ) and (residual ≤ threshold)
31. return (π, f, E, G).

policy iteration. To create a symbolic generalization of LAO*, we will implement
the first phase of the algorithm using a variant of symbolic reachability analysis
and the second phase using a variant of the SPUDD algorithm.

To integrate the two phases of LAO* – reachability analysis and dynamic
programming – we introduce the concept of masking. To motivate this idea, we
note that all elements manipulated by our symbolic generalization of LAO* are
represented by ADDs (including the transition and cost models, the policy π :
S → A, the state evaluation function f : S → �,the admissible heuristic h : S →
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�, etc.), and all computations are performed using ADDs. A potential problem
is that an ADD assigns a value to every state in the state space. However, we
want to limit computation to the set of states that are reachable from the start
state by following the best policy. To focus computation on the relevant state
values, we introduce the idea of masking an ADD.

Given an ADD D and a set of relevant states U , masking is performed by
multiplying D by χU , which is the characteristic function of U . This has the
effect of mapping all irrelevant states to the value zero. We let DU denote the
resulting masked ADD. Mapping all irrelevant states to zero can simplify an
ADD considerably. If the set of reachable states is small, the masked ADD often
has dramatically fewer nodes. Since the complexity of computations using ADDs
is a function of the size of the ADDs, this can dramatically improve the efficiency
of computation using ADDs.

The first phase of LAO* uses symbolic reachability analysis to determine the
set of relevant states. The second phase updates the state evaluation function
for these states only, using the technique of masking to focus computation on
the relevant states. The algorithm maintains two kinds of global data structure;
characteristic functions for sets of states and value functions for sets of states.
The first are used to mask the second.

We summarize symbolic LAO* in Table 3, and give a more detailed expla-
nation of its alternating phases in the following.

Solution expansion. In the solution expansion step of the algorithm, we per-
form reachability analysis to find the set of states F that are not in G (i.e., have
not been “expanded” yet), but are reachable from the set of start states, S0, by
following the partial policy πG. These states are on the ”fringe” of the states
visited by the partial policy. We add them to G and add them to the set of states
E ⊆ G that are visited by the current partial policy. This is analogous to ”ex-
panding” states on the frontier of a search graph in heuristic search. It expands
the partial policy in the sense that the policy will be defined for a larger set of
states in the dynamic-programming step. We perform this reachability analysis
using the same relational product operator reviewed in Section 2 (but not one
one that uses least-cost existential quantification).

We note that our symbolic implementation of LAO* does not maintain an
explicit search graph. It is sufficient to keep track of the set of states that have
been “expanded” so far, denoted G, the partial value function, denoted fG, and
a partial policy, denoted πG. For any state in G, we can ”query” the policy
to determine its associated action, and compute its successor states. Thus, the
graph structure is implicit in this representation.

Because a policy is associated with a set of transition functions, one for each
action, we need to invoke the appropriate transition function for each action
when computing successor states under a policy. For this, it is useful to represent
the partial policy πG in a different way. We associate with each action a the set
of states for which the best action to take is a under the current policy, and
call this set of states χSa

π
. Obviously we have χSa

π
∩ χSa′

π
= φ for a �=a′, and
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∪aχSa
π
= G. Given this representation of the policy, line 4 in Table 3 computes

the set of successor states following the current policy using the image operator.

Dynamic programming. The dynamic-programming step of LAO* is per-
formed using a modified version of the SPUDD algorithm. The original SPUDD
algorithm performs dynamic programming over the entire state space. We modify
it to focus computation on reachable states, using the idea of masking. Masking
lets us perform dynamic programming on a subset of the state space instead of
the entire state space.

The pseudocode in Table 3 assumes that DP is performed on E, the states
visited by the best (partial) policy, although a larger or smaller set of states can
be updated by LAO* [11]. Because πG is a partial policy, there can be states in
E with successor states that are not in G, denoted E′. This is true until LAO*
converges. In line 13, we compute these states in order to do appropriate masking.
To perform dynamic programming on the states in E, we assign admissible values
to the ”fringe” states in E′, where these values comes from the current value
function. Note that the value function is initialized to an admissible heuristic
evaluation function at the beginning of the algorithm.

With all components properly masked, we can perform dynamic program-
ming using the SPUDD algorithm. This is summarized in line 17. The full equa-
tion is

fa(X) = ca
E(X) +

∑

E′
T a

E∪E′(X,X′) · f ′
E′(X′).

The masked ADDs ca
E and T a

E∪E′ need to be computed only once for each call
to valueIteration() since they don’t change between iterations. Note that the
product T a

E∪E′ · f ′
E′ is effectively defined over E ∪ E′. After the summation

over E′, which is accomplished by existentially abstracting away all post-action
variables, the resulting ADD is effectively defined over E only. As a result, fa

is effectively a masked ADD over E, and the maximum M at line 18 is also a
masked ADD over E.

The residual in line 20 is computed by finding the largest absolute value of the
ADD (fE −f ′

E). We use the masking subscript here to emphasis that the residual
is computed only for states in the set E. Dynamic programming is the most
expensive step of LAO*, and it is not necessary to run it until convergence each
time this step is performed. Often a single iteration gives the best performance.
We extract a policy in line 22 by comparingM against the action value function
fa (breaking ties arbitrarily): ∀s ∈ E π(s) = a if M(s) = fa(s).

Convergence test. At the beginning of LAO*, the value function f is initial-
ized to the admissible heuristic h. Each time the value iteration is performed,
it starts with the current values of f . Hansen and Zilberstein (2001) show that
these values increase monotonically in the course of the algorithm; are always
admissible; and converge arbitrarily close to optimal. LAO* converges to an op-
timal or ε-optimal policy when two conditions are met: (1) its current policy
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Table 4. Performance comparison of LAO* and SPUDD.

Example Reachability Results Size Results Timing Results
LAO* LAO* SPUDD LAO* SPUDD

|S| |A| |E| |G| reach nodes leaves nodes leaves expand DP total total
r1 215 20 134 413 215 65 12 1288 406 0.24 17 17 539
r2 220 25 3014 3281 220 181 19 15758 4056 0.46 54 544 12774
r3 220 30 10442 33322 220 6240 2190 9902 4594 57.71 1679 1738 10891
r4 235 30 383 383 235 77 4 NA NA 0.05 7 7 > 20hr

does not have any unexpanded states, and (2) the error bound of the policy is
less than some predetermined threshold. Like other heuristic search algorithms,
LAO* can find an optimal solution without visiting the entire state space. The
convergence proofs for the original LAO* algorithm carry over in a straightfor-
ward way to symbolic LAO*.

4.2 Experimental Results

Table 4 compares the performance of symbolic LAO* and SPUDD on four
randomly-generated MDPs. Because the performance of LAO* depends on the
starting state, our results for LAO* are averaged over 50 random starting states.

A simple admissible heuristic function was created by performing ten itera-
tions of an approximate value iteration algorithm similar to APRICODD [8] on
an initial admissible value function created by assuming the maximum reward
is received each step. The first few iterations are very fast because the ADD
representing the value function is compact, especially when approximation is
used.

LAO* achieves its efficiency by focusing computation on a subset of the state
space. The column labeled reach shows the average number of states that can be
reached from the starting state, by following any policy. The column labelled |G|
is important because it shows the number of states “expanded” by LAO*. These
are states for which a backup is performed at some point in the algorithm, and
this number depends on the quality of the heuristic. The better the heuristic,
the fewer states need to be expanded before finding an optimal policy. The
gap between |E| and reach reflects the potential for increased efficiency using
heuristic search, instead of simple reachability analysis.

The columns labeled “nodes” and “leaves”, under LAO* and SPUDD re-
spectively, compare the size of the final value function returned by LAO* and
SPUDD. The columns under “nodes” gives the number of nodes in the respec-
tive value function ADDs, and the columns under “leaves” give the number of
leaves. Because LAO* focuses computation on a subset of the state space, it
finds a much more compact solution (which translates into increased efficiency).

The last four columns compare the running times of LAO* and SPUDD.
Timing results are measured in CPU seconds. The total running time of LAO*
is broken down into two parts; the column “expand” shows the average time
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for policy expansion and the column “DP” shows the average time for value
iteration. These results show that value iteration consumes most of the running
time. This is in keeping with a similar observation about the original LAO*
algorithm for flat state spaces. The time for value iteration includes the time for
masking. For this set of examples, masking takes between 0.5% and 2.1% of the
running time of value iteration. The final two columns show that LAO* is much
more efficient than SPUDD in solving these examples. This is to be expected
since LAO* solves the problem for only part of the state space. Nevertheless, it
demonstrates the power of using heuristic search to focus computation on the
relevant part of the state space. The running time of LAO* is correlated with
|G|, the number of states expanded during the search, which in turn is affected
by the starting state, the reachability structure of the problem, and the accuracy
of the heuristic function.

We refer to a longer paper for a more detailed description of the symbolic
LAO* algorithm and more extensive experimental results [20].

5 Conclusion and Future Work

We have described symbolic generalizations of A* and LAO* heuristic search
that use decision diagrams to exploit state absraction. In showing how to imple-
ment A* using ADDs, we introduced a new ADD operator called least-cost exis-
tential quantification. This operator makes it possible to simultaneously compute
the successors of a set of states, update their g-values, and detect and remove du-
plicate paths in graph search. Our symbolic generalization of LAO* integrates
a reachability analysis algorithm adapted from symbolic model checking with
the SPUDD dynamic programming algorithm for factored MDPs. To integrate
these two approaches, we introduced the concept of masking an ADD. Masking
provides a way to focus computation on the relevant parts of the state space –
the hallmark of heuristic search.

We have described work in progress. Our contribution is to show how to
use symbolic model-checking techniques for planning problems that require cost
minimization. More work needs to be done to improve the performance of these
algorithms, before we can fully evaluate this approach. Among the questions we
are continuing to investigate, we highlight the following.

– Current techniques require encoding the problem state using Boolean vari-
ables. Different encodings may lend themselves more easily to state abstrac-
tion. Thus, an important question is how to find the best encoding. Another
question is whether recent extensions of decision diagrams that allow non-
Boolean variables could be useful.

– The bottleneck of algorithms that use decision diagrams is the need to rep-
resent the full transition relation, especially when computing the successors
of a set of states. To address this problem, the model-checking community
has developed techniques for partitioning the transition relation. These allow
significant improvement in efficiency, and adapting these techniques to our
more general search algorithms is likely to improve their performance too.
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Another possibility worth exploring is whether the transition relation can
be represented procedurally, as is usually done for deterministic state-space
search.

– The symbolic approach exploits the structure of a problem to create useful
state abstractions. But not all problems have the kind of structure that can
be exploited by these techniques. Can we characterize the kind of problem
structure for which this approach works well?

– The approach to state abstraction adopted in this paper is to aggregate
states with the same value. It may be possible to develop approximation
algorithms that aggregate states that have a similar value, achieving greater
state abstraction in exchange for a bounded decrease in solution quality [8].

Presenting our symbolic generalizations of A* and LAO* in the same paper
allows us to compare and contrast their performance. This leads to an interesting
observation. At present, our symbolic implementation of A* cannot solve prob-
lems of nearly the same size as single-state A* can solve. Even the fifteen puzzle
presents a challenge. By contrast, our symbolic implementation of LAO* can ef-
ficiently solve factored MDPs that are as large or larger than any reported in the
literature. Given this observation, we find it interesting that the problems solved
by both algorithms in our experiments have roughly the same size state space!
(In fact, a Boolean encoding of the state of the Fifteen Puzzle has 64 variables,
almost twice as large as the largest factored MDP considered in the literature.)
In our view, this underscores the fact that work on A* search is very mature and
techniques have been developed that allow quite large problems to be solved.
By contrast, work on decision-theoretic planning is relatively immature and test
problems are still quite small.

We hope that by looking at these two classes of problems together, we will
be able to use techniques that have proved successful for one in order to improve
our ability to solve the other.
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Abstract. In this paper we address the problem of designing systems for
human-automation interaction that insure satisfaction of a wide range of
performance requirements (such as guaranteeing the safety and liveness of
mission critical operations). Our approach is based on formal procedures that
focus on the information provided to the user. We propose a formal
methodology for constructing interfaces and corresponding user- manuals that
is based on performing a systematic abstraction of the behavioral model of the
system. The procedure is aimed at achieving two objectives: First, the interface
must be correct in that with the given interface the user will be able to perform
the specified tasks correctly. Secondly, the interface must be succinct.  The
paper discusses the underlying concepts and the formal methods for this
approach.  Two examples are used to illustrate the methodology.  The algorithm
for constructing interfaces that is proposed in the paper can be automated, and a
preliminary software system for its implementation has been developed.

1   Introduction

Human interaction with automation is so widespread that almost every aspect of our
lives involves computer systems, information systems, machines, and devices.  These
machines are complex and are comprised of many states, events, parameters and
protocols. User interfaces for such machines always present a (highly) reduced
description of the underlying machine’s behavior.

In the majority of today’s automated systems, the human is the supervisor.  Users
interact with systems or tools to achieve specified operational tasks (Parsuramann et
al., 2000) such as the execution of specific sequences of actions (e.g., a procedure for
setting up a medical radiation machine), monitoring a machine’s mode changes (e.g.,
an automatic landing of an aircraft), or preventing a machine from reaching specified
illegal states (e.g., tripping a power grid).  To achieve these task specifications, the
user is provided with information about the behavior of the machine by means of an
interface and associated user-manuals and other training material.

Naturally, for the user to be able to interact with the machine correctly and reliably
so as to achieve the task specification, the information provided to the user about the
machine must first and foremost be correct.  Yet, while correct interaction can, in
principle, always be achieved by providing the user with the full detail of the machine
behavior, the amount of detail is generally unmanageable. Therefore, in practice, the
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interface and related user manuals are always a reduced, or abstracted, description of
the machine’s behavior, and a major concern of designers of automated systems is to
make sure that these abstracted interfaces and manuals are adequate and correct.

Currently, the design decisions as to what information must be provided to the
user, both in the interface and in user-manuals, are made intuitively. Systematic
methodologies do not exist for these decisions and the resultant interfaces are
sometimes either overly complex or flawed, leading to what is commonly called
“automation surprises,” where operators (e.g., pilots, technicians, users) have
difficulty understanding the current status of an automatic system as well as the
consequences of their interaction with it (Woods, Sarter, and Billings, 1997).

In an earlier paper (Degani and Heymann, 2002), we discussed a methodology for
evaluating interfaces and user manuals. Given a description of the machine,
specifications of the user’s task, interface, and all relevant information the user has
about the machine, the procedure evaluates whether the interface and user manual
information are correct for the task. The proposed procedure can be automated and
applied to the verification of large and complex human-machine systems.

In the present paper we take an additional step and discuss a formal methodology
for automatic generation of correct and succinct interfaces and user manuals.

2   Formal Aspects of Human-Automation Interaction

We focus primarily on the information content provided to the user about the behavior
of a system.  This aspect of user interaction with machines can be described and
analyzed formally by considering the following four elements: (1) the machine-model,
(2) the operational tasks,  (3) the machine’s interface with the user, and (4) the user’s
model of the machine, i.e., the information provided to the user about the machine
behavior (e.g., in the user manual).

2.1 Machine

The machines are modeled as finite state transition systems.  A state represents a
mode, or configuration, of the machine.  Transitions represent discrete-state (mode)
changes that occur in response to events that trigger them.  Some of the transitions
occur only if the user triggers them, while other transitions occur automatically and
are triggered by the machine’s internal dynamics, or its external environment.

To illustrate a typical machine model, let us consider the machine of Figure 1,
which describes a simplified multi-mode three-speed transmission system proposed
for a certain vehicle. We use the convention that user-triggered transitions are
described by solid arrows, while automatic transitions are depicted by dashed arrows.
The transitions are labeled by symbols to indicate the (triggering) circumstances under
which the machine moves from state to state. The transmission has eight states, or
modes. These modes are grouped into three super-modes that represent manually
switchable gears (or speeds): low, medium and high. The states within each speed
represent internal torque-level modes. Thus there are torque modes 1, 2, 3L L L , in

the low speed super mode; there are torque modes 1,M 2,M in the medium speed
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super mode; and modes 1, 2, 3,H H H in the high speed super mode. The
transmission shifts automatically between torque modes (based on torque, throttle,
and engine and road speeds). The automatic up-shifts (to higher torque modes) are
denoted by the event symbol δ  and the automatic down-shifts by the symbolγ . The

(user operated) manual speed changes, achieved by pushing a lever up or down, are
denoted in the Figure by the event symbols β  and ρ , respectively. Pushing the lever

up shifts to a higher speed and pushing down shifts to a lower speed. The transmission
is initialized in the low torque mode 1L  of the low speed (as indicated in the Figure
by the free incoming arrow).

Fig. 1. Transmission system.

2.2   Task Specifications

The second element is the specification of the operational tasks the user is required to
perform while using the machine.  For example, a common task specification in an
automated control system is that the user be able to determine unambiguously the
current and the subsequent mode of the machine.

In terms of a formal description, the task specification to which we confine our
attention in the present paper consists of a partition of the machine’s state-set into
disjoint clusters that we shall call specification classes (or modes) that the user is
required to track unambiguously.  In other words, does the user know whether the
system is currently in, or is about to enter into, the super-mode High, Medium, or
Low?  We note that the user is not required to track every internal state change of the
machine: for example, transitions between the modes 1L , 2L  and 3L  inside mode
Low.
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2.3   Interface

The third element is the user interface.  In practice, the interface consists of a control
unit through which the user enters commands (e.g., mode selections, parameter
changes) into the machine, as well as a display through which the machine presents
information to the user. Generally, the interface provides the user a simplified view of
the machine. Not all the events of the machine are annunciated to the user, and the
interface displays only partial information about the actual behavior of the machine.

Formally, the interface consists of a listing and description of the events accessible
to the user. These include, of course, all the user-triggered events (inputs to the
machine), but generally only a subset of the events that are associated with automatic
transitions. This is because some of the latter are not monitored at all, and others are
monitored only in groups. The interface annunciation tells the user only that one of
the events in the group took place, without specifying which.

To illustrate, let us return to the multi-mode transmission model of Figure 1. The
system in Figure 2 gives one possible user interface for this model. Here the
monitored events are only the ones triggered by the user. In the Figure 2 we have also
provided a description of the three display modes, as well as how the user would
observe the machine’s behavior when all automatic transitions are internalized and
unobserved.  Note that the torque modes are completely suppressed from view.

Fig. 2. Proposed interface and user model.

2.4   User Model

As mentioned earlier, the interface provides the user with a simplified view of the
machine, in that it displays only partially the machines internal behavior.  The
description of the machine’s operation that is provided to the user is generally also an
abstracted simplification of the actual machine behavior.  This description is usually
provided in terms of a user manual, training material, formal instruction, or any other
means of teaching the user; however, it is presented here as a formal model that we
refer to as the user model of the machine.  By its very nature, the user-model is based
on the interface through which the user interacts with the machine, and thus relates to
the modes and events that are displayed there.  Therefore, for analysis purposes the
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interface events and modes are all explicitly referred to in the user-model, and in this
respect can be thought of as “embedded” in the user-model.

Let us examine the user interface displayed in Figure 2. This Figure depicts a
possible user-model associated with the interface that monitors only the user-triggered
events of the transmission system. This particular user-model has been obtained from
the machine model of Figure 1 by suppressing (internalizing) the events that are not
monitored, and grouping the states as suggested by the specification. It can be seen
that the manual shifts from MEDIUM up to HIGH or down to LOW, as well as the down-
shift from HIGH to MEDIUM, are always completely predictable. However, the up-shift
from the LOW gear depends on the current torque mode.  Note that the up-shifts from
L1 and L2 switch the transmission to MEDIUM speed, while the up-shift from L3
switches the transmission to the HIGH speed. Therefore, from the suggested interface
of Figure 2, it cannot be predicted whether the up-shift will lead the transmission from
LOW to MEDIUM, or to HIGH gear.  We must conclude that the user-model is inadequate
for the task.

An alternate user-model for the transmission model that may remedy the above
mentioned problem is presented in Figure 3.  This user-model describes an interface
that also monitors the occurrences of two specific automatic transitions, in addition to
all user-actuated events. This user-model, in particular, is aimed at enabling the
operator to determine whether the transmission is in a display-mode LOW-1 (where an
up-shift is supposed to lead to MEDIUM speed), or in the display-mode LOW-2 (where
an up-shift leads to HIGH).

Fig. 3. Alternate interface and user model.

However, although the alternative user model of Figure 3 appears to have solved
the problem, a formal verification employing the methodology recently proposed by
Degani and Heymann (2000; 2002) shows that this user-model is also inadequate.

It is of course possible to try out other interfaces and user-models and then employ
the verification procedure to determine their correctness. However, such an approach
is not likely to be very fruitful: It may take considerable effort to develop and verify
one design after the other, with no guarantee of success. Furthermore, even when a
correct interface is found, there is no assurance that it is the simplest.
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3   Machine Model Reduction

As mentioned earlier, one possible choice of user model is to take the full machine
model as user model and the complete machine event set as the set of monitored
events. If the machine model is deterministic (as we assume throughout this paper),
this will insure that there will never be any problem in predicting the next state of the
machine.  But the operator would be required to track every state and every event in
the machine – a formidable and impractical job. In the simple example of Figure 1,
the machine has 8 states, 18 transitions and 4 distinct transition labels. But this is a
tiny number when compared to “industrial size” situations.

In the present section we shall describe a procedure for the generation of all
optimal user models and interfaces for a given machine model and task specification.
In particular, we shall consider the problem of constructing, for a given machine and
task specification, the set of all best possible user-models and event abstractions that
satisfy the specification. Here, by best user models and interfaces we mean the ones
that cannot be further reduced! Since, as we shall see, these user models (and
associated event abstractions) are generally not unique, we cannot speak of user-
model “synthesis,” but rather, of machine model reduction. We shall show how all
“smallest” user models and associated interfaces can be derived.

3.1   Compatible State Sets and Covers

We assume that the machine-model is given as a state machine and that the task
specification is given as a partition of the state-set into disjoint classes of states that
we refer to as specification classes (Heymann and Degani, 2002). Thus, each state of
the machine model belongs to a unique specification class. (In Figure 1 which depicts
the multi-mode three speed transmission, the specification classes consist of the three
speeds; Low, Medium and High. Each state, or mode, belongs to exactly one speed.)

Let us consider a machine-model given as a state-machine, and let the task
specification consist of a partition of the machine-model’s state set Q  into disjoint

specification classes lQQ ,...,1  (as described, for example, in Figure 1 where 3=l ).

The user model must enable the user to operate the system correctly with respect to
the specification classes. That is, it must enable the user to track the specification
classes but not necessarily individual states. Thus, the user does not need to be able to
distinguish (by means of the user model and interface) between two states p  and q
of the same specification class, if for the purpose of tracking the specification classes
unambiguously it is sufficient for the user to know that the machine visited either p
or q . More explicitly, the user does not need to be able to distinguish between p
and q  if the specification class visited following any user-machine interaction

starting in state p , is the same as the specification class visited following the same

user-machine interaction starting at state q .  This leads to the following definition:

Two states, p  and q , are specification equivalent (or compatible), if given that the

machine is presently in either state p  or q  (of the same specification class), the
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specification classes to be visited under future inputs will be the same. Stated more
formally, we have

Definition: Two states p  and q  are specification compatible if and only if the

following two conditions both hold:

1. The states p  and q  belong to the same specification class,

2. If ’p  and ’q are states such that there exists an even-string 1... ns σ σ=  for

which ’sp p→  and ’sq q→  are both defined, then ’p  and ’q
belong to the same specification class.

It is clear that if the only concern is to track the specification classes, two
specification compatible states need not be distinguished in the user model. We may
also conclude immediately that any set of states is specification compatible if all the
pairs of states within that set are specification compatible.

Thus, if an efficient procedure is found for computation of all specification
compatible pairs, the set of all compatible state sets will easily computed. Indeed, the
compatible triples will be obtained as the state triples, all of whose pairs are
compatible; compatible quadruples as the quadruples all of whose triples are
compatible, and so on.

Next, we have the following:

Definition: A set C of compatible sets of states is called a cover of the state set of
the machine-model, if every state of the machine-model is contained in one or
more elements of C.

Since a set that consists of a single state is (trivially) compatible, it follows that
every state is included in at least one compatible set, so that the set of all compatibles
is always a cover.

Definition: A compatible set of states is called a maximal compatible set, if it is
not a proper subset of another compatible set; that is, if it is not contained in a
bigger compatible set of states.

Since sets that consist of a single state are compatible, it is clear that every state is
contained in at least one maximal compatible set. It follows that the set of maximal
compatibles is a cover.

Definition: A cover C  of compatibles is called a minimal cover, if no proper

subset of C  is a cover.

Of particular interest to us will be the set of all minimal covers formed from the set
of maximal compatibles. That is, we shall be interested in minimal covers whose
component elements are maximal compatible sets. In general, the number of such
minimal covers can be greater than one.
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We shall see below that minimal covers by maximal compatibles constitute the
foundation of the model reduction and interface generation procedure. However, we
shall first show the set of compatibles is computed.

3.2 Generation of Compatible Pairs

As stated above, the computation of compatible sets hinges on the construction of the
set of all compatible pairs. An efficient iterative algorithm for construction of
compatible state pairs is based on the use of merger tables (see e.g., Paull and Ungar
1959, and Kohavi 1978, where related model reduction problems are discussed).

Fig. 4. Table of all pairs

A merger table is a table of cells representing distinct state pairs. An initial table
for the eight states of our transmission example is shown in Figure 4. Each cell of the
table corresponds to a pair of distinct states, and each pair of distinct states appears in
the table exactly once.

Next, we have the following observations that can be easily derived from the
definition of compatible pairs:

A state pair ),( qp  of the same specification class is compatible if and only if

for every event symbol σ such that ’pp →σ
 and ’qq →σ

 are both

defined, it is true that either ’’ qp = , or the pair )’,’( qp  is compatible.

We shall use the above characterization of compatible sets to obtain a
complementary characterization of all pairs that are not compatible (or incompatible).
It will then be convenient for us to compute recursively the set of all incompatible
pairs. The set of compatible pairs will then consist of all state pairs that are not found
to be incompatible. Based on the above characterization of compatible pairs, the
characterization of incompatible pairs is as follows:

A state pair ),( qp  is incompatible if and only if either p  and q  belong to

distinct specification classes, or there exists an event symbol σ  for which
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’pp →σ
 and ’qq →σ

 are both defined, and the state pair )’,’( qp  is

incompatible.

Using the above observations regarding compatible and incompatible pairs, the
determination as to whether a state pair is compatible or incompatible is computed
iteratively as follows.

1. For each state pair ),( qp  that can be determined as incompatible in the first

step based on the above characterization (i.e., if p  and q  belong to distinct
specification classes), we mark the corresponding cell F (for false). For all
other state pairs, we write in their cells their associated transition pairs that
consist of all distinct state pairs )’,’( qp  for which there exists an event

symbol σ , such that the transitions ’pp →σ
 and ’qq →σ  are both

defined.

Fig. 5. Resolution table (initial).

For illustration, the initial resolution table for the transmission model of Figure 1 is
presented in Figure 5. Notice that each transition pair in the table has been subscripted
with the associated event label. This subscription is not essential to the algorithm and
is for the reader’s convenience only. Notice further that the cell (H1,H3) is empty
because it is neither incompatible nor has associated transition pairs. Next, the table is
resolved iteratively.
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2. At each step of the iteration every state pair that has not yet been determined
as F is updated as follows: If the cell of a state pair ( , )p q  includes a

transition pair )’,’( qp  whose cell has already been determined as F

(incompatible), then the cell of ),( qp  is also denoted F. Otherwise, the cell

of ),( qp  is modified as follows: Each transition pair )’,’( qp  in the cell of

),( qp  is replaced by all the transition pairs that appear in the cell of

)’,’( qp .

3. If in a given iteration step no new incompatible state pairs are found (i.e., no
new F designations are added to the table), then all the state pairs that are not
designated as F, are given the designation T (for true). This completes the
table resolution procedure and the determination of all compatible pairs.

To illustrate the iteration steps of the procedure, let us return to our transmission
example. The table of Figure 6 is obtained from that of Figure 5 as follows: First we
replace the transition pairs in the cell (L1,L2) by those in the cell (L2,L3). The cells
(L1,L3) and (L2,L3) are denoted with F because their cells include incompatible pairs.
The remaining undecided state pairs (those that have not yet been given the value F)
are modified according to the algorithmic procedure. For example, in the cell
(M1,M2) we list the transition pairs from the table of Figure 5 of the cell (H1,H2) that
consists of (H2,H3).

Fig. 6. Resolution table (after first iteration).

In the next resolution step the table of Figure 7 is obtained. Here the cell (L1,L2) is
marked F upon substituting the value F of the cell (M1,H1,) which is incompatible.
The remaining undecided cells are modified as specified by the algorithm. In fact,
notice that no further change needs to be made to the table.
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Fig. 7. Resolution table (after second iteration).

In the next step, no further incompatible pairs are created and the table remains
identical to that of Figure 7. At this point, all the remaining undecided cells are
marked T a shown in the table of Figure 8, concluding the table resolution.

 

Fig. 8. Resolution table (completed).

Thus, as seen in Figure 8, for the example of Figure 1, the set of compatible pairs
consists of  (M1,M2), (H1,H2), (H1,H3), and (H2,H3).  Notice that the states L1, L2
and L3 do not appear in any compatible pairs and therefore the singleton sets (L1),
(L2) and (L3) are clearly maximal compatibles.
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3.3   Generation of the Set of Maximal Compatibles

The procedure for generation of maximal compatibles consists of first systematically
creating all compatible sets. We begin by computing all compatible triples, then
compatible quadruples, then quintuples, and so on. A compatible triple is a triple all
three of whose pairs are compatible; a compatible quadruple is a quadruple all of
whose pairs are compatible, which is equivalent to a quadruple whose four triples are
all compatible, and so on. Once all compatibles are listed, the maximal ones can easily
be computed by deleting from the list all compatibles that are contained within larger
ones.

For the transmission example, the maximal compatibles are easily found to be the
sets (L1), (L2), (L3), (M1,M2) and (H1,H2,H3). It is also not difficult to see that, in
this case, they partition the state set into disjoint subsets and hence form the (unique)
minimal cover by maximal compatibles.

3.4   Generation of Reduced Models

The generation of a reduced model that can serve as a correct user model for the given
machine and specification is based on an abstraction of the machine-model. This
reduced model is obtained by clustering the states into sets that consist of a minimal
cover by maximal compatibles.

To this end, let us assume that a minimum cover consists of a given set of maximal

compatibles lCC ,...,1 , where the set iC , li ,...,1= , consists of states },...,{
1 inii qq

of the machine model. The maximal compatibles lCC ,...,1  form the state set of the

reduced model. Here it is noteworthy that a minimal cover by maximal compatibles
need not be a partition of the state set into disjoint subsets. Specifically, while each
state of the machine model must be contained within some maximal compatible set, it
may well be the case that a state is contained in more than one maximal compatible of
the minimal cover. That is, these sets may (sometimes) have overlaps.

Next, we turn to computing the transitions in the reduced model. An event symbol

σ  is said to be active at iC , if there exists an outgoing transition in the machine

model labeled by σ , at some state iCq ∈ . That is, there exists a state ’q  in the

machine model, such that ’qq →σ
 is defined. We denote by )(σiC  the set of all

states iCq ∈  for which an outgoing transition labeled by σ  exists.

Next, we define )(σiS  to be the set of all states ’q  of the machine model, such

that ’qq →σ  for some )(σiCq ∈ . Thus, the set )(σiS  is the set of all states of

the machine model that can be reached from states in iC  through the event σ .  It

readily follows from the definition of compatible sets that there exists one or more

element of lCC ,...,1  which contain )(σiS . In the reduced model we then create a
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transition labeled by σ  going from the state iC  to the state jC , where jC is the

maximal compatible that contains )(σiS . If more than one such set jC  exists, we

can choose any one of these (and to avoid non-determinism in the reduced model we
choose exactly one).

To summarize, the reduced model associated with the minimal cover lCC ,...,1  is

obtained as follows. The state set of the reduced model consists of elements

lpp ,...,1  (think of ip  as associated with iC ). There is a transition labeled σ  from

ip  to jp  if jC  is the (chosen) set that contains )(σjS . The reduced model is

initialized at state kp  if the machine model is initialized at a state in kC  (where, as

before, there may be more than one possible selection if the initialization state is

contained in more that one of the iC ). The reduced model obtained for the

transmission example is shown in Figure 9.

Fig. 9. The reduced user model.

3.5   Event Abstraction

The final step of the model reduction procedure consists of the abstraction of the
reduced model’s event set (when possible). Specifically, we ask which events can be
internalized (i.e., need not be monitored) and which events can be clustered into
groups so that instead of being monitored individually, they be monitored collectively.
That is, the user will be informed that some events in the group occurred, but will not
be informed which events of the group actually took place.

To this end the following abstraction rules apply:
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1. An event can be internalized if it occurs in the reduced model only in self-
loops.

2. A set of events can be grouped together, if every state transition that can be
triggered by any event of the group can also be triggered by any other event
of the group.

In the transmission example no event abstractions are possible. An illustration of
event abstractions is provided in the example of the next section.

4   An Abstract Machine Example

In the above discussion on machine model reduction, we used an example of a
transmission system.  In this final section, we shall apply the reduction algorithm to a
somewhat more complex machine.  The machine in Figure 10 has nine states and 25
transitions. There are three specification classes: the gray region that includes states 7,
8, and 9; the wave-like region that harbors state 4 and 6; and the rest of the states of
the machine (1, 2, 3, and 5). The task specification is similar to our previous one: the
user has to track the machine along these three regions (or modes).  Specifically, the
user must be able to identify the current mode of the machine and anticipate the next
mode of the machine as a consequence of his or her interactions.

Fig. 10. An abstract machine model.

We perform the reduction procedure along the steps described in the previous
section.  First the table is constructed, and then the iterations are performed.  The
procedure terminates with only one minimal cover of maximal compatibles that
consists of four state sets: (1,3,5) (2,3,5) (4,6) (7,8) and (9). Notice however, that this
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example illustrates a case in which the cover is not a partition of the state set. Indeed,
the state 3 is included in two distinct maximal compatibles.

Fig. 11. Reduced model.

We then arbitrarily assign names to these sets, and call them A, B, C, D, and E,
respectively.  The reduced machine is obtained upon computation of the abstracted
transitions as explained earlier (see Figure 11). It can be seen in this figure that the
event ρ  occurs only in the self-loop in state A, and that the events γ  and δ  are

interchangeable. Thus, ρ  can be internalized and the events γ  and δ  can be

grouped. The result of this event abstraction is presented in the final reduced (user)
model of Figure 12, which contains only 5 states and 16 transitions.

5   Conclusions

In this paper we discussed several formal aspects of the design of human-automation
interaction.  Specifically, we focused attention on the construction of user models and
interfaces.  Two objectives guided us in our design and analysis:  (1) that the
interfaces and user models be correct; and (2), that they be as simple as possible.  We
described a systematic procedure for generating such correct and succinct user-models
and interfaces.

The proposed reduction procedure generates interfaces that are not necessarily
intuitive or easily correlated with the underlying system (e.g., see the reduced user
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model of Figure 12). Nevertheless, these user models are correct and efficient. They
are also, irreducible.

Fig. 12. Reduced model (with masking and internalization of events•.

The proposed procedure may lead to more than one possible minimal (irreducible)
interface and user-model. That is, it may find several minimal covers (of maximal
compatibles). These minimal covers are all correct and efficient reductions of the
same machine and task-specification. Naturally, the decision as to which one is
selected constitutes a human-factors and/or engineering design decision. It affords the
designer with several candidate interfaces and allows designers the freedom to choose
the most appropriate one, given other design considerations such as Graphical User
Interface considerations, users’ preferences, and ease of implementation.
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Abstract. The focus of this paper is on constrained optimization prob-
lems where the objective is to maximize a set of local preferences for
times at which events occur. Previous work by the same authors has re-
sulted in a reformulation of a subclass of these problems into a general-
ization of Temporal Constraint Satisfaction Problems, using a semi-ring
as the underlying structure for reasoning about preferences. A tractable
strategy for combining and comparing preferences was proposed, wherein
computing global preferences consists of taking the minimum of the com-
ponent preference values. This strategy, which we here dub the “weakest
link optimization” (WLO) strategy, is a coarse method for comparing
solutions, and therefore can easily be demonstrated to have drawbacks.
To formalize this observation, we show here that the optimal solutions
generated by WLO are not in general Pareto optimal. To compensate
for these limitations, we make WLO more robust by combining it with
a process that involves iteratively committing to temporal values in the
set of optimal solutions, concomitantly fixing the preference value for the
projection of the solution to the local preference. The intuition is simple:
by applying WLO iteratively to reduced problems, WLO might be able
to improve the preference values of the remaining temporal variables.
We demonstrate the improvement gained from applying this technique
on examples from Mars Rover planning domain, and prove that the com-
bined strategy results in solutions that are in the set of Pareto optimal
solutions.

1 Introduction

The notion of softness has been applied in the planning or scheduling literature
to describe either a constraint or planning goal, indicating that either can be
satisfied to matters of degree. For example, compare the goal take the 7:30 train
with the soft goal take the earliest train possible (Krulwich, [4]). The soft goal can
be viewed as imposing an ordering on a set of goals of the form take the A train
based on the temporal value of A. Similarly, traditional scheduling problems can
be viewed as inducing a preference ordering on the set of solutions, based, for
example, on the makespan of the schedule.
� Kestrel Technologies
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The problem of planning with “soft goals” is the problem of finding strategies
for making local decisions that lead to preferred solutions. Challenges arise when
goals are non-regressable, meaning that the operators used to achieve the goals
do not provide information that would assist the planner in meeting the desired
criteria. For example, a blocks world soft goal “build the highest tower”, is non-
regressable with respect to standard strips operators for solving blocks world
problems, since they do not include a parameter for measuring height. One
strategy for overcoming this problem, (Krulwich, [4]) is to transform the soft
goal into a hard one that meets the desired criteria (e.g., changing the goal to
describe a specific n block high tower for a n-blocks world problem), and then
solving it. Another approach would be to devise heuristics that are guaranteed, or
at least tend, to lead to preferred solution. For example, the Longest Processing
Time First rule (LPT) in scheduling parallel machines is guaranteed to achieve a
certain upper bound with respect to the ratio between the makespan achievable
using it and the makespan of the optimal solution (Pinedo, [5]). Heuristics such
as LPT order the decisions made by the scheduler, i.e., they order either which
task to schedule next, or which resource (machine) to assign it to.

Sometimes softness is more naturally viewed as assigned to the constraints
used in defining the problem domain. For example, in an earth orbiting space-
craft, sensitive instruments like imagers have duty cycles, which impose restric-
tions on the amount of use of the instrument. A duty cycle is typically a complex
function based on both the expected lifetime of the instrument, as well as short
term concerns such as the amount of heat it can be exposed to while turned on.
Duty cycles impose constraints on the duration that the instrument can be on
over a given length of time, but it is natural to view this duration as flexible. For
example, this restriction might be waived to capture an important event such as
an active volcano. Thus, the flexibility of the duty cycle “softens” the constraint
that the instrument must be off for a certain duration. One way to express the
soft constraint is to say that the duration of time the instrument is on should
be as close as possible to that specified in the constraint. Reasoning about soft
constraints for planning or scheduling is for the purpose of finding a solution
that satisfies the constraint to the highest degree possible.

A dual to the problem of non-regressable soft goals is the problem of non-
compossible soft constraints. This occurs when there is no principled means of
ordering solutions based on the degree to which they mutually satisfy a set of
soft constraints. For temporal reasoning problems, a simple method for evalu-
ating the global temporal preference of a solution to a Temporal CSP based
on local temporal preferences was introduced in (Khatib, et. al., [3]) based on
maximizing the minimally preferred local preference for a time value. Because
the locally minimally preferred assignment can be viewed as a sort of “weakest
link” with respect to the global solution , we dub this method “weakest link op-
timization” (WLO), in the spirit of the game show. WLO was chosen for reasons
of computational efficiency. Specifically, its formalization as a semi-ring general-
izing the TCSP framework leads to reformulation of Simple Temporal Problems
(STPs), called STPs with Preferences (STPPs), that preserves the capability to
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tractably solve for solutions. Unfortunately, as often occurs, this efficiency has
a price. Specifically, WLO offers an insufficiently fine-grained method for com-
paring solutions, for it is based on a single value, viz., the “weakest link”. It is
consequently easy to conceive of examples where WLO would “miss” intuitively
better solutions because of this myopic focus. Although it is possible to consider
more robust alternatives to a WLO strategy for evaluating solutions, it is not
clear whether any of these methods would preserve the computational benefits
of WLO. This impasse is the starting point of the work described in this paper.

We propose an approach to making WLO more robust by combining it with
a lookahead strategy for solving soft constraint reasoning problems. The process
involves iteratively fixing temporal values for a STPP (at the same time fixing
the preference value for the projection of the solution the local preference), and
applying the WLO to the reduced problem that results from the commitment.
The intuition is simple: by re-starting WLO iteratively on the reduced problem,
WLO might be able to improve the preference values of the remaining tempo-
ral variables, thus compensating for the myopia of WLO. We demonstrate this
technique on examples from Mars Rover planning domain.

The remainder of this paper is organized as follows. In Section 2, we summa-
rize the soft constraint framework introduced previously; this review serves to
motivate the current work. We then illustrate the deficiencies of WLO on a sim-
ple example, which also reveals the intuition underlying the proposed strategy
for overcoming this deficiency. The main contribution of this paper is discussed
in section 3, which formalizes this strategy and proves that any solutions gener-
ated by an application of this strategy is in the set of Pareto optimal solutions
for the original problem.

2 Reasoning about Preferences with Soft Constraints

In (Khatib, et. al., [3]), a soft temporal constraint is defined as a pair 〈I, f〉,
where I is a set of intervals {[a, b], a ≤ b} and f is a function from

⋃
I to a

set A of preference values. To compare and combine values from this set, A is
organized in the form of a c-semiring (Bistarelli, et. al., [1]). A semiring is a
tuple 〈A,+,×, 0, 1〉 such that

– A is a set and 0, 1 ∈ A;
– +, the additive operation, is commutative, associative and 0 is its unit ele-

ment;
– ×, the multiplicative operation, is associative, distributes over +, 1 is its

unit element and 0 is its absorbing element.

A c-semiring is a semiring in which + is idempotent (i.e., a+ a = a, a ∈ A), 1 is
its absorbing element, and × is commutative. Soft temporal constraints give rise
to a class of constrained optimization problems called Temporal Constraint Sat-
isfaction Problems with Preferences (TCSPPs). A TCSPP can simply be viewed
as a generalization of a classical TCSP with soft constraints. In TCSPs (Dechter,
[2]), a temporal constraint depicts restrictions either on the start times of events
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(in which case the constraints are unary), or on the distance between pairs of
distinct events (in which case they are binary). For example, a unary constraint
over a variable X representing an event, restricts the domain of X, represent-
ing its possible times of occurrence; then the interval constraint is shorthand for
(a1 ≤ X ≤ b1)∨ . . .∨(an ≤ X ≤ bn). A binary constraint over X and Y , restricts
the values of the distance Y −X, in which case the constraint can be expressed
as (a1 ≤ Y −X ≤ b1)∨. . .∨(an ≤ Y −X ≤ bn). A uniform, binary representation
of all the constraints results from introducing a variable X0 for the beginning
of time, and recasting unary constraints as binary constraints involving the dis-
tance X−X0. A TCSP in which a single convex interval defines the constraint is
called a Simple Temporal Problem (STP). As with classical TCSPs, the interval
component of a soft temporal constraint depicts restrictions either on the start
times of events, or on the distance between pairs of distinct events. The class
of problems in which each constraint consists of a single interval is called Sim-
ple Temporal Problems with Preferences (STPPs). A solution to a TCSPP is a
complete assignment to all the variables that satisfies the temporal constraints.
An arbitrary assignment of values to variables has a global preference value, ob-
tained by combining the local preference values using the semiring operations.
A C-semiring induces a partial order relation ≤S over A to compare preference
values of arbitrary assignments; a ≤S b can be read b is more preferred than a.
Classical Temporal CSPs can be seen as a special case of TCSPP, with “soft”
constraints that assign the “best” (1) preference value to each element in the
domain, and the “worst” (0) value to everything else. The optimal solutions of
a TCSPP are those solutions which have the best preference value in terms of
the ordering ≤S . Weakest Link Optimization (WLO) is formalized via the semir-
ing SWLO = 〈A,max,min, 0, 1〉. Thus, where a, b ∈ A, a + b = max(a, b) and
a× b = min(a, b), and 1 (0) is the best (worst) preference value.

Given a solution t in a TCSPP with semiring SWLO, let Tij = 〈Ii,j , fi,j〉 be a
soft constraint over variables Xi, Xj and (vi, vj) be the projection of t over the
values assigned to variables Xi and Xj (abbreviated as (vi, vj) = t↓Xi,Xj ). The
corresponding preference value given by fij is fij(vj − vi), where vj − vi ∈ Ii,j .
The global preference value of t, val(t), is defined as val(t) = min{fij(vj − vi) |
(vi, vj) = t↓Xi,Xj }.

As with classical (binary) CSPs, TCSPPs can be arranged to form a network
of nodes representing variables, and edges labeled with constraint information.
Given a network of soft constraints, under certain restrictions on the properties of
the semiring, it can be shown that local consistency techniques can be applied in
polynomial time to find an equivalent minimal network in which the constraints
are as explicit as possible. The restrictions that suffice for this result apply to

1. the “shape” of the preference functions used in the soft constraints;
2. the multiplicative operator × (it should be idempotent); and
3. the ordering of the preference values (≤S must be a total ordering).

The class of restricted preference functions that suffice to guarantee that local
consistency can be meaningfully applied to soft constraint networks is called
semi-convex. This class of functions includes linear, convex, and also some step
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time

preference

chop point

Fig. 1. “Chopping” a semi-convex function

functions. All of these functions have the property that if one draws a horizontal
line anywhere in the Cartesian plane of the graph of the function, the set of
X such that f(X) is not below the line forms an interval. Semi-convexity is
preserved under the operations performed by local consistency (intersection and
composition). STTPs with semiring SWLO can easily be seen to satisfy these
restrictions.

The same restrictions that allow local consistency to be applied are sufficient
to prove that STPPs can be solved tractably. Finding an optimal solution of the
given STPP with semi-convex preference functions reduces to a two-step search
process consisting of iteratively choosing a preference value, “chopping” each
preference function at that point, then solving a STP defined by considering the
interval of temporal values whose preference values lies above the chop line (semi-
convexity ensures that there is a single interval above the chop point, hence that
the problem is indeed an STP). Figure 1 illustrates the chopping process. It was
shown that the “highest” chop point that results in a solvable STP is also the
area at which the original STPP contains the optimal solutions. Binary search
can be used to select candidate chop points, making the technique for solving
the STTP tractable (see (Khatib, et. al., [3]) for more details). The second step,
solving the induced STP, can be performed by transforming the graph associated
with this STP into a distance graph, then solving two single-source shortest path
problems on the distance graph. If the problem has a solution, then for each
event it is possible to arbitrarily pick a time within its time bounds, and find
corresponding times for the other events such that the set of times for all the
events satisfy the interval constraints. The complexity of this phase is O(en)
(using the Bellman-Ford algorithm).

3 The Problem with WLO

Formalized in this way, WLO offers a coarse method for comparing solutions,
one based on the minimal preference value over all the projections of the solu-
tions to local preference functions. Consequently, the advice given to a temporal
solver by WLO may be insufficient to find solutions that are intuitively more
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Fig. 2. The STPP for the Rover Science Planning Problem

globally preferable. For example, consider the following simple Mars rover plan-
ning problem, illustrated in Figure 2. The rover has a sensing instrument and a
CPU. There are two sensing events, of durations 3 time units and 1 time unit
(indicated in the figure by the pair of nodes labeled s1ins, e

1
ins and s2ins, e

2
ins re-

spectively. There is a hard temporal constraint that the CPU be on while the
instrument is on, as well as a soft constraint that the CPU should be on as
little as possible, to conserve power. This constraint is expressed in the STPP
as a function from temporal values indicating the duration that the CPU is on,
to preference values. For simplicity, we assume that the preference function is
the negated identity function, pref(t) = −t; thus higher values are preferred.
Because the CPU must be on at least as long as the sensing events, any globally
preferred solution using WLO has preference value -3. The set of solutions that
have the optimal value includes both the solution in which the CPU is on for 1
time unit for the sensing event starting at s2ins, and the solution in which the
CPU is on for 3 time units. The fact that WLO is unable to discriminate between
the global values of these solutions despite the obvious fact that the first one is
globally preferable to the other is a clear limitation of WLO.

One way of formalizing this drawback of WLO is to observe that a WLO
policy is not Pareto Optimal. To see this, we reformulate the set of preference
functions of a STPP, f1, . . . , fm as criteria requiring simultaneous optimization,
and let s = [t1, . . . , tn] and s′ = [t′1, . . . t

′
m] be two solutions to a given STPP.

s′ dominates s if for each j, fj(tj) ≤ fj(t′j) and for some k, fk(tk) < fk(t′k).
In a Pareto optimization problem, the Pareto optimal set of solutions is the set
of non-dominated solutions. Similarly, let the WLO-optimal set be the set of
optimal solutions that result from applying the chopping technique for solving
STPPs described above. Clearly, applying WLO to an STPP does not guarantee
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that the set of WLO-optimal solutions is a Pareto optimal set. In the rover
planning problem, for example, the solution in which the CPU is on for 1 time
unit dominates the solution in which it is on for 2 time units, but both are WLO-
optimal, since they have the same weakest link value. 1 Assuming that Pareto-
optimality is a desirable objective in optimization, a reasonable response to this
deficiency is to replace WLO with an alternative strategy for evaluating solution
tuples. A natural, and more robust alternative evaluates solutions by summing
the preference values, and ordering them based on preferences towards smaller
values (this strategy would be sufficient for ensuring Pareto optimality, since
every minimal sum solution is Pareto optimal). This policy might be dubbed
“utilitarian”. The main drawback to this alternative is the inability to apply
local consistency for improving search. The reason is that the formalization of
utilitarianism as a semiring forces the multiplicative operator (in this case, sum),
not to be idempotent (i.e., a + a �=a), a condition required for ensuring that
local consistency reduces the soft constraint reasoning problem to an equivalent
one.

Of course, it would still be possible to apply a utilitarian framework for
optimizing preferences, using either local search or a complete search strategy
such as branch and bound. Rather than pursuing this direction of resolving the
problems with WLO, we select another approach, based on an algorithm that
interleaves flexible assignment with propagation using WLO.

4 An Algorithm for Pareto Optimization

The proposed solution is based on the intuition that if a constraint solver us-
ing WLO could iteratively “ignore” the weakest link values (i.e. the values that
contributed to the global solution evaluation) then it could eventually recognize
solutions that dominate others in the Pareto sense. For example, in the Rover
Planning problem illustrated earlier, if the weakest link value of the global so-
lution could be “ignored”, the WLO solver could recognize that a solution with
the CPU on for 1 time unit during the second instrument event is to be preferred
to one where the CPU is on for 2 or 3 time units. We formalize this intuition by
a procedure wherein the original STPP is transformed by iteratively selecting
what we shall refer to as a weakest link constraint, changing the constraint in
such a way that it can effectively be “ignored”, and solving the transformed
problem. A weakest link (soft) constraint is one in which the optimal value v for
the preference function associated with the constraint is the same as the optimal
value for the global solution using WLO, and furthermore, v is not the “best”
preference value (i.e., v < 1, where 1 is the designated “best” value among the
values in the semi-ring). Formalizing the process of “ignoring” weakest link val-
ues is a two-step process of committing the flexible solution to consist of the
interval of optimal temporal values, and reinforcing this commitment by reset-
ting their preferences to a single, “best” value. Formally, the process consists
of:
1 This phenomenon is often referred to in the literature as the “drowning effect”.
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– Squeezing the temporal domain to include all and only those values which
are optimally preferred; and

– Replacing the preference function to one that assigns the highest (most pre-
ferred) value to each element in the new domain.

The first step ensures that only the best temporal values are part of any solution,
and the second step allows WLO to be re-applied to eliminate Pareto-dominated
solutions from the remaining solution space. The algorithm WLO+ (Figure 3)
returns a Simple Temporal Problem (STP) whose solutions are precisely the
WLO-optimal, Pareto-optimal solutions to the original STTP, P . Where C is

Inputs: an STPP P = (V, C)
Output: An STP (V, CP ) whose solutions are Pareto optimal solutions for P .
Begin
(1) CP = C
(2) while there are weakest link soft constraints in CP do

(3) Solve (V, CP )
(4) Select and delete every weakest link soft constraint from CP

(5)For each deleted constraint 〈[a, b], f〉, add 〈[aopt, bopt], fbest〉 to CP

(6) Return (V, CP )
End

Fig. 3. STPP solver WLO+ returns a solution in the Pareto optimal set of solutions

a set of soft constraints, the STTP (V,CP ) is solved (step 3) using the chop-
ping approach described earlier. In step 5, we depict the soft constraint that
results from the two-step process described above as 〈[aopt, bopt], fbest〉, where
[aopt, bopt] is the interval of temporal values that are optimally preferred, and
fbest is the preference function that returns the most preferred preference value
for any input value. Notice that the run time of WLO+ is O(|C|) times the
time it takes to execute Solve(V,CP ), which is a polynomial. To illustrate the
main theoretical result of this paper, Figure 4 shows the relationship between
the WLO-optimal solutions and the Pareto-optimal solutions. Of importance
to the main result of the paper is that at least one WLO-optimal solution is
Pareto-optimal. Otherwise, all WLO-optimal solutions will be dominated by
Pareto-optimal ones; but this requires minimal values less than the weakest link
value for some solution, contradicting the claim of WLO-optimality of the des-
ignated solutions. We now proceed to prove the main result, which is that the
subset of solutions of the input STTP returned by WLO+ is a subset of the
intersection of WLO-optimal and Pareto-optimal solutions. Formally, given an
STTP P, let SolWLO(P ), SolPAR(P ) be the set of WLO-optimal (respectively,
Pareto-Optimal) solutions of P, and let SolWLO+(P ) be the set of solutions to
P returned by WLO+. Then

Theorem 1. SolWLO+(P ) ⊆ SolWLO(P )∩SolPAR(P ). Moreover, if P has any
solution, then SolWLO+(P ) is nonempty.
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Pareto Optimal Solutions

WLO Solutions

s1

s2

s3
s4s5
s6

s s� s is dominated by s�:

s7

s8

Fig. 4. Relationships between Solution Spaces for STTPs that are WLO or Pareto
Optimal

Proof. First note that after a weakest link is processed in steps (4) to (6), it
will never again be a candidate for a weakest link (since its preference is set to
fbest). Thus, the algorithm will terminate when all the soft constraints in CP

have preferences that have fbest value over their entire domain. Now assume
s ∈ SolWLO+(P ). Since the first iteration reduces the set of solutions of (V,CP )
to SolWLO(P ), and each subsequent iteration either leaves the set unchanged or
reduces it further, it follows that s ∈ SolWLO(P ). Now suppose s �∈SolPAR(P ).
Then s must be dominated by a Pareto optimal solution s′. Let c be a soft
constraint in C for which s′ is superior to s. Thus, the initial preference value
for s on c cannot be fbest. It follows that at some point during the course of
the algorithm, c will become a weakest link. Since s survives until then and s′

dominates s, it follows that s′ also survives. At that time, s will be excluded
by step (6) since it is not WLO optimal, contradicting the assumption that s ∈
SolWLO+(P ). Hence, s is in SolPAR(P ), and so in SolWLO(P )∩SolPAR(P ). Next
suppose the original STPP P has at least one solution. To see that SolWLO+(P )
is nonempty, observe that the modifications in steps (4) to (6), while stripping
out solutions that are not WLO optimal with respect to (V,CP ), do retain all
the WLO optimal solutions. Clearly, if there is any solution, there is a WLO
optimal one. Thus, if the (V,CP ) in any iteration has a solution, the (V,CP )
in the next iteration will also have a solution. Since we are assuming the first
(V,CP ) (= (V,C)) has a solution, it follows by induction that SolWLO+(P ) is
nonempty.✷

Corollary 1. If P has any solution, the set SolWLO(P ) ∩ SolPAR(P ) is
nonempty.

This result shows that it is possible to maintain the tractability of WLO-based
optimization while overcoming some of the restrictions it imposes. In particular,
it is possible to improve the quality of the flexible solutions generated within an
STPP framework from being WLO optimal to being Pareto optimal. The only
other restriction still required is that of the semi-convexity of the preference
functions. This restriction is needed because the “chopping” method assumes
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that the domain above the chop point defines a STP, which implies that the
preference function is semi-convex. A possible extension to this work would be to
examine ways to relax this restriction in order to solve more general constrained
optimization problems.

5 Summary

This paper has presented a reformulation of problems in the Pareto optimization
of multi-attribute objective functions into a generalization of Temporal CSPs.
The practical context from which this effort arose is temporal decision-making
in planning, where associated with domains representing temporal distances be-
tween events is a function expressing preferences for some temporal values over
others. The work here extends previous work by overcoming limitations in the
approach that arose when considerations of efficiency in reasoning with pref-
erences resulted in coarseness in the evaluation procedure for global temporal
assignments.
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Abstract. The task of model-based diagnosis is to find a suitable assign-
ment to the behavior modes of components (and/or transition variables)
in a system given some observations made on it. A complete diagnosis-
candidate is an assignment of behavior modes to all the components in
the system and a partial diagnosis-candidate is an assignment of behav-
ior modes to only a subset of them. Corresponding to different charac-
terizations of complete diagnosis-candidates (Bayesian model selection,
consistency-based, model counting etc.), partial diagnosis-candidates
play different roles. In the Bayesian model selection framework for ex-
ample, they signify marginal probabilities, while in the consistency-based
framework they are used to “represent” complete diagnosis-candidates.
In this paper, we provide an information-theoretic characterization of
diagnosis-candidates in a more general form — viz. “disjunction of par-
tial assignments”. This approach is motivated by attempting to bridge
the gap between previous formalizations and to address the problems as-
sociated with them. We argue that the task of diagnosis actually consists
of two separate problems, the second of which occurs more generally in
hypothesis selection — (1) to characterize the space of complete or par-
tial assignments (like in a posterior probability distribution), and (2) to
abstract and approximate the information content of such a space into a
representational form that can support tractable answering of diagnosis-
queries and decision-making.

1 Introduction

Diagnosis is an important component of autonomy for any intelligent agent. Of-
ten, an intelligent agent plans a set of actions to achieve certain goals. Because
some conditions may be unforeseen, it is important for it to be able to recon-
figure its plan depending upon the state in which it is. This mode identification
problem is essentially a problem of diagnosis. In its simplest form, the problem of
diagnosis is to find the modes of behavior of components in a static system given
some observations made on the system variables. Diagnosis in transition systems
(trajectory selection) is in reality a simple extension of the above if we treat the
transition variables as components (in one sense) [16]. Each trajectory is defined
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by an assignment to the transition variables, very much like the assignment of
behavior modes to components in a static system.

The task of diagnosis arguably consists of two parts. The first part is to char-
acterize the space of complete diagnosis-candidates by estimating the “goodness”
of each of them. The second part is to abstract and approximate this space into a
representational form that can support answering diagnosis-queries and decision-
making tractably. A good example that illustrates these two phases is that of
probabilistic reasoning and model selection using maximum likelihood. Given
the description of a system in the form of a Bayesian network and some obser-
vations made on the system variables, we would like to make inferences about
the behavior modes of components in the system. The first task is to calcu-
late (at least conceptually) the posterior probability for any diagnosis-candidate
(a candidate being an assignment of behavior modes to all the components of
the system) conditioned on the observations made. The second task is to ab-
stract this distribution into a form that can support tractable decision-making.
In the case of model selection using maximum likelihood, this is simply to return
the candidate with the highest posterior probability. Note that the abstraction
phase is important because it is unreasonable to return the entire distribution
(answering diagnosis-related queries or decision-making would then require us
to either marginalize over, or find the maximum in, an exponential number of
parameters).

In this paper, we argue that model selection using maximum likelihood
(among other previous approaches) is justified only in limited cases — when
there is a well-defined characterization of the space of variables over which we
need to marginalize etc. A good illustration that drives home this argument is
that of trajectory tracking. Here, we are given a physical system under contin-
uous observations. The goal is to maintain a belief state and perform timely
actions to achieve certain (re-)configurations. Typically, there exist many tra-
jectories (possible paths of system states) that have reasonably high posterior
probabilities. Choosing the best trajectory to guide our (re-)configuration actions
need not always be the best thing to do. Actions that are instead directed by
what is common among all good trajectories usually turn out to be much more
fruitful. For example, if there are 10 trajectories all of which have probabilities
around 0.1, then picking one of them (by possibly breaking ties arbitrarily) as
a diagnosis is wrong with probability 0.9. Actions and (re-)configuration plans
taken under this diagnosis can turn out to be misled and therefore extremely
costly. Instead, taking actions based only upon the values of transition variables
that occur commonly in all good trajectories may be much more useful [15].

In this paper, we formalize the above intuitive requirements and observa-
tions using an information-theoretic characterization of diagnosis-candidates.
The first argument we make is that the primary goal of the abstraction phase
in diagnosis is to return a representational form that can tractably support
diagnosis-related queries and decision-making. We argue that a general form of
diagnosis-candidates that can do this is a “disjunction of partial assignments”.
This representational form covers both complete diagnosis-candidates and par-
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tial ones and gives us the framework for returning appropriate answers in situ-
ations where the space of complete or partial diagnosis-candidates do not con-
tain them. Secondly, we introduce the notions of coverage and specificity for a
diagnosis-candidate in the above form. The coverage of a candidate refers to the
certainty with which it is true and the specificity refers to its information con-
tent. We provide an information-theoretic approach towards quantifying these
two somewhat conflicting properties, while identifying the parameters that are
specific to the application.

The organization of the paper is as follows. We first briefly present the
background literature on the characterization of complete and partial diagnosis-
candidates and some motivating examples that illustrate the shortcomings of
the previous approaches. This leads us to the discussion of the notions of cover-
age and specificity of a diagnosis-candidate. We formalize these two parameters
and provide an information-theoretic approach towards quantifying and compar-
ing them. This allows us to unify the previous formalizations of complete and
partial diagnosis-candidates and identify the application-specific parameters. We
then briefly discuss some heuristic methods for finding good diagnosis-candidates
according to our characterization and finally compare our work with related lit-
erature while alluding to some avenues for future work.

2 Background and Motivation

In this section, we review the previous approaches taken towards characterizing
diagnoses. This would help us set the ground for the discussion of our work and
help us provide a comparison of our approach with the previous approaches.

2.1 Characterizing Complete Diagnosis-Candidates

Definition (Diagnosis System): A diagnosis system is a triple (SD, COMPS,
OBS) such that:
1. SD is a system description expressed in one of several forms — constraint
languages like propositional logic, probabilistic models like Bayesian network
etc. SD specifies both component behavior information (SDB) and component
structure information (i.e. the topology of the system) (SDT ).
2. COMPS is a finite set of components of the system. A component compi

(1 ≤ i ≤ |COMPS|) can behave in one of several, but finite set of modes (Mi).
If these modes are not specified explicitly, then we assume two modes — failed
(AB(compi)) and normal (¬AB(compi)).
3. OBS is a set of observations expressed as variable values.
Definition (Complete Diagnosis-Candidate): Given a set of integers
i1 · · · i|COMPS| (such that for 1 ≤ j ≤ |COMPS|, 1 ≤ ij ≤ |Mj |),
a candidate Cand(i1 · · · i|COMPS|) is defined as Cand(i1 · · · i|COMPS|) =
(
⋃|COMPS|

k=1 (compk = Mk(ik))).
Here, Mu(v) denotes the vth element in the set Mu (assumed to be indexed in
some way).
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Notation: When the indices are implicit or arbitrary, we will use the symbol H
to denote a candidate or a hypothesis.

The task of consistency-based diagnosis can be summarized as follows. Note
that the definition of a diagnosis in this framework does not discriminate between
single and multiple faults.
Definition (Consistency-Based Diagnosis): A candidate H is a diagnosis if and
only if SD ∪ OBS ∪ H is satisfiable.

Consider diagnosing a system consisting of three bulbs B1, B2 and B3
connected in parallel to the same voltage source V under the observations
off(B1), off(B2) and on(B3). AB(V ) ∧ AB(B3) is a diagnosis under the
consistency-based formalization of diagnosis if we had constraints only of the
form ¬AB(B3) ∧ ¬AB(V ) → on(B3). Intuitively however, it does not seem rea-
sonable because B3 cannot be on without V working properly. One way to get
around this is to include fault models in the system [29]. These are constraints
that explicitly describe the behavior of a component when it is not in its nomi-
nal mode (most expected mode of behavior of a component). Such a constraint
in this example would be AB(B3) → off(B3). Diagnosis can become indis-
criminate without fault models. It is also easy to see that the consistency-based
approach can exploit fault models (when they are specified) to produce more
intuitive diagnoses (like only B1 and B2 being abnormal).

The technique of using fault models is associated with the problem of being
too restrictive. We may not be able to model the case of some strange source
of power making B3 on etc. The way out of this is to allow for many modes of
behavior for each component of the system. Every component has a set of modes
(in which it can behave) with associated models. One of these is the nominal
(or normal) mode and the others are fault modes. Each component has the un-
known fault mode with the empty model. The unknown mode tries to capture
the modeling incompleteness assumption (obscure modes that we cannot model
in the system). Also, each mode has an associated probability that is the prior
probability of the component being in that mode. Diagnosis can now be cast as a
combinatorial optimization problem of assigning modes of behavior to each com-
ponent such that it is not only consistent with SD ∪ OBS, but also maximizes
the product of the prior probabilities associated with those modes (assuming
independence in the behavior modes of components).
Definition (Combinatorial Optimization): A candidate H =Cand(i1· · ·i|COMPS|)
is a diagnosis if and only if SD ∪ H ∪ OBS is satisfiable and P (H) =
(Π |COMPS|

k=1 P (compk = Mk(ik))) is maximized.

Another popular way of incorporating probabilities is when we have suffi-
cient experience and statistical information associated with the behavior of a
system. In such cases, the system description is usually available in the form of a
probabilistic model like a Bayesian network instead of a set of constraints. Given
some observations made on the system, the problem of diagnosis then becomes
a Bayesian model selection problem.
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Definition (Model Selection using Maximum Likelihood): A candidate H is a
diagnosis (for a probabilistic model of the system, SD) if and only if it maximizes
the posterior probability P (H/SD, OBS).

Yet another intuition behind characterizing diagnoses is the idea of explana-
tion. Explanatory diagnoses essentially try to capture the notion of cause and
effect in the physics of the system. The observations are asymmetrically divided
into inputs (I) and outputs (O) [7]. The inputs (I) are those observation vari-
ables that can be controlled externally.
Definition (Abductive Diagnosis): An abductive diagnosis for (SD, COMPS,
OBS = I ∪ O) is a candidate H such that SD ∪ I ∪ H is satisfiable and
SD ∪ I ∪ H → O.

An approach that unifies all the previous approaches for characterizing com-
plete diagnosis-candidates is that of model counting [13]. The model counting
problem is the problem of estimating the number of solutions to a SAT (satisfia-
bility problem) or a CSP (constraint satisfaction problem). It can be shown that
model counting is a weaker form of probabilities and that probabilities provide
only precision information over model counting [13]. It is natural then to use the
expressions #(SD, E)/#(SD) and P (E) (for any event E) almost equivalently
— except that we use the former when we do not know P (E) explicitly. Here, #S
indicates the number of solutions to a set of partially instantiated constraints S
(— instantiations of variable values correspond to observations). This framework
can be used to unify and incorporate any kind of knowledge elements that we
have without imposing restrictions on the representational form of the system
description [13].
Definition (Probability-Equivalent): The probability-equivalent of #(SD, E) is
defined to be P (E) #(SD) when P (E) is given explicitly.
Definition (Model Counting Characterization): A diagnosis is a candidate
H that maximizes the number of consistent models to (SD, OBS, H) using
probability-equivalents wherever necessary.

2.2 Characterizing Partial Diagnosis-Candidates

So far, we have considered only the characterization of complete diagnosis-
candidates. We now consider the characterization of partial diagnosis-candidates.
Partial diagnosis-candidates are those that do not make a commitment to the be-
havior modes of all the components in the system, but only to a subset of them.
The characterization of complete diagnosis-candidates forms a sufficient statistic
for the characterization of partial diagnosis-candidates in the sense that given
the information related to the space of complete diagnosis-candidates, partial
diagnosis-candidates can be characterized without further referring to OBS or
SD. However, under different characterizations of complete diagnosis-candidates,
partial diagnosis-candidates play different roles.

In the case of consistency-based and abduction-based approaches, partial
diagnosis-candidates are used to “represent” complete diagnosis-candidates. The
following set of definitions articulate these notions. For simplicity of discussion we
will assume only two modes of behavior for all components — (normal (¬AB(c))
and abnormal (AB(c))).



An Information-Theoretic Characterization 131

Definition: An AB−literal is either AB(c) or ¬AB(c) for some component
c ∈ COMPS.
Definition: An AB−clause is a disjunction of AB−literals containing no com-
plementary pair of AB−literals.
Definition: A conjunction C of AB−literals covers a conjunction D of literals
if and only if every literal of C occurs in D.
Definition: A partial diagnosis for (SD, COMPS, OBS) is a suitable con-
junction P of AB−literals such that for every satisfiable conjunction F of
AB−literals covered by P , SD ∪ OBS ∪ {F} is satisfiable.

If P is a partial diagnosis-candidate of (SD, COMPS, OBS) and C is the
set of all components mentioned in P , then Πc∈COMPS\CA(c) is a complete
diagnosis-candidate, where each A(c) is AB(c) or ¬AB(c). Thus a partial diag-
nosis P represents the set of all complete diagnosis-candidates that contain P
as a sub-conjunct.
Definition: A kernel diagnosis is a partial diagnosis-candidate with the prop-
erty that the only partial diagnosis-candidate that covers it is itself.
Definition: A conflict of (SD, COMPS, OBS) is an AB−clause entailed by
SD ∪ OBS. A minimal conflict is a conflict no proper subset of which is is a
conflict.

The partial diagnoses of (SD, COMPS, OBS) are the implicants of the min-
imal conflicts of SD ∪ OBS. The kernel diagnoses of (SD, COMPS, OBS) are
the prime implicants of the minimal conflicts of SD ∪ OBS. In [7], some of the
benefits of using kernel diagnoses are argued. However, there are several im-
mediate disadvantages of such a characterization — (1) the number of kernel
diagnoses may be exponential, (2) they make little sense in probabilistic do-
mains, and (3) they disqualify diagnosis-candidates which in fact are the most
intuitive to return (see next subsection for examples).

Under the Bayesian and model counting characterization of complete
diagnosis-candidates, partial diagnosis-candidates signify marginalized probabil-
ities over the missing variables. However, there are problems associated with even
this perspective of partial diagnosis-candidates. Two partial diagnosis-candidates
are comparable only if they assign values to the same subset of variables in the
system, Given a diagnosis task, model selection is done by choosing the assign-
ment that has the highest marginalized probability for a specified set of variables.
However, there is no characterization of over what subset of variables we have to
marginalize to be able to return the best candidates in that space. A significant
drawback arising as an implication of this is in situations like trajectory tracking
(as discussed before).

2.3 Motivating Examples: Notions of Coverage and Specificity

In this subsection, we present some scenarios where it is intuitively clear what the
diagnosis should be, but none of the previous approaches towards characterizing
complete or partial diagnosis-candidates capture them all.

Figure 1 shows 4 examples towards illustrating this. In each case, there are
4 components A, B, C and D, and a plot showing the posterior probabilities
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Fig. 1. Shows 4 examples to illustrate the abstraction phase in the task of diagnosis.

of the different combinations of their behavior modes (similar to a Karnaugh
map). We use the notation A to also mean ¬AB(A) and A′ to mean AB(A)
(we assume only the normal or faulty mode for each component to keep the
discussion simple). A real number in the Karnaugh map indicates the actual
posterior probability of the corresponding complete assignment; a blank indi-
cates a near-zero posterior probability and a × indicates uniform distribution of
the posterior probability mass over all ×-ed cells. It is intuitively appealing that
the following should be returned as the diagnoses in the 4 cases respectively: (1)
B (2) A′B′∨X ′Y ′ (3) A′BY (4) A′BX ′Y . It is easy to note that the consistency-
based characterization of diagnosis-candidates fails in cases (1), (3) and (4), and
that model selection using maximum likelihood fails in (1), (2) and (3). The
failures are due to the following reasons: (a) the consistency-based characteriza-
tion disqualifies B as being a valid candidate in (1), (b) the consistency-based
characterization makes little sense in probabilistic domains like (3) and (4) —
in particular, it would identify all models with non-zero probabilities, and (c)
maximum likelihood does not automatically consider marginalization and must
return a complete diagnosis-candidate.

The foregoing examples lead us to recognize the following two conflicting
parameters of a diagnosis-candidate. The specificity of a diagnosis-candidate
measures its information content. A complete diagnosis-candidate that makes
a commitment to the modes of behavior for all the components is the most spe-
cific and provides maximum information. A partial diagnosis-candidate is less
specific and contains lesser information since the behavior modes of certain com-
ponents are not committed to. A disjunction of partial diagnosis-candidates is
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even less specific than any of its constituent partial assignment clauses. The
coverage of a diagnosis-candidate measures the certainty with which what we
claim is true. The coverage of a candidate essentially corresponds to the fraction
of consistent models of the system that also lie in the space of the models cov-
ered by the diagnosis-candidate. This factor is what is quantified in much of the
present literature on trying to characterize diagnoses (including probabilities,
model counting [13] etc.).

It is clear that when two candidates have the same specificity, the one with
the higher coverage must be chosen and when they have the same coverage, the
one with the higher specificity must be chosen. However, in most cases, such
a comparison among the candidates is not straightforward because they might
have different specificities and coverages. As an example, a complete diagnosis-
candidate has the advantage that it has more information content, but a partial
diagnosis-candidate although specifying lesser information, saves itself of the risk
of easily going wrong. It is in such cases that we feel the necessity of contrasting
the conflicting goals of coverage and specificity and weighing them appropriately
using information-theoretic arguments.

Our first claim in trying to quantify coverage of a hypothesis against its
specificity is that it is application specific. Consider a medical diagnosis scenario
where the treatment of a patient is of much more concern than any costs associ-
ated with medical examinations. If there are 3 possible hypotheses H1, H2 and
H3 with probabilities 0.4, 0.4 and 0.2 respectively, then it is reasonable to report
all of them (a disjunction of all of them) as the diagnosis. On the other hand,
consider the scenario where a spaceship has the task of reconfiguring itself based
on some belief of the possible worlds in which it is. It might be too costly if the
wrong actions are taken. Reporting a disjunction of H1, H2 and H3 is clearly not
the choice of consideration. Instead, reporting what is common between H1 and
H2 (like a certain engine is at fault, without committing to the state of a valve
etc.) and taking actions based on this, may be much safer and more fruitful.
The rest of the paper tries to provide a formalism for reasoning about different
such scenarios. In particular, we show what parameters are application-specific
and what the general theory behind the characterization of different diagnosis-
candidates is. It should be noted however, that the examples in Figure 1 were
chosen to be such that the coverage and specificity factors were lopsided, making
them somewhat independent of the application.

3 An Information-Theoretic Characterization of
Diagnosis-Candidates in DNF

The fundamental goal in the abstraction phase of diagnosis is to achieve compu-
tational tractability in answering diagnosis-queries and decision-making. Com-
plete and partial diagnosis-candidates somewhat indirectly address this prob-
lem but are clearly unsuccessful (as illustrated in Figure 1). Assuming (without
loss of generality) that we use the model counting characterization of complete
diagnosis-candidates, the real question then becomes how well we can “simulate”
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this space in a computationally efficient way. Note that we have two goals: (1) to
come up with a representational form for a diagnosis-candidate that can make
answering diagnosis queries tractable, and (2) to characterize what we mean by
“simulating the space of complete diagnosis-candidates”. This task relates to the
notions of both specificity and coverage as discussed before. In the rest of the dis-
cussion, we will use model counting and probabilities somewhat interchangeably
since the former can be shown to be a generalization of the latter [13].

As a solution to (1), we claim that a diagnosis candidate in a disjunctive
form can simulate an approximate distribution over the space of complete as-
signments in a computationally efficient way. This is as follows: Given a DNF
(disjunctive normal form), a complete assignment can be chosen by choosing
a clause uniformly at random and then picking a satisfying assignment to it
uniformly at random. Note however, that it is not computationally tractable to
pick a satisfying assignment to the DNF uniformly at random. That is, a sat-
isfying assignment that satisfies 2 clauses in the DNF has twice the probability
of being picked up than one that satisfies just one clause. Also notice that we
do not calculate the distribution of the space explicitly using this technique —
it is just that it simulates such a distribution for answering diagnosis-queries.
As an example, consider case (4) in Figure 1. If we choose A′BY as a diag-
nosis, and have to estimate a complete assignment to all the modes, we would
randomly pick between A′BY X and A′BY X ′ (extending on the clause A′BY ).
This marks a distribution of 0.5 and 0.5 for the two candidates respectively, and
0 for all others. We provide a treatment to (2) through the following definitions
and characterizations.
Definition: A clause is an assignment of modes to a subset of components in
the system. For example, ¬AB(c1)AB(c2) is a clause.
Definition: A diagnosis-candidate is a disjunction of clauses. ¬AB(c1)AB(c2)∨
AB(c3) is a candidate.
Note that two candidates that are logically equivalent are not automatically
taken to be the same.
Definition: The coverage-space of a candidate C is defined to be the set of all
consistent models of C and is denoted by CV G(C).
Definition: The coverage of a candidate C (denoted by cov(C)) is defined as
the weight of the probability distribution captured by any model in CV G(C).
That is, cov(C) =

∑
m∈CV G(C) P (m).

Here, a model refers to an assignment of behavior modes to all the components.
Notation: We use †U to indicate the satisfiability of U . That is, †U = 1 if U is
satisfiable and 0 otherwise. We use #S to indicate the cardinality of the set S.
Definition: The induced distribution of C (with clauses CL(C)) over its
coverage-space CV G(C) is given by the probability distribution in which
model mi of CV G(C) has probability proportional to

∑
L∈CL(C)(†(mi ∪

L)/#{mj |†(mj ∪ L)}). This distribution is denoted by DCV G(C).
Definition: The restricted distribution of C over its coverage-space CV G(C)
is denoted by ACV G(C) and indicates the actual probability distribution over
CV G(C).
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Definition: The information error of a candidate C (denoted ierr(C)) is de-
fined as the KL distance of ACV G(C) from DCV G(C).
This is a measure of both the specificity of C and the amount by which we go
wrong in the prediction of the distribution using C.
Definition (Characterizing Diagnosis): A candidate C is a diagnosis when it
minimizes ierr(C) + Worc × (1 − cov(C)).
Here Worc is some weighting factor that is application-specific.

3.1 Justification of Equations

The justification of the above quantification of specificity and coverage using
application-specific parameters can be made using the following intuitive argu-
ments employing oracles. An oracle is an entity that can be used alternatively
to a diagnosis-candidate to estimate the posterior probability distribution of a
space, but unlike the diagnosis-candidate, might have a representational form
that makes it costly to use. The cost associated with using an oracle is therefore
much more than the cost associated with paying for the information that we
derive from it. On the other hand, a diagnosis-candidate by construction, has a
representational form that can support easy estimation of the posterior probabil-
ity distribution of the space it covers. Therefore, the amount of information by
which we go wrong (measured by the KL distance of ACV G(C) from DCV G(C))
dominates the cost associated with using it. The cost associated with using the
candidate is just the number of random bits we need (from our own internal
system) to do sampling of consistent models. This is clearly negligible unless the
number of clauses in the candidate is exponential. Now consider how much cost
we incur in trying to estimate the actual distribution of posterior probabilities
over the space of complete assignments given a diagnosis candidate C. We can
estimate the distribution in CV G(C) by bearing a cost proportional to ierr(C).
For the fraction of the space that is outside CV G(C), that is (1 − cov(C)), we
use the oracle and this bears a cost of Worc. Worc is some application dependent
parameter signifying how we should weigh the costs associated with using the
oracle and the diagnosis-candidate.

Another way of thinking about the justification is by considering the KL
distance between the induced distribution of candidate C and the actual distri-
bution over the entire space of complete assignments. However, since the induced
distribution is 0 for models that are not in the coverage-space of C, this distance
is ∞ for all non-trivial candidates. In reality however, ∞ must reflect the maxi-
mum cost incurred for any wrong information in the application domain. If we
use this parameter Wappl instead of ∞, the modified KL distance metric would
be

∑
m p(m)Min(log p(m)

q(m) , Wappl). Assuming Wappl is fairly large, it is now easy
to note that this is equivalent to ierr(C) + Wappl(1 − cov(C)).

3.2 Behavior on Running Examples

In this subsection we show how the “intuitive” diagnoses for the 4 cases in Figure
1 are indeed captured by our characterization. In case (1), the candidate B has
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a very large coverage (maximum possible) and a very small ierr because of the
uniformity on a majority of the models it covers. This accounts for it being able to
minimize both the terms and hence is an appealing diagnosis-candidate. In case
(2), again the coverage and ierr of A′B′ ∨X ′Y ′ are very low. Note that by using
a disjunction instead of just A′B′ or X ′Y ′ alone, the induced distribution will
no more be exactly uniform over the coverage space because A′B′X ′Y ′ satisfies
both the clauses A′B′ and X ′Y ′. However, this is very negligible compared to
the gain in coverage. In case (3), A′BY maximizes the coverage keeping the
ierr low, and in case (4) the small gain in coverage by using A′BY instead of
A′BX ′Y is not justified because it significantly increases the ierr factor.

3.3 Bridging the Gap

We provide a brief analysis of the different characterizations of partial diagnosis-
candidates based on the notions of coverage and specificity. Model selection using
maximum likelihood over the space of complete diagnosis-candidates corresponds
to choosing a model that has the “maximum coverage among all candidates that
have the maximum specificity”. When we marginalize probabilities over a space
of variables S and then employ maximum likelihood, this corresponds to choosing
the candidate that has the “maximum coverage among all candidates that have
the specificity specified by S”. Prime and kernel diagnoses are notions that arise
completely out of the necessity to represent the entire distribution over the space
of complete assignments. It should be noted that unlike in maximum likelihood,
our main concern here is to “maximize the coverage without worrying about the
specificity”.

3.4 Heuristic Algorithms

We provide a very brief allusion to two possible heuristic methods for recognizing
good diagnosis-candidates under our formalization. One obvious algorithm would
be to simply consider all subspaces (defined by any subset of components) and
return the disjunction of assignments that have a “fairly large weight” in any of
them. The second method is to consider only the space of complete diagnosis-
candidates to choose the best few (based on some application-specific threshold)
and try to represent them “compactly” using a Boolean formula.

4 Related Work

The literature related to the contents of this paper is along two fairly different
lines. Along one of them is the work on various notions of diagnosis. This includes
not only the characterization of complete and partial diagnosis-candidates, but
also previous work on trying to unify model-based and probabilistic approaches
in diagnosis. On the other line is the work in decision theory. Here, we are
given a probabilistic model of the world and the stochastic effects of actions
with associated utilities and costs. The goal is to be able to take actions that
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maximize certain utility metrics. We provide a brief comparison of our work with
both of these.

Characterization of complete and partial diagnosis-candidates in the
consistency-based frameworks can be found in [7]. Fault models were used in
[29] and abductive diagnoses are employed in [23], [20] etc. Combinatorial op-
timization is used as the method of choice in [16] and [30]. The combinatorial
optimization formalization of diagnoses is attractive mainly because it allows for
the use of computationally efficient methods [14]. Related work in trying to unify
model-based and probabilistic approaches can be found in [24], [11], [17], [18]
and [13]. [24] links abductive reasoning and Bayesian networks, and general di-
agnostic reasoning systems with assumption-based reasoning. [11] shows how to
take results obtained by consistency-based reasoning systems into account when
computing a posterior probability distribution conditioned on the observations
(the independence assumptions are lifted in [18]). [17] gives a semantic analysis
of different diagnosis systems using basic set theory. [13] gives a unification of
the different notions of complete diagnosis-candidates in terms of model count-
ing (i.e. estimating the number of satisfying assignments to a SAT or a CSP).
Model counting algorithms can be found in [10] and [1].

In decision theory, we are given a set of actions with associated rewards in
probabilistic domains. The goal is to perform actions that maximize the ben-
efits (mainly in terms of expected gain in utility). The work presented in this
paper differs from decision theory in the following important way. While deci-
sion theory deals with a characterization over the space of actions, our work is
still concerned with a characterization over the space of models (assignments
of behavior modes to components). It is important to reason over the space of
models because it is often the case that for a given model as a diagnosis, we
can come up with an elaborate plan to achieve a certain system configuration
and this might potentially involve complex planning procedures. On the other
hand, reasoning directly in the space of actions may involve not only having
to deal with probabilistic information and other optimization metrics, but also
cascading levels of causal interactions between actions to ensure that they make
a valid plan. This makes it a much harder space to reason in. It is easier to first
recognize the state of the world and decide what actions to take, rather than
speak about all possible actions at the same time under uncertain conditions.

5 Conclusions

In this paper, we first argued that the task of diagnosis consists of two phases:
(A) To characterize the space of complete assignments to behavior modes of
components in a system. Here, we used the idea that the characterization of the
space of complete diagnosis-candidates forms a sufficient statistic towards the
characterization of any subspace — viz. the space of assignments to behavior
modes of only a subset of the components. (B) To represent the information
content in this space in a form that can make decision-making tractable. This
problem occurs more generally in hypothesis selection. We introduced the idea
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of using a “disjunction of partial assignments” as a diagnosis-candidate. This
has several advantages. (1) It is a general form that can support tractable an-
swering of diagnosis-queries and decision-making based on the argument that
satisfying models can be sampled from a DNF in linear time. (2) It encompasses
some “intuitive” diagnosis-candidates that are not otherwise properly captured
using only the notions of complete or partial diagnosis-candidates. (3) It allows
us to incorporate application-specific parameters based on the related notions of
coverage and specificity. The coverage of a candidate refers to the certainty with
which it is indeed the right model, and the specificity of a candidate refers to its
information content. These two parameters were in general shown to be conflict-
ing. (4) It allows us to bridge the gap between various formalizations of partial
diagnosis-candidates (corresponding to different characterizations of complete
diagnosis-candidates). Here, we claimed that the model counting formalization
of complete diagnosis-candidates bridges the gap between various other char-
acterizations of complete diagnosis-candidates [13]. (5) It forms an interesting
comparison to decision-theoretic planning. We also discussed in the paper the
“oracle” argument for information-theoretically quantifying the coverage versus
the specificity of a diagnosis-candidate. Most of our future work is directed to-
wards the development of computationally tractable algorithms to return “good”
diagnosis-candidates based on our characterization of diagnosis, and a further
investigation into the relationship of our work with decision theory.
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Abstract. In this paper we present the organization of a predicate-
based query cache suitable for integration with agent-based heteroge-
neous database systems. The cache is managed using a tractable (sound
and complete) query containment algorithm, yet there are no language
restrictions placed on the applications. This is accomplished by intro-
ducing query approximation.
Query approximation is a compilation technique where a query expres-
sion in a general query language is mapped to a query expression in a
restricted language. We define a target language such that query con-
tainment can be tested in polynomial time. We specify the algorithms
by which the query engine and the cache manager may negotiate a choice
of approximation and the development of a query plan. We use two ap-
plication workloads and the TPC-D benchmark queries to assess the
value of the cache within the architecture of the InfoSleuth heteroge-
neous database system.

1 Introduction

The speed by which heterogeneous databases may gather data from component
databases suffers from additive network and database latencies. One active ap-
proach to ameliorating this cost is to cache previous queries and/or to maintain
materialized views (prefetching) of the component databases. A central element
in these approaches is to compute query containment. That is given a pair of
queries, Q1 and Q2, the first derived from an application, the second a represen-
tation of a data source, is the data comprising the answer set of Q1 contained
in (subsumed by) the data in the answer set to Q2. If so then the answer set of
Q2 may be used to compute the answer set of Q1. We would like to determine
if Q2 contains Q1, written as Q2 ⊇ Q1, by examining only the text of the query
predicates and not rely on the materialization of the answer set or other physical
properties (e.g. an address of a disk page).
The technical challenge for predicate caching as well as dealing with com-

ponent DBs as views is that if the queries are expressed in any common query
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language, determining query containment is NP-hard. There have been many ef-
forts to develop query languages where query containment is tractable [8,12,10,
3,16]. Although a number of useful results have been obtained, these languages
place severe restrictions on the select and/or join conditions allowed in queries,
and hence have limited applicability to the problem of predicate caching.
We define a query language that places few restrictions on the select/join

conditions, while still allowing a tractable containment algorithm. We present a
cache architecture which does not put any restriction on an application’s queries,
yet maintains a query cache based on tractable query containment. The basic
idea is that there are precise syntactic structures that make query containment
hard. In our system an application query is checked to see if it contains such
a construct. If so, a new query is formulated by removing the problematic con-
struct. The new query is a weakened approximation of the original. Thus, the
new query is guaranteed to contain the original and evaluating query contain-
ment tractable. Only at the final stage of query processing are the omitted
predicates applied, reducing the answer set to that of the original query.
This work was done as part of the Infosleuth mediator-based heterogeneous

database system [9]. Since, in mapping queries to multiple data sources a me-
diator must resolve multiple sources of information and optimize cost, the inte-
gration of approximation fits naturally. If a query must be approximated there
may be a number of ways to generalize the query, each with its own cost and
intersection with cached queries. Further, if only some of the data needed to
solve a query are cache resident, there can be a cost-based decision to determine
whether the cached data should be merged with additional data or if the entire
query should be reexecuted. In the spirit of agent architectures query plans are
negotiated between the query agent and the cache agent.
Our hypothesis is that in real applications very few queries will require weak-

ening and for those that do, the weakening does not appreciably add to the
volume of data processed by the system. We support this hypothesis by examin-
ing two application workloads and TPC-D query benchmark and measuring the
volume of additional data resulting from the weakening of those queries. Of the
entire test suite, only 3 of 17 TPC-D queries are outside our tractable subset.

2 Tractability and Query Approximation

We exploit a narrow syntactic perspective of decidability wrt query languages.
We start with queries in a general query language and identify individual pred-
icates whose removal from the query, Q, yields a new query, Q” expressible in
the restricted language. Using terminology developed in knowledge-compilation
we call the new query an approximation of the original query [13]. Since the
approximation was constructed by removing predicates, the approximation is
guaranteed to contain the original query, Q’ ⊇ Q’. When this property holds the
approximation is called an upper bound, designated QUB .
In our architecture the cached predicates are drawn only from a tractable

query language. If an application submits a query that is more expressive than
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the tractable language, the cache agent must determine an upper-bound approx-
imation. A common problem formulation in knowledge-compilation is, given a in
expression in an intractable logic, how hard is it to find a tractable least-upper
bound. Determining a least-upper bound is often as hard as finding a direct solu-
tion. Since we are embedding this concept in a database system we may exploit
the same cost-based infrastructure used to improve search in a query optimizer.

The query containment problem has been widely studied in the context of
pure conjunctive queries. A pure conjunctive query corresponds to select-project-
join queries of relational algebra, without additional built-in predicates. For pure
conjunctive queries the containment problem can be reduced to one of finding a
containment mapping from the variables of Q2 to those of Q1 [2]. A containment
mapping is a mapping from the variables of Q2 to those of Q1, such that each
literal in the body of Q2 is mapped to a literal in the body of Q1. The general
containment problem has been shown to be NP-complete [2], but several re-
searchers have identified restricted classes of pure conjunctive queries for which
the problem can be solved in polynomial time. Saraiya [12] showed that query
containment can be determined in linear time if no predicate appears more than
twice in the sub-goals of Q1. Qian [10] developed a polynomial-time algorithm
for the case where Q2 is acyclic. Subsequently, Qian’s result was generalized by
Chekuri and Rajaraman [3], to the case where the query width of Q2 is bounded
by some integer k; the acyclic queries being those with query width 1.

In practical applications, queries frequently involve comparisons between a
variable and a constant, as well as comparisons between two variables. The
most common form of comparison is a test for equality, but inequalities (<, ≤,
>, ≥) and disequations (�=) can also be used. Consequently, there have been
investigations into whether the results concerning pure conjunctive queries can
be extended to the case of conjunctive queries with built-in predicates. Klug
[7] and van der Meyden [14] considered the effect of including inequalities, and
showed that the problem becomes

∏p
2-complete. Zhang and Ozsoyoglu [16] define

a normal form for conjunctive queries with inequalities, which divides a query
into two parts: a pure conjunctive query and a conjunction of equality and
inequality comparisons Tests for containment can then be made by first looking
for containment mappings between the pure conjunctive parts, and then checking
containment of the comparison parts.

Kolaitis et al [8] considered the effect of allowing disequations as a built-in
predicate. They show that the containment problem is in coNP if no database
predicate appears in Q1 more than twice. They also show that the problem
remains

∏p
2-complete under the restriction that Q2 is acyclic.

Rosenkrantz and Hunt consider only conjunctions of equality and inequality
comparisons (without the pure conjunctive component) and show that, as long
as disequations are not allowed, equivalence of expressions can be deduced in
polynomial time[11]. The family of comparisons considered in their work is more
general than those considered by Zhang and Ozsoyoglu, in that it allows for a
broad range of select and join conditions.
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Chen and Roussopoulos [4] also omit the pure conjunctive component of a
query. They do allow all equality and inequality comparisons, disjunctions as
well as conjunctions. Their containment algorithm is sound but incomplete.

3 Algorithm for Query Containment

A polynomial query containment algorithm is presented for the simple restric-
tion on conjunctive queries where no database predicate may appear more than
once. This restriction does not impact most of the select and join conditions
encountered in queries. Hence, most queries maybe approximated exactly. Our
construction exploits a normal form similar to that used by Zhang and Ozsoyo-
glu, but using the more general form of comparisons considered by Rosenkrantz
and Hunt. We adapt the approach of Rosenkrantz and Hunt to the problem
of containment rather than equivalence. Thus, the containment problem can
be solved in polynomial time even when allowing for a quite general class of
comparisons involving both equalities and inequalities.

Definition 1. (Tractable subset of SQL) A SQL query is in the tractable subset
if it can be expressed as a conjunctive query with built-in predicates =, <,≤,≥
, >. where each sub-goal of an approximation is expressed in terms of either a
database predicate of a built-in predicate with the following restrictions:

– No database predicate may appear in more than one sub-goal.
– Each comparison involving the built-in predicates must take on of the follow-

ing three forms:
1. <variable> <comparison-op> <constant>
2. <variable> <comparison-op> <variable>
3. <variable> <comparison-op> <variable> + <constant>

Example 1. The following query is in our tractable subset:
q(X2, Y 2) ← p(X1, X2, X3, X4) ∧ s(Y 1, Y 2, Y 3) ∧ o(X1, Y 1, Z1) =′ Austin′ ∧
Z1 ≥ 10 ∧X4 < X3 + 5

The division into a pure conjunctive query and a conjunction of compar-
isons allows each part of the query to be dealt with separately; first seeking a
containment mapping between the pure conjunctive components of the queries,
and then examining each conjunction of comparison to establish containment.
We show that each of these two parts can be done in polynomial time and we
further prove that the algorithm is sound and complete.
Definition 2. (Normal Form)A query Q is in normal form if it is expressed as
QPCQ ∧QCOMP , where

– QPCQ is a pure conjunctive query in which no variable appears more than
once.

– QCOMP is a conjunction of comparisons that each take one of the forms ”X
≤ c” and ”Z ≤ Y + c”, where X and Y are variables, c is a constant, and
Z is either a variable or zero.
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Algorithm 1 (Containment of conjunctive queries)

1. convert each query to normal form
2. check whether there is a symbol mapping ρ from Q2 to Q1
3. apply the mapping ρ to the comparisons in Q2
4. check whether Q1COMP implies ρ(Q2COMP )

Lemma 1. Let Q be a query expressed in our tractable subset of SQL. Then Q
can be converted to normal form in polynomial time.

Proof. Suppose a variable X appears twice in QPCQ. We rename the second
occurrence with a variable name that has not been used before (say, X1), and
introduce an extra comparison ”X = X1” in QCOMP . Treating all repeated vari-
ables in this way will ensure that no variable appears more than once in QPCQ.
Next, any comparison of form ”X = Y” is replaced by a pair of comparisons ”X
≤ Y ∧ Y ≤ X”. Then any comparison using ≥ (or >) can be rewritten in terms
of ≤ (or <) by simply moving variables and/or constants from one side of the
inequality to the other. Then, any comparison involving < is rewritten in terms
of ≤ by subtracting ε from the right-hand side, where ε is a value sufficiently
small that no value between the new right-hand side and the old right-hand side
can be represented on the computer. Finally, if a comparison has a constant on
the left-hand side, the value of that constant is subtracted from each side so that
zero becomes the left-hand side. ��
Example 2. Let Q = E(X,Y), D(Y,Z,W), W>100. Then Q can be rewritten as
E(X,Y), D(Y1,Z,W), Y≤Y1, Y1≤Y, 0≤W-100 - ε

Having translated the queries to normal form, we first look for containment
mappings between the pure conjunctive parts of the respective queries. The next
two lemmas lead us to the result that our four-step algorithm is both sound and
complete.

Lemma 2. Let Q1 and Q2 be pure conjunctive queries, where Q1 has no re-
peated predicates. Then there cannot be more than one symbol mapping from Q2
to Q1.

Proof. Consider any conjunct of Q2. There must be at most one predicate of
the same name in Q1, since Q1 has no repeated predicates. So there is at most
one way to map this conjunct of Q2. Similarly for all other conjuncts of Q2.
Therefore, there is at most one symbol mapping from Q2 to Q1. ��
Lemma 3. (Zhang and Ozsoyoglu) Let Q1 and Q2 be two conjunctive queries
in normal form. Let ρ1, ρ2, ..., ρn be all the symbol mappings from Q2 to Q1.
Then Q2 ⊇ Q1 iff n ≥ 1 and Q1COMP ⇒ ρ1(Q2COMP ) ∨ .... ∨ ρn(Q2COMP )

Theorem 1. Let Q1 and Q2 be two conjunctive queries in normal form. Let
M(Q2, Q1) denote the set of all symbol mappings from Q2 to Q1. If Q1 has
no repeated database predicates, Q2 ⊇ Q1 ⇔ ∃ρ ∈ M(Q2, Q1).Q1COMP ⇒
ρ(Q2COMP ).
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Proof. Follows from the Lemma 2 and Lemma 3. ��
We now turn our attention to the conjunctions of comparisons. Rosenkrantz and
Hunt [11] established that equivalence of conjunctions of comparisons can be
determined in polynomial time. We adapt their approach to obtain a similar
result for containment. Each query is represented as a weighted directed graph,
in which there is one vertex for each variable and one vertex to represent zero.
For each inequality of form ”X ≤ c” there is an edge from the vertex of X to the
vertex of zero, with weight c. For each inequality of form ”Z ≤ Y + c” there is
an edge from the vertex of Z to the vertex of Y, with weight c.
Lemma 4. (Rosenkrantz and Hunt) If there is a path from the vertex of X to
the vertex of Y, and the sum of the weights along the path is c, the comparisons
in the predicate imply that X ≤ Y + c
Lemma 5. (Rosenkrantz and Hunt) Let c be the weight of the shortest path
from the vertex of X to the vertex of Y. Then the expression has a satisfying
assignment in which X = Y + c.
Lemma 6. (Rosenkrantz and Hunt) An expression is satisfiable iff its graph has
no negative weight cycles.
Theorem 2. Let P1 and P2 be conjunctions of comparisons from queries ex-
pressed in normal form. Then P2 ⊇ P1 iff for all variables X and Y, if the graph
of P2 has a path from the vertex of X to the vertex of Y with weight c, then the
graph of P1 has a path from the vertex of X to the vertex of Y with weight ≤ c.
Proof. proceeds by reductio ad absurdum.
Suppose the left-hand side is true but the right-hand side is false. Then there

exist variables X and Y such that the shortest path from X to Y in P2 has weight
d (say), while in P1 either there is no path from X to Y or else the shortest path
has weight c, where d < c. If P1 has no such path, we can add an edge from
X to Y with weight c (where c > d and c is greater than the negative of the
shortest path (if any) from Y to X in P1). Then the new P1 is still satisfiable
(since we have not created a negative weight cycle) and is still contained in P2.
So now, without loss of generality, we assume that P1 has a path from X to Y
of length c, where c > d. Therefore P1 has a satisfying assignment in which X
= Y + c. But P2 implies X ≤ Y + d. And, since d < c, P2 is not satisfied by
any assignment with X = Y + c. Therefore P1 is not contained in P2.
Suppose the left-hand side is false and the right-hand side is true. Then there

exists an assignment that satisfies P1 but not P2. So we add this assignment to
P2 and we should get a graph that is not satisfiable. (to add an assignment to
a graph, we can take each variable assignment X = x1, and add an edge from
X to zero with weight x1 and an edge from zero to X with weight −x1). Since
the new graph is not satisfiable, it must have a negative weight cycle. Let that
cycle be v1, v2, ..., vn, v1. Now, by hypothesis, for each pair of adjacent vertices
vi, vi+1 in this cycle, there is in P1 a path from vi to vi+1 of lesser weight. By
combining these lesser-weight paths between each pair of vertices in the cycle,
we obtain a cycle in P1. Moreover, the total weight of this cycle in P1 must be
less than or equal to the weight of the cycle in P2. Therefore P1 has a negative
weight cycle, so P1 is not satisfiable. ��
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Theorem 3. Let Q1 and Q2 be two conjunctive queries with built-in equality
and inequality predicates such that Q1 has no repeated database predicates and
all comparisons, in both Q1 and Q2, have one of the following forms:

– <variable> <comparison-op> <constant>
– <variable> <comparison-op> <variable>
– <variable> <comparison-op> <variable> + <constant>

Then the containment of Q1 in Q2 can be checked in polynomial time.

Proof. We use Algorithm 1 to perform the check (by Theorem 1, this algorithm
is sound and complete). The algorithm has four steps:

– By Lemma 1, the first step can be performed in polynomial time.
– The second step involves checking, for each predicate symbol in Q2PCQ,
whether that predicate symbol also appears in Q1PCQ. It is clear that this
can be done in polynomial time.

– The third step involves applying a symbol mapping to the variables of Q2.
This again is clearly a polynomial-time operation.

– The fourth step involves computing the weights of the shortest paths between
each pair of vertices. This can be done in cubic time[5].

Since each step is polynomial, the complete algorithm is polynomial. ��

4 Agent-Based Negotiation of Query Plans

We address the architectural separation among the logic-related aspect of query
approximation and containment in a manner consistent with cost-based decision
making. The architecture encapsulates the logic and implementation of caching
and the approximation method in the cache agent. The query planning compo-
nents of the mediator are strictly responsible for choosing the caching plan. In
the spirit of agent-based systems, we specify a distributed algorithm where the
two agents negotiate a query plan.
In InfoSleuth application queries are executed as follows. Each resource agent

(component database) advertises its existence to a mediator, specifying the ca-
pabilities of the agent and the ontological fragments for which it can provide
information. User queries, expressed in terms of an ontology, are forwarded to
the query agent. The query agent contacts the mediator and exploits the on-
tology and semantic analysis of query language expressions to obtain a list of
the available resource that are capable of answering each subquery. The query
agent assembles an evaluation plan, mapping subqueries to individual resources
and generating a plan to fuse the results into the complete response. Typically
resource agents are distributed over a wide-area network, making data transmis-
sion the dominant component of response time. If queries can be answered from
cached data, remote access can be avoided and there is a concomitant reduction
in response time.
The negotiation exploits the common breakdown of query optimization

among logical planning and physical planning. Thus, negotiation is a two step
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process. (See Figure 4.) The query agent submits a logical plan to the cache
agent. The cache may be able to serve the data for the query but may not be
able to answer the precise query. The cache agent responds to the query agent
whether it can satisfy the query, in whole or in part. In the case that the cache
can not provide a precise answer, the cache agent also informs the query agent
that it will have to execute some additional predicates when fusing the data. The
cache agent may further provide the query agent with cost metrics with which
it may determine the quality of an individual plan and search for alternatives.

Fig. 1. Negotiation between Cache Agent and Query Agent

Algorithm 2 (Negotiation Algorithm)
The query agent asks, can you service query, Qi ? Let C represent the content

of the cache which is the union of all cached query predicates, C =
⋃

j QUB
j .

1. Compute QUB
i . It is expected that most of the time Qi = QUB

i .
2. Determine if and how Qi can be satisfied by the cache.
3. Return, 4 cases (see Table 1)

In the simplest case, a request may be satisfiable, completely, from cached
data. Thus, given a logical plan, the information returned to the query agent will
be limited to the physical cost of satisfying the logical plan from cache or from
a remote access. This comprises cases a) and b). In a more complex situation,
the cache agent must also make a determination if only some of the data for the
logical request can be answered locally. In that case the logical plan must be
decomposed into a pair of new logical plans, one comprising a cache access, the
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Table 1. Tests for query containment in the cache

Formal Property Comment Reply
a) Qi ∩ C = φ No data in the cache that Request will be fulfilled by remote

will fulfill the query request.
b) ∃QUB

j ∈ C, There are data in the Request will be fulfilled, precisely,
Qi = QUB

i = QUB
j cache that precisely by the cache.

fulfills the query.
c) ∃QUB

j ∈ C, The query is subsumed Request can be fulfilled by the cache,
QUB

j ⊇ QUB
i ⊇ Qi by a cached query but query agent must execute query

predicates, Q’, where Q′ ⊇ Qi − QUB
j

d) ∃QUB
j ∈ C, Only some of the data Request can be partially fulfilled by

QUB
i ∩ QUB

j �=φ needed to fulfill the the cache, by QUB
j , the remainder

∧¬(QUB
j ⊇ QUB

i ) query are cached. fulfilled by querying the resource
agent for, Q” = QUB

i − QUB
j , the query

agent must execute query predicates,
Q’, where
Q′ ⊇ Qi − (Qi ∩ (QUB

i ∪ QUB
j ))

other, a remote access. Since query decomposition is already implemented by the
query agent, rather than duplicate this function in the cache agent, the cache
agent will suggest to the query agent that it decompose the query accordingly. In
essence, unless the query is satisfied by the cache precisely, the query agent and
the cache agent negotiate how a query should be executed. The final decision
is made by the query agent on a cost-basis. If costs dictate decomposition, the
results are fused in precisely the fashion used to fuse any other pair of data
sources. These elements comprise cases c) and d).
One obvious case where cost metrics appear likely to by-pass the cache is the

execution of a relational select predicate on a table, when its evaluation using
the cache comprises a long sequential scan, but its evaluation by the resource
agent comprises a clustered index which promptly finds the result.

5 Empirical Results

We identified two query constructs that must be removed from the approximated
query. One of these is the disequation predicate (�=) and the other is the repeated
occurrence of a database predicate. Any comparison involving disequation is
simply dropped from the query and applied later, after the data have been
fetched from the component databases. Our claim is that this will have little
affect on performance, because, disequations occur infrequently in practice and
the selectivity of a disequation is typically much greater than that of an equality,
or even an inequality, so dropping a disequation from a query is unlikely to cause
a substantial increase in data transfer.
In the case of repeated database predicates, our solution is to remove the

repeated predicate from the approximated query. A separate query is issued to
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fetch all the relevant tuples of the repeated predicate and, once the data have
been fetched from the resources, a join is performed to compute the result of the
original query. The justification for this approach is that

– repeated predicates occur infrequently in practice
– by decomposing the query and caching the separate pieces, we improve the
chances of obtaining future cache hits

– in the case of self-join, the operand is usually smaller than the result
– our approach does not preclude the strategy of pushing self-joins down to
the resource agents. A cost model in the optimizer may still choose this as
the best approach.

In general, a SQL query may contain other constructs that are outside our
tractable subset, in particular GROUP BY. The GROUP BY construct itself
does not affect the tractability of query containment, but, if the query contains
other constructs within the scope of the GROUP BY it will also be necessary to
drop the GROUP BY. However, GROUP BY is usually the last operator evalu-
ated in a query, being applied to organize a summary of completed query results.
In a heterogeneous database the common use of GROUP BY is to organize the
results of the subqueries directed to individual data sources.
The performance of the cache is analyzed with respect to two major ap-

plications of InfoSleuth[9]. The EDEN application is a collaboration involving
several government organizations in the United States and Europe, enabling the
sharing and exchange of environmental information. TechPilot is a competitive
intelligence application. TechPilot enables acquiring, integrating and monitoring
technical competitive intelligence information from open sources.
To measure the overhead for the approximation scheme we need to consider,

per the system’s workload, the frequency in which users’ queries fall outside the
tractable subset, and the amount of additional data transferred as a result of
weakening the queries. Neither EDEN or the competitive intelligence application
contained queries outside the tractable subset. Emboldened by this result we
considered the TPC-D benchmark[6]. TPC-D is a standard database benchmark
comprising 17 queries intended to reflect the most complicated decision support
and data mining applications for data warehouses. Only 3 of the 17 TPC-D
queries were outside the subset.

Table 2. Result Size, in rows, for TPC-D Queries and Their Approximations

Query Num Result Size Size of Approx.
7F 36 916 or 1444
8F 13 13
16F 322 1292
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Table 2 illustrates the increase in result size induced by weakening the 3
queries. For query 8F the approximation does not increase the size of the result
at all. Query 16F involves both disequation and GROUP BY, which accounts for
the increase in result size. Of the three potential workloads only TPC-D query 7F
yields a downside to the approach. Query 7F involves a repeated database predi-
cate, each with low selectivity. Generalizing the repeated predicate increases the
selectivity and consequently the result size. Further note that in query 7F there
are two possible weakenings. The negotiation algorithm would report both pos-
sible decompositions. A cost-based optimizer could dismiss the cache mechanism
entirely.
Per the performance of the cache itself. For EDEN cache hits occur in half

the queries, and in the majority of those cases there is a saving of more than
50% in data transfer. For TechPilot, there were cache hits in more than half the
queries, and in those cases we found a saving of more than 90% in data transfer.

6 Conclusions and Future Directions

An open question is whether we have defined the most general or even most useful
tractable SQL subset. In other words, are there other tractable SQL subsets that
may yield better coverage of real-world queries and/or tighter upper-bounds
when needed? We reported favorable results, just one questionable query in
three different workloads. Nevertheless, a precise way to measure these qualities
has not been enunciated.
A next step is the integration of the approach to the mediator itself. A

central problem solved by mediators is finding a maximally-contained rewriting
of the query in terms of a fixed set of views[6]. In the terminology of knowledge
compilation this corresonds to finding the smallest lower-bound cover [13].
Of general interest to the database community is how to enforce correct

concurrency control based on logical predicates. It appears that our approach
is directly applicable to a lock-based replication scheme proposed by Quass and
Widom [15]. But general-purpose extensions are an open issue.
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Abstract. Symbolic forward analysis is a semi-algorithm that in many
cases solves the model checking problem for infinite state systems
in practice. This semi-algorithm is implemented in many practical
model checking tools like UPPAAL [BLL+96], KRONOS [DT98] and
HYTECH [HHWT97]. In most practical experiments, termination of
symbolic forward analysis is achieved by employing abstractions resulting
in an abstract symbolic forward analysis. This paper presents a unified
algebraic framework for deriving and reasoning about abstract symbolic
forward analysis procedures for a large class of infinite state systems with
variables ranging over a numeric domain. The framework is obtained by
lifting notions from classical algebraic theory of automata to constraints
representing sets of states. Our framework provides sufficient conditions
under which the derived abstract symbolic forward analysis procedure
is always terminating or accurate or both. The class of infinite state
systems that we consider here are (possibly non-linear) hybrid systems
and (possibly non-linear) integer-valued systems. The central notions
involved are those of constraint transformer monoids and coverings be-
tween constraint transformer monoids. We show concrete applications of
our framework in deriving abstract symbolic forward analysis algorithms
for timed automata and the two process bakery algorithm that are both
terminating and accurate.

1 Introduction

Over the last few years, there has been an increasing research effort directed
towards automatic verification of infinite state systems. Research on decidabil-
ity issues (e.g., [ACJT96,ACHH93,Boi98,LPY99,HKPV95,CJ98]) has resulted in
highly non-trivial algorithms for the verification of different subclasses of infi-
nite state systems. These results do not, of course, imply termination guarantees
for semi-algorithms on which practical tools are based (e.g., the decidability of
the model checking problem for timed automata does not entail a termination
guarantee for symbolic forward analysis of timed automata; symbolic forward
analysis for timed automata is possibly non-terminating).
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Practical tools generally use abstractions to guarantee (or speed-up) the ter-
mination of these semi-algorithms. This has led to an enormous amount of re-
search on obtaining abstractions of infinite state systems. One line of research
has been directed towards obtaining automatically or semi-automatically finite
state abstractions of infinite state systems. Most of such research has been based
on predicate abstraction [GS97,Sai00,DDP99,KN00,SS99] — a technique for au-
tomatically obtaining an abstract finite state graph from an infinite state system
given a partitioning of the state space (data domain) of the system by a finite
set of predicates. The finite abstract state graph can then be analyzed using a
traditional finite state model checker. In [KN00], a method for automatically
obtaining the predicates has also been presented. But there are two arguments
against using such finite state abstractions. First, the finite state abstractions
obtained tend to lose accuracy, i.e., tend to become too rough, resulting in frus-
trating don’t know answers. Second, finiteness of the transition system is not a
necessary condition for termination if an infinite state model checker is used. For
example arbitrary hybrid systems can be abstracted to o-minimal [LPY99] ones
(which are still infinite state) for which symbolic forward analysis is guaranteed
to terminate [MP00b]. Such abstractions may result in lesser loss in accuracy
than their finite state counterparts.

Another line of research has been focussed on developing abstractions such
as widening that can be applied on the fly during the (infinite state) symbolic
model checking. The abstract semi-algorithms resulting from such abstractions
may be always terminating but approximate (i.e., they always terminate but
can produce don’t know answers; for example the semi-algorithm with widening
used in [HPR97]), or both terminating and accurate (e.g., the algorithm with
the extrapolation operator in [DT98] and used in KRONOS or the algorithm
with meta-transitions described in [CJ98]) or possibly non-terminating and ac-
curate (such abstract semi-algorithms are possibly non-terminating; but when
they terminate they produce a yes/no answer; examples are the semi-algorithm
with the cycle-step abstraction in [BBR97] and the semi-algorithm with accurate
widening in [MP00a]). Many of these abstractions are inspired by the abstract
interpretation framework of Cousot and Cousot [CC77]. A disadvantage of these
types of abstractions is that there does not seem to exist any automated method
for deriving them.

Symbolic forward analysis is a semi-algorithm that in many cases solves
the model checking problem for infinite state systems in practice. This semi-
algorithm is implemented in many practical model checking tools like UP-
PAAL [BLL+96], KRONOS [DT98] and HYTECH [HHWT97]. This paper
presents a uniform algebraic framework for deriving abstract symbolic forward
analysis procedures for a large class of infinite state systems with variables rang-
ing over a numeric domain. We obtain the framework by lifting notions from
classical algebraic theory of automata to constraints representing sets of states.
Our framework provides sufficient conditions under which the derived abstract
symbolic forward analysis procedure is always terminating or accurate or both
(note that the derived abstraction need not be finite). The class of infinite state
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systems that we consider here are (possibly non-linear) hybrid systems and (pos-
sibly non-linear) integer-valued systems. The central notions involved are those
of constraint transformer monoids and coverings between constraint transformer
monoids. We show concrete applications of our framework in deriving abstract
symbolic forward analysis algorithms for timed automata and the two process
bakery algorithm that are both terminating and accurate.

Our framework can be used to answer questions like given a finite state
predicate abstraction obtained automatically by one of the methods described
in [GS97,SS99,DDP99,Sai00,KN00], is it complete (i.e., does not lose any infor-
mation with respect to (co)reachability)? Or given an abstraction as in [BBR97,
MP00a,CJ98,DT98], is it accurate (or complete)? i.e., if the model checker gives
a don’t know answer is it really a don’t know or it is a “no”? Or is the ab-
stract analysis terminating? Giacobazzi, Ranzato and Scozzari [GRS00] argue
that completeness (accuracy) of abstractions (abstract interpretations) is a do-
main property. They provide sufficient conditions on the domains under which
the corresponding abstract interpretations are accurate (from now on we will use
the term accurate instead of complete). They also provide methods to make ab-
stract interpretations complete by extending or restricting the abstract domain.
However their methods are directed towards program analysis and are not easily
extendible to infinite state model checking. Our work presents a constraint-based
algebraic framework in the context of constraint based infinite state model check-
ing to answer questions like: given an abstract domain (and an abstraction), is
the corresponding abstraction accurate?

Our results suggest a potential optimization of the (abstract) symbolic for-
ward analysis procedures. Namely, the termination guarantees continue to hold
even when the fixpoint test is made more efficient by weakening it to local en-
tailment (explained below; e.g., for linear arithmetic constraints over reals, the
efficiency increases from co-NP hard to polynomial).

2 Infinite State Systems

We use guarded-command programs to specify (possibly infinite-state) transition
systems. A guarded-command program consists of a set E of guarded commands e
(called edges) of the form

e ≡ L = � ∧ γe(x) [] L′ = �′ ∧ αe(x,x′)

where L is a variable ranging over a finite set of program locations, x =
〈x1, . . . , xn〉 is the tuple of program variables (ranging over a possible infinite
numeric data domain); γe(x) is a formula (the guard) whose free variables are
among x; αe(x,x′) is a formula (the action) whose free variables are among
x,x′; � and �′ are respectively the source and target locations of e. Intuitively,
the primed version of a variable stands for its value in the successor state af-
ter taking a transition through a guarded command. We translate a guarded
command e to the logical formula ψe simply by replacing the guard [] with con-
junction.

ψe ≡ L = � ∧ γe(x) ∧ L′ = �′ ∧ αe(x,x′)
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A state of the system is a pair 〈�,v〉 consisting of the values for the location
variable and for each program variable. The state 〈�,v〉 can make a transition to
the state 〈�′,v′〉 through the edge e provided that the values of � for L, �′ for L′, v
for x and v′ for x′ define a solution for ψe. We assume that the program variables
range over the set of natural numbers N or the set of reals R, and the guard and
the action formulas are Arith(N ) (the theory of natural numbers with addition,
multiplication and order; it is interpreted over the structure 〈N , <,+, ·, 0, 1〉)
or OF (R) (the theory of the ordered field of reals; it is interpreted over the
structure 〈R, <,+, ·, 0, 1〉) formulas. Below, we will refer to OF (R) or Arith(N )
formulas as constraints. For a formula ϕ with free variables x, we denote by
ϕ(x′), the formula obtained by replacing the free variables x of ϕ by x′. We will
use constraints ϕ to represent certain sets of states of the system. We identify
solutions of the constraints with the states of the system. We write 〈�,v〉 |= ϕ
to denote that the state that the state 〈�,v〉 is a solution to the constraint ϕ.
For a constraint ϕ, we define the denotation of ϕ, denoted by [ϕ], as

[ϕ] = {〈�,v〉 | 〈�,v〉 |= ϕ}.

For any two constraints ϕ and ϕ′, we write ϕ |= ϕ′ (ϕ entails ϕ′) iff [ϕ] ⊆ [ϕ′].
We also assume that, for the class of constraint systems that we are dealing with,
it is decidable for any two constraints ϕ and ϕ′, whether ϕ |= ϕ′. We single out a
constraint ϕ0 as the initial constraint. In the sequel, we assume only conjunctive
constraints; i.e., constraints that are conjunctions of atomic constraints of the
form t relop c where t is a term, c ∈ N and relop ∈ {>,<,≥,≤}. Examples of
systems as described above include the bakery algorithm, the bounded buffer
producer-consumer problem etc. as well as the so-called hybrid systems.

3 Constraint Transformer Monoids

Our definition of constraint transformer monoids is inspired by the definition
of (syntactic) transformation monoids in [Eil76]. Let Φ be a (possibly infinite)
set of satisfiable constraints (i.e., each constraint in Φ is satisfiable). We denote
the set of all partial functions Φ −→ Φ by SF(Φ). Let 1Φ denote the identity
function. The set SF(Φ) forms a monoid with functional composition as the mul-
tiplication and 1Φ as the identity element. A constraint transformer semigroup
is a pair 〈Φ, S〉 where S is a subsemigroup of SF(Φ). The constraint transformer
semigroup 〈Φ, S〉 is a constraint transformer monoid if the identity function 1Φ

is in S. The elements of Φ are called symbolic states. The elements of S are
called constraint transformers. A constraint transformer monoid X = 〈Φ, S〉 is
a constraint transformer submonoid of a constraint transformer Y = 〈Φ′, S′〉 if
Φ ⊆ Φ′ and S is a submonoid of S′.

By the denotation of set of constraints Φ, we represent the denotation of their
disjunction; i.e., [Φ] =

⋃
ϕ∈Φ[ϕ].

We next define a syntactic order �ϕ on a constraint transformer monoid
X = 〈Φ, S〉 with respect to a constraint ϕ ∈ Φ as follows.
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Syntactic Order. For w,w′ ∈ S, w �ϕ w′ iff w(ϕ) |= w′(ϕ). Given a set of
constraints Ψ ⊆ Φ, we say that an infinite sequence w0, w1, . . ., where wi ∈ S,
is syntactically increasing with respect to Ψ if for all i ≥ 1, there exists ϕ ∈ Ψ
such that wi ��ϕ wj for all j < i.

Finitary Constraint Transformer Monoids. We say that a constraint trans-
former monoid X is finitary with respect to a set Ψ ⊆ Φ of constraints if there
does not exist any syntactically increasing infinite sequence with respect to Ψ .
Note that X is finitary does not mean that Φ is finite.

Reachability. For a constraint transformer monoid X = 〈Φ, S〉, a reachability
question is of the form: given ϕ1, ϕ2 ∈ Φ, does there exist a w ∈ S such that
ϕ2 = w(ϕ1)?

Constraint transformer monoids generated by infinite state systems: We now
show how an infinite state system generates a constraint transformer monoid. We
write e1, . . . , em for the word w obtained by concatenating the ‘letters’ e1, . . . , em

(where each ei is an edge of a guarded command program); thus, w is a word over
the set of edges (or guarded commands) E , i.e., w ∈ E∗ (assuming that the target
location of ei is the source location of ei+1). We identify two constraints ϕ and
ϕ′ iff they have the same denotations; i.e., [ϕ] = [ϕ′]. We define the constraint
transformer with respect to an edge e as the successor constraint function [[e]]
that assigns to a constraint ϕ the constraint

[[e]](ϕ) ≡ ((∃x(ϕ ∧ ψe))(x)).

The successor constraint function [[w]] with respect to a string w = e1 . . . em

of length m ≥ 0 is the functional composition of the functions with respect
to the edges e1, . . . , em, i.e., [[w]] = [[e1]] ◦ . . . ◦ [[em]]. Thus [[ε]](ϕ) = ϕ and
[[w.e]](ϕ) = [[e]]([[w]](ϕ)). The solutions of [[w]](ϕ) are exactly the successors
of the solutions of ϕ obtained by taking the sequence of transitions through
the guarded commands e1, . . . , em (in that order). The constraint transformer
monoid generated by an infinite state system S is given by CT (S) = 〈Φ, S〉
where Φ = {ϕ | ∃w ∈ E∗[[w]](ϕ0) = ϕ} and S = {[[w]] | w ∈ E∗} with functional
composition as the multiplication in S and [[ε]] as the unit element.

4 Coverings of Constraint Transformer Monoids

Our definition of covering between constraint transformer monoids is inspired
by that of covering between (syntactic) transformer monoids in [Eil76]. Let X =
〈Φ, S〉 and Y = 〈Φ′, S′〉 be two constraint transformer monoids. Let f be a total
(binary) relation from Φ to Φ′. For w ∈ S and v ∈ S′, we consider the following
diagram.

Φ

f

��

w �� Φ

f

��
Φ′

v
�� Φ′
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If the above diagram commutes, i.e., for all ϕ ∈ Φ, v({ψ | f(ϕ,ψ)}) =
{ψ | f(w(ϕ), ψ)}, then we say that v covers w with respect to f where for a
set Φ̃, v(Φ̃) = {v(ϕ) | ϕ ∈ Φ̃}. If for each w ∈ S there exists a v ∈ S′ such that v
covers w we say that the relation f is a covering between X and Y . We say that
the constraint transformer monoid Y covers the constraint transformer monoid
X if a covering f exists between X and Y and we write X ≺ Y . We are now
going to define a quotient of X with respect to f ; we call such a quotient an
f -quotient of X.

f quotient. In order to define an f -quotient of X, we first define an equivalence
relation ∼f on Φ as follows. For ϕ,ϕ′ ∈ Φ,

ϕ ∼f ϕ′ ⇐⇒ {ψ | f(ϕ,ψ)} = {ψ′ | f(ϕ′, ψ′)}.

Next we define a representant function rep : Φ/ ∼f−→ Φ as rep([ϕ]) = ϕ,
where [ϕ] is the equivalence class of ϕ with respect to the equivalence relation
∼f . Given a covering relation f and a representant function rep as above, we
call the constraint transformer monoid X ′ = 〈rep(Φ/ ∼f ), Ŝ〉 an f -quotient of X
where Ŝ = {w̃ |w ∈ S} and for any constraint ψ ∈ rep(Φ/ ∼f ), w̃(ψ) = rep([ψ′])
iff w(ψ) = ψ′.

Canonicity and Saturation. We say that a constraint ϕ ∈ Φ is canonical with
respect to f if for all ϕ′ ∈ Φ with ϕ �=ϕ′, {ψ | f(ϕ,ψ)} �= {ψ′ | f(ϕ′, ψ′)}. We
say that the relation f saturates a constraint ϕ ∈ Φ if there exists a constraint
ψ ∈ Φ′ such that f(ϕ,ψ) and for all ϕ′ ∈ Φ′ with f(ϕ′, ψ), we have ϕ = ϕ′. The
notions of canonicity and saturation indicate the “local” distinguishing power of
f .

Definition 1 (Homeocovering). We say that f is a homeocovering from X
to Y with respect to constraints ϕ1 and ϕ2 if f is a covering from X to Y and
one of the following conditions hold.

– either f−1 is a covering from Y to a constraint transformer submonoid X ′ =
〈Φ′′, S′′〉 of X (i.e., Y ≺ X ′ and f−1 witnesses the covering) and ϕ1, ϕ2 ∈
Φ′′,

– or f−1 is a covering from Y to an f-quotient X ′ of X (i.e., Y ≺ X ′ and f−1

is a witness to this covering) and ϕ1 and ϕ2 are both canonical with respect
to f

Definition 2 (Finitary Covering). We say that a covering f is a finitary
covering from X to Y with respect to a set of constraints Ψ ⊆ Φ, if f is a
covering from X to Y and Y is finitary with respect to {ψ | f(ϕ,ψ), ϕ ∈ Ψ}.

Note that even if f is a finitary covering from X to Y = 〈Φ′, S′〉, it does not
mean that Φ′ is finite. We will use the notion of finitary coverings to provide
sufficient conditions for termination of abstract symbolic forward analysis in
Theorem 1.
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Proposition 1. Let S be an infinite state system. Let X = 〈Φ, S〉 be the con-
straint transformer monoid generated by S. Let Y = 〈Φ′, S′〉 be a constraint
transformer such that X ≺ Y with f being a covering between X and Y . Sup-
pose that a constraint ϕ2 is reachable from the initial constraint ϕ1 in S. Then
there exists v ∈ S′ such that

{ψ |f(ϕ2, ψ)} = v({ψ1 | f(ϕ1, ψ1)}).

If, in addition, f saturates ϕ1 and f is homeocovering from X to Y with respect
to ϕ1 and ϕ2, then the converse also holds.

Proof. See the Appendix. []

5 Constraint Trees and Symbolic Forward Analysis

Given a constraint transformer monoid X = 〈Φ, S〉 with a finite set of generators
S̃ (i.e., S̃ generates S), we define the constraint tree for X as follows. Let Sfree

be the free monoid generated by S̃. For w̃ ∈ Sfree, we say that w ∈ S is
the companion of w̃ iff w is obtained by replacing concatenation in w̃ with
multiplication in S. Thus, for example, w ∈ S is a companion of g1.g2 iff w =
g1 ◦ g2 where ◦ is the multiplication in S.
Definition 3 (Constraint Tree). The constraint tree for X = 〈Φ, S〉 with
respect to a constraint ϕ0 ∈ Φ and a finite set of generators S̃ of S is an infinite
tree with domain Sfree that labels the node w̃ by the constraint w(ϕ0) where w
is the companion of w̃.
That is, the root ε is labeled with ϕ0. For a node w̃ labeled ϕ, for each g ∈ S̃,
the successor node w̃.g is labeled by g(ϕ). We are now in a position to define
symbolic forward analysis of a finitely generated constraint transformer monoid
with respect to a constraint formally. A symbolic forward analysis is a traversal of
(a finite prefix of) a constraint tree in a particular order. The following definition
of a non-deterministic procedure abstracts away from that specific order.
Definition 4 (Symbolic Forward Analysis). A symbolic forward analysis of
a finitely generated constraint transformer monoid X with respect to a constraint
ϕ0 and a finite set of generators S̃ is a procedure that enumerates constraints ϕi

labeling the nodes w̃i of the constraint tree of X with respect to ϕ0 and S̃ in a
tree order such that the following holds.

– ϕi = wi(ϕ0) for 0 ≤ i < B where the bound B is either a natural number or
ω and wi is the companion of the word w̃i ∈ Sfree,

– if w̃i is a prefix of w̃j then i ≤ j,
– the disjunction

∨
0≤i<B ϕi is equivalent to the disjunction

∨
0≤i<ω ϕi.

The number i is a leaf of a symbolic forward analysis if the node w̃i is a leaf of the
tree formed by all the nodes w̃i where 0 ≤ i ≤ B. We say that a symbolic forward
analysis terminates if its bound B is finite. We define that a symbolic forward
analysis terminates with local entailment if for all its leaves i there exists a j < i
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such that the constraint ϕi entails the constraint ϕj (remember that each ϕi is a
conjunctive constraint). In contrast, a symbolic forward analysis terminates with
global entailment if for all its leaves i, the constraint ϕi entails the disjunction
of the constraints ϕj where j < i. For constraint domains that do not satisfy the
independence property1, checking for global entailment is usually more expensive
than checking for local entailment. Many model checkers use local entailment for
their fixpont test (e.g., UPPAAL [LPY95] uses identity; the model checker for
infinite state systems described in [DP99] uses local entailment).

Remark 1. A symbolic forward analysis for an infinite state system S with re-
spect to the initial constraint ϕ0 is a symbolic forward analysis of the constraint
transformer monoid generated by S with respect to ϕ0. If terminating, the con-
straint

∨
0≤i<B ϕi represents the set of all reachable states in S. For an infinite

state system S, a constraint ϕ2 is reachable from the constraint ϕ1 if there exists
a node w̃ labeled by ϕ2 in the constraint tree with respect to ϕ1 of the constraint
transformer monoid generated by S.

6 Abstract Constraint Trees and Abstract Symbolic
Forward Analysis

Let X = 〈Φ, S〉 be a constraint transformer monoid with a finite set of generators
S̃. Let Sfree be the free monoid generated by S̃. Let Y = 〈Φ′, S′〉 be a constraint
transformer monoid covering X and let f be a covering relation witnessing the
covering. We define an abstract constraint tree of S with respect to Y , f , S̃ and
a constraint ϕ0 as follows.

Definition 5 (Abstract Constraint Tree). An abstract constraint tree for X
with respect to the constraint transformer monoid Y , a constraint ϕ0, a finite set
of generators S̃ and a covering relation f is an infinite tree with domain Sfree

that labels the node w̃ ∈ Sfree by the set of constraints Ψ = {v(ψ0) | f(ϕ0, ψ0)}
where v ∈ S′ covers w (the companion of w̃).

In the above definition we assume that there is a finite representation for each
Ψ labeling w̃ ∈ Sfree in the abstract constraint tree. Note that the constraint
tree for X with respect to ϕ0 is an abstract constraint tree for X with respect to
the constraint transformer monoid X and the identity function as the covering.
Also note that the constraint transformer monoid Y may be arbitrary; i.e., it
need not be finitely generated. If for each w ∈ S, we fix a v ∈ S′ covering w, we
call the resulting abstract constraint tree a fixed-cover abstract constraint tree.
Below, whenever we talk about abstract constraint tree, we assume a fixed cover
C ⊆ S′, i.e., for each w ∈ S there exists a unique v ∈ C such that v covers w.
We denote by TC be the abstract constraint tree of X with respect to Y , f and
C, i.e., a node w̃ is labeled by {v(ψ0) | f(ϕ0, ψ0) where v is the unique element
of C covering w (the companion of w̃) and {ψ0 | f(ϕ0, ψ0)} labels the root. We
1 A constraint domain is said to satisfy the independence property if for any constraint
ψ and a set of constraints Φ, ψ |= ∨

ϕ∈Φ
ϕ iff there exists ϕ ∈ Φ such that ψ |= ϕ
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are now in a position to define formally abstract symbolic forward analysis. An
abstract symbolic forward analysis of X with respect to a constraint transformer
monoid Y is a traversal of (a finite prefix of) the (fixed cover) abstract constraint
tree of X with respect to Y in a particular order. The following definition of a
non-deterministic procedure abstracts away from that specific order.

Definition 6 (Abstract Symbolic Forward Analysis). An abstract sym-
bolic forward analysis of a constraint transformer monoid X with respect to a
constraint ϕ0 and a fixed cover C is a procedure that enumerates the sets of con-
straints Ψi labeling the nodes w̃i of the abstract constraint tree TC with respect to
ϕ0 (and C) in a tree order such that the following holds.

– Ψi = {vi(ψ0) | f(ϕ0, ψ0)} where vi ∈ C covers wi ∈ S (the companion of w̃i)
and the bound B is either a natural number or ω,

– if w̃i is a prefix of w̃j then i ≤ j,
– the disjunction

∨
0≤i<B

∨
Ψi is equivalent to the disjunction

∨
0≤i<ω

∨
Ψi

where
∨
Ψi ≡ ∨

ϕ∈Ψi
ϕ.

Similar to symbolic forward analysis, we say that an abstract symbolic for-
ward analysis terminates if the bound B is finite; the concept of a leaf is defined
similarly. We say that an abstract symbolic forward analysis terminates with
local entailment if for all its leaves i, for each constraint ϕ ∈ Ψi, there exists a
j < i, and a constraint ϕ′ ∈ Ψj such that ϕ |= ϕ′. The notion of termination
with global entailment is defined in the obvious way.

We now present sufficient conditions under which an abstract symbolic for-
ward analysis is possibly non-terminating and accurate, terminating and possi-
bly inaccurate or both terminating and accurate with respect to a reachability
question.

Theorem 1. Let X = 〈Φ, S〉 be a constraint transformer monoid having a finite
set of generators S̃. Let ϕ1, ϕ2 ∈ Φ. Let Y = 〈Φ′, S′〉 be a constraint transformer
monoid covering X with f witnessing the covering and let C ⊆ S′ be a fixed
cover. Then the following hold.

1. Suppose that for all i, Ψi �={ψ | f(ϕ2, ψ)} where Ψi is the set of constraints
labeling the node w̃i of the abstract constraint tree of X with respect to ϕ1,
Y , f , and C. Then the constraint ϕ2 is not reachable from ϕ1 in X.
a) If, in addition, f is a finitary covering with respect to {ϕ1}, then each

abstract symbolic forward analysis of X with respect to ϕ1, Y , f and C
terminates with local entailment. In this case, abstract symbolic forward
analysis always terminates with local entailment but may produce a ‘don’t
know’ answer the reachability question.

2. If f saturates ϕ1 and f is a homeocovering from X to Y with respect to
constraints ϕ1 and ϕ2 then ϕ2 is reachable from ϕ1 in X iff there exists
an i such that Ψi = {ψ | f(ϕ2, ψ)} where Ψi labels the node w̃i in the ab-
stract constraint tree of X with respect to Y , f , ϕ1 and C. In this case,
abstract symbolic forward analysis is possibly non-terminating; but when it
terminates, it produces a yes/no answer for the reachability question.
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a) In particular, if f is a function then ϕ2 is reachable from ϕ1 in X iff ψ
is not reachable from ψ0 in the abstract symbolic forward analysis of X
with respect to Y , f , ϕ1 and C where f(ϕ1, ψ0) and f(ϕ2, ψ).

b) If, in addition, f is a finitary covering with respect to {ϕ1} then each
abstract symbolic forward analysis of X with respect to ϕ1, Y , f and C
terminates with local entailment. In this case, abstract symbolic forward
analysis always terminates with local entailment and is accurate.

Proof. See the Appendix. []

7 Applications

In this section, we show concrete applications of the framework developed above
to timed automata and the two-process bakery algorithm.

7.1 Timed Automata

A timed automaton U can, for the purpose of reachability analysis, be defined
as a set E of guarded commands (called edges) of the form

e ≡ L = � ∧ γe(x) [] L′ = �′ ∧ αe(x,x′).

Here L is a variable ranging over the finite set of locations, and x = 〈x1, . . . , xn〉
are the variables standing for the clocks and ranging over nonnegative real num-
bers. As usual, the primed version of a variable stands for its value after the
transition.

The guard formula γe(x) over the variables x is built up from conjuncts of
the form xi ∼ k where xi is a clock variable, ∼ is a comparison operator (i.e.,
∼∈ {=, <,≤, >,≥}) and k is a natural number.

The action formula αe(x,x′) of e is defined by a subset Resete of {1, . . . , n}
(denoting the clocks that are reset); it is of the form

αe(x,x′) ≡ ∃z ≥ 0
∧

i∈Resete

x′
i = z ∧

∧
i �∈Resete

x′
i = xi + z.

The existentially quantified variable z in the action formula denotes delay of
time. We write ψe for the logical formula corresponding to e (with the free
variables x and x′; we replace the guard symbol [] with conjunction).

ψe(x,x′) ≡ L = � ∧ γe(x) ∧ L′ = �′ ∧ αe(x,x′)

The states of U (called positions) are tuples of the form 〈�,v〉 consisting of
values for the location and for each clock. The position 〈�,v〉 can make an edge
transition using e in combination with a time transition to the position 〈�′,v′〉
if the values � for L, �′ for L′ etc. define a solution for ψe. The position 〈�,v〉 can
make a time transition to any position 〈�,v + δ〉 where δ ≥ 0 is a real number.
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(An edge transition by itself is defined if we replace the variable z in the formula
for α by the value 0.).

Symbolic forward analysis of timed automata is possibly non-
terminating [MP99]. In order to define an abstract symbolic forward analysis for
timed automata, we need the following operation, called ‘trim’, on constraints.
At a high level, the trim operation can be viewed as a constraint manipulation
operation. The basic intuition is as follows: once the value of a clock goes above
the maximal constant M occurring in the constraints of a timed automaton,
it does not matter what the value is. All such values are similar. Hence, if a
constraint has a solution in which the value of a variable is above the maximal
constant M , then the constraint can be manipulated to incorporate all “similar
tuples’. In the definition below, we assume that constraints are in a normalized
form. It can be shown that for timed automata the reachable constraints can
be represented in a normalized form and there exists an algorithm for doing it
in polynomial time.
Definition 7 (Trim). We define an operator trim, which given a satisfiable
constraint ϕ, produces a constraint ϕ′ = trim(ϕ), by the method given below. The
constraint trim(ϕ) is obtained from the normalized form of ϕ by the following
operations:

– Remove all constraints of the form xj − xi > a or xj − xi ≥ a, for each pair of
variables xi, xj, i �=j, such that ϕ∧xi > M is satisfiable and ∃−xj (ϕ) is equivalent
to ∃−xj (ϕ∧xi > M) and (ϕ∧xj > M) is not equivalent to ϕ, where a is an integer
and the existential quantifier is over all variables but xj .

– Remove all constraints of the form xi < c or xi ≤ c where c is an integer and
c > M .

– For each i, such that (ϕ ∧ xi > M) is equivalent to ϕ, replace all the constraints
of the form xi − xj ∼ a or xi ∼ c by the constraint xi > M , where a and c are
integers and c > M and ∼∈ {>,≥}.
Let T be a timed automaton and letX = 〈Φ, S〉 be the constraint transformer

monoid generated by T . We define the constraint transformer monoid Y obtained
by trimming as follows.

Definition 8 (Constraint Transformer Monoid obtained by trimming).
Given a timed automaton T , the constraint transformer monoid Y = 〈Φ′, S′〉,
where Φ′ = {trim(ϕ) |ϕ ∈ Φ} and S′ = {w̃ |w ∈ S} and w̃(trim(ϕ)) = trim(ϕ′)
if w(ϕ) = ϕ′.

It can be easily verified that each w̃ is a function from Φ′ to Φ′ and that S′ is a
monoid with the identity function as the unit element.
Proposition 2. For a timed automaton T with the generated constraint trans-
former monoid X = 〈Φ, S〉, the constraint transformer monoid Y obtained by
trimming covers X with the function f : ϕ �→ trim(ϕ) (note that the trim
operation is a function) witnessing the covering.

Intuitively, each w is covered with respect to f by w̃.

Proposition 3. The constraint transformer monoid Y obtained by trimming is
finite.
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Proof. See the Appendix. []

Proposition 4. Any f-quotient of X ′ of X covers the constraint transformer
monoid Y obtained by trimming with f−1 witnessing the covering.

We call a constraint ϕ bounded if ϕ ∧ ∧n
i=1 xi ≤ M = ϕ. It can be easily

verified that any bounded constraint ϕ ∈ Φ is canonical with respect to f . Also
for each bounded constraint ϕ ∈ Φ, f saturates ϕ.

Theorem 2. For any constraint ϕ, abstract symbolic forward analysis of a timed
automaton T with respect to the constraint transformer monoid Y obtained by
trimming, f and ϕ terminates. Moreover, if ϕ,ϕ′ is are bounded constraints,
then ϕ′ is reachable from ϕ in T iff f(ϕ′) is reachable in the abstract symbolic
forward analysis of T with respect Y , f and ϕ.

Proof. Follows from Propositions 1, 2, 3, 4 and Theorem 1. []
Note that the constraint transformer monoid Y above is never constructed

explicitly. Rather, it is constructed on-the-fly.

7.2 The Two-Process Bakery Algorithm

The bakery algorithm implements a mutual exclusion protocol. The guarded
commands for the two-process bakery algorithm are given in figure 1. We say that
the two process bakery algorithm is safe if no state of the form L = 〈use, use〉∧ψ
is reachable from the initial state. Let X = 〈Φ, S〉 be the constraint transformer
monoid generated by the two-process bakery algorithm. We define the covering
monoid called the abstract target monoid as follows.

Definition 9 (Abstract Target Monoid). Given the two process bakery al-
gorithm, the abstract target monoid Y is defined as Y = 〈Φ′, S′〉 where Φ′ =
{ϕ1, . . . , ϕ10} and S′ = {w̃ | [[w]] ∈ S} where the constraints ϕ1, . . . , ϕ10 are
defined in Figure 2.

The constraints in Figure 2 are obtained by a simple inspection of the guards and
the actions of the composed transition system but a similar abstraction could
have been obtained automatically using one of the methods presented in [Sai00,
SS99,GS97,KN00,DDP99]. Here w̃(ϕi) = ϕj if there exists ψ,ψ′ ∈ Φ such that
[[w]](ψ) = ψ′ and ψ |= ϕi and ψ′ |= ϕj . It can be easily verified that each w̃ ∈ S′

is a function from Φ′ to Φ′. Define the relation f from Φ to Φ′ as f(ϕ,ϕ′) iff
ϕ |= ϕ′. Note that f is a function in this case.

Proposition 5. The abstract target monoid Y covers the constraint transformer
monoid X (generated by the two-process bakery algorithm) with the mapping f
witnessing the covering.

Proof. Follows from the definitions of S′ and f . []
Each w is covered with respect to f by w̃.

Proposition 6. Any f-quotient of X covers the abstract target monoid Y with
f−1 witnessing the covering.
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Control variables: p1, p2 varying on {think,wait, use}
Data variables: a1, a2 ≥ 0.
Initial condition: p1 = think ∧ p2 = think ∧ a1 = a2 = 0
Transitions for i, j : 1, 2, i �=j:
τti : : pi = think [] p′

i = wait ∧ a′
i = aj + 1

τwi : : pi = wait ∧ ai < aj [] p′
i = use

τw′
i
: : pi = wait ∧ aj = 0 [] p′

i = use

τui : : pi = use [] p′
i = wait ∧ a′

i = 0

Fig. 1. The bakery algorithm

Theorem 3. For any constraint ϕ, any abstract symbolic forward analysis of
the two-process bakery algorithm with respect to ϕ, the abstract target monoid
Y and f terminates. Moreover, for any two constraints ϕ and ϕ′ such that f
saturates both ϕ and ϕ′, ϕ′ is reachable from ϕ, iff ϕj, such that f(ϕ′, ϕj), is
reachable from ϕi, such that f(ϕ,ϕi), in an abstract symbolic forward analysis
wrt ϕ, Y and f . In particular, the two-process bakery algorithm is safe iff the
constraint L = 〈use, use〉 ∧ a1 ≥ 0 ∧ a2 ≥ 0 is reachable in the abstract symbolic
forward analysis with respect to L = 〈think, think〉 ∧ a1 = 0∧ a2 = 0, f and the
abstract target monoid Y .

Proof. Follows from Propositions 1, 5, 6 and Theorem 1. []

ϕ1 ≡ L = 〈think, think〉 ∧ a1 = 0 ∧ a2 = 0
ϕ2 ≡ L = 〈wait, think〉 ∧ a1 ≥ 0 ∧ a2 = 0
ϕ3 ≡ L = 〈think, use〉 ∧ a1 = 0 ∧ a2 ≥ 0
ϕ4 ≡ L = 〈use, think〉 ∧ a1 ≥ 0 ∧ a2 = 0
ϕ5 ≡ L = 〈wait, wait〉 ∧ a1 = a2 + 1 ∧ a2 ≥ 1
ϕ6 ≡ L = 〈wait, wait〉 ∧ a2 = a1 + 1 ∧ a1 ≥ 1
ϕ7 ≡ L = 〈use, wait〉 ∧ a2 = a1 + 1 ∧ a2 ≥ 1
ϕ8 ≡ L = 〈think,wait〉 ∧ a1 = 0 ∧ a2 ≥ 0
ϕ9 ≡ L = 〈wait, use〉 ∧ a1 ≥ 1 ∧ a1 = a2 + 1
ϕ10 ≡ L = 〈use, use〉 ∧ a1 ≥ 0 ∧ a2 ≥ 0

Fig. 2. Constraints in Φ′

8 Summary and Related Work

We have presented a new algebraic theory for abstract symbolic forward analysis.
Our framework is well suited to constraint based symbolic model checking of
infinite state systems. Our framework provides sufficient conditions under which
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the abstract symbolic forward analysis is always terminating or accurate or both.
Note that the covering constraint transformer monoid can be arbitrary (i.e., may
not be finitely generated). Also note that the sufficient termination conditions
in our framework do not require the covering constraint transformer to be finite.
Also the termination guarantees continue to hold even when the fixpoint test is
weakened to local entailment.

We have already commented about the finite state abstraction strate-
gies [GS97,SS99,Sai00,DDP99,KN00] in the Introduction. Our framework can
be used as a mathematical basis for predicate abstraction a’ la’ [GS97,Sai00].
Our framework can be incorporated in these methodologies to increase their
usefulness. In [CGJ+00], Clarke et. al. present a methodology for counter ex-
ample guided abstraction refinement. If the model checker produces a don’t
know answer (i.e., a spurious counter example), their method uses the spurious
counter example to refine the abstraction. However, their method is directed
to finite state systems. It is not clear how to extend their method for infinite
state systems. In [AAB00], Annichini et. al provides abstract semi-algorithms for
automated analysis of parametric counter and clock automata. However, they
do not provide any general framework for deriving abstract semi-algorithms or
analyzing their accuracy.

Colon and Uribe [CU98] present an algorithm that uses decision proce-
dures to generate finite state abstractions of possibly infinite state systems.
Our work is different from theirs; the denotation of the covering transformer
monoid Y = 〈Φ′, S′〉 (i.e., [Φ′]) may be infinite; moreover Φ′ may itself be infinite.
In [CC98], Cousot and Cousot describe improvements to abstract model checking
by combining forwards and backwards abstract fixpoint computations. It would
be interesting to see how their techniques can be adapted to a constraint-based
setting as ours. Cleaveland, Iyer and Yankelevich [CIY95] develop a framework in
which they can establish optimality results by showing that a particular system
abstraction is the most precise one possible among a class of safe abstractions.
It is not clear how to apply their techniques in a constraint-based setting. An
automata-theoretic framework for verification by finitary abstraction has been
developed in [KPV99]. There, the authors reduce the verification problem to
the infeasibility problem for Büchi discrete systems. They then provide a gen-
eral proof method called WELL to establish the infeasibility of a Büchi discrete
system. In contrast, our technique uses abstract symbolic forward analysis for
verification after a covering has been established.
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A Proofs

Proof of Proposition 1 The equality follows directly from the definition of
covering between constraint transformer monoids. Indeed, if ϕ2 is reachable from
ϕ1, then there exists a w ∈ E∗ such that [[w]](ϕ1) = ϕ2. Since f is a covering
between X and Y , there exists v ∈ S′ that covers [[w]]. Hence, the equality follows
from the definition.

Now assume the equality. If f saturates ϕ1 and one of the two conditions
for homeocovering holds, then we show that there exists w ∈ E∗ such that
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[[w]](ϕ1) = ϕ2. Suppose that the first condition holds. Since f saturates ϕ1,
there must exist a constraint ψ1 in Φ′ such that f(ϕ1, ψ1) and for all ϕ′ such
that f(ϕ′, ψ1), ϕ1 = ϕ′, i.e., ϕ1 = {ϕ′ |f(ϕ′, ψ1)}. Also, by the assumed equality,
f(ϕ2, v(ψ1). Since f−1 is a covering between Y and X ′, there exists a w ∈ E∗

such that [[w]] covers v. Therefore {[[w]](ϕ1)} = {ϕ′ | f(ϕ′, v(ψ1)}. Therefore
ϕ2 = [[w]](ϕ1). Hence, ϕ2 is reachable from ϕ1.

Suppose now that the second condition holds. Let X ′ = 〈Φ′′, S′′〉 be an
f -quotient of X with rep as the chosen representant function. Since f satu-
rates ϕ1, there exists ψ1 such that f(ϕ1, ψ1) and for all ϕ′ such that f(ϕ′, ψ1),
we have ϕ′ = ϕ1. Since ϕ1 and ϕ2 are canonical with respect to f , we have
rep([ϕ1]) = ϕ1 and rep([ϕ2]) = ϕ2. Hnce, we have, f(rep([ϕ1], ψ1). By the
assumed equality, there exists v ∈ S′ such that f(ϕ2, v(ψ1)). Since, f−1 is a cov-
ering between X and X ′, there exists [̃[w]] ∈ S′′, such that {[̃[w]](rep([ϕ1]))} =
{rep([ϕ]) | f(rep([ϕ]), v(psi1))}. Since, rep([ϕ2]) is in the right hand side of this
equality, therefore, [̃[w]](rep([ϕ1])) = rep([ϕ2]). By canonicity of ϕ1 and ϕ2 with
respect to f , ϕ2 = [[w]](ϕ1).

[]
Proof of Theorem 1 The first statement follows from Proposition 1. Sup-

pose that the inequality in the first statement of the theorem holds for all i.
Seeking a contradiction, suppose that ϕ2 is reachable from ϕ1. Then, there ex-
ists wi ∈ S such that ϕ2 = wi(ϕ1). Now consider w̃i ∈ Sfree such that wi

is the companion of w̃i. The node w̃i in the abstract constraint tree TC is la-
beled by Ψi = {vi(ψ0) | f(ϕ1, ψ0)} where vi ∈ C covers wi. By Proposition 1,
Ψi = {ψ | f(ϕ2, ψ)}. Hence a contradiction.

Suppose, f is a finitary covering with respect to ϕ1. Consider, first, the case
when Y is finite. Then, along every branch of the abstract con the abstract
constraint tree, there exists two nodes w̃i and w̃j , where j < i, labeled by
the same set of constraints Ψ . Hence, any abstract symbolic forward analysis
terminates with local entailment. Suppose now that Y is finitary with respect
to {ψ0 | f(ϕ1, ψ0)}. Then, along any branch of the constraint tree there exists a
node w̃i labeled by Ψi such that for each constraint ψ ∈ Ψi, there exists a j < i
and a constraint ψ′ ∈ Ψj such that ψ |= ψ′. The statement 2 in the theorem
follows from a direct application of Proposition 1.

[]
Proof of Proposition 3 We first show that the constraint trim(ϕ) cannot

contain constraints of the form xi − xj ∼ a or xi relop a for all i, j = 1, . . . , n,
where ∼∈ {>,≥}, relop ∈ {>,<,≥,≤}, and |a| > M . Seeking a contradiction,
suppose there exists a conjunct of the form xi − xj > a where |a| > M . First
suppose that a > 0. Then this conjunct is also present in ϕ. Suppose R,v |= ϕ.
Then vi − vj > a. Therefore vi > a. Therefore there exists no solution v of ϕ
such that vi ≤ M . So ϕ ∧ xi > M ≡ ϕ. So the constraint is removed by the
trim operation. Similarly for the case when a < 0. Now we write each constraint
xi − xj = c in the form xi − xj ≥ c ∧ xi − xj ≤ c. Similar for the case xi = c.
So given this representation, syntactically the number of distinct constraints
is bounded by (4M + 4)n(n−1) · (2M + 2)2n which is 2O(n2) · (2M + 2)O(n2).



An Algebraic Framework for Abstract Model Checking 169

This is because there are n(n − 1) pairs xi, xj . For each constraint of the form
xi−xj ∼ c, ∼ can be > or ≥, and c can take integral values from −M toM . Also
for each constraint xi relop c, where relop ∈ {>,≥} (i.e., constraint determining
the lower bound of a variable) c can be a non-negative integer in the interval
[0,M ]. Similarly the case for the constraints determining the upper bound of a
variable.

[]
Proof of Proposition 6 Consider any ϕi ∈ Φ′. Let ψ = rep({ϕ ∈ Φ | ϕ |=

ϕi}) where rep is a chosen representant function for a quotient. Consider w̃ ∈ S′.
We claim that [[w]] ∈ S covers w̃ with respect to f−1. Suppose that w̃(ϕi) =
ϕj . It can be verified that [[w]](ψ) |= ϕj . Therefore, in the f -quotient with the
representant function rep, [̃[w]](ψ) = rep([[[w]](ψ)]) = ψ′. Therefore, by definition,
ψ′ |= ϕj . Therefore f(ψ′, ϕj). []
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Abstract. Artificial Intelligence search algorithms search discrete systems. To ap-
ply such algorithms to continuous systems, such systems must first be discretized,
i.e. approximated as discrete systems. Action-based discretization requires that
both action parameters and action timing be discretized. We focus on the problem
of action timing discretization.
After describing an ε-admissible variant of Korf’s recursive best-first search (ε-
RBFS), we introduce iterative-refinement ε-admissible recursive best-first search
(IR ε-RBFS) which offers significantly better performance for initial time delays
between search states over several orders of magnitude. Lack of knowledge of a
good time discretization is compensated for by knowledge of a suitable solution
cost upper bound.

1 Introduction

Artificial Intelligence search algorithms search discrete systems, yet we live and reason
in a continuous world. Continuous systems must first be discretized, i.e. approximated
as discrete systems, to apply such algorithms. There are two common ways that contin-
uous search problems are discretized: state-based discretization and action-based dis-
cretization. State-based discretization becomes infeasible when the state space is highly
dimensional. Action-based discretization becomes infeasible when there are too many
degrees of freedom. Interestingly, biological high-degree-of-freedom systems are of-
ten governed by a much smaller collection of motor primitives [3]. We focus here on
action-based discretization.

Action-based discretization consists of two parts: (1) action parameter discretization
and (2) action timing discretization, i.e. how and when to act. For example, consider
robot soccer. Search can only sample action parameter continua such as kick force and
angle. Similarly, search can only sample infinite possible action timings such as when
to kick. The most popular form of discretization is uniform discretization. It is common
to sample possible actions and action timings at fixed intervals.

In this paper, we focus on action timing discretization. Experimental evidence of this
paper and previous studies [4] suggests that a fixed uniform discretization of time is not
� The author is grateful to Richard Korf for suggesting the sphere navigation problem, and to
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advisable for search if one has a desired solution cost upper bound. Rather, a new class
of algorithms that dynamically adjust action timing discretization can yield significant
performance improvements over static action timing discretization.

Iterative-refinement algorithms use a simple means of dynamically adjusting the time
interval between search states. This paper presents the results of an empirical study of the
performance of different search algorithms as one varies the initial time interval between
search states. We formalize our generalization of search, present our chosen class of
problems, describe the algorithms compared, and present the experimental results.

The key contributions of this work are experimental insight into the importance of
searching with dynamic time discretization, and two new iterative-refinement algorithms,
one of which exceeds the performance of ε-RBFS across more than four orders of
magnitude of the initial time delay between states.

2 Search Problem Generalization

Henceforth, we will assume that the action discretization, i.e. which action parameters
are sampled, is already given. From the perspective of the search algorithm, the action
discretization is static, i.e. cannot be varied by the algorithm. However, action timing
discretization is dynamic, i.e. the search algorithm can vary the action timing discretiza-
tion. For this reason, we will call such searches “SADAT searches” as they have Static
Action and Dynamic Action Timing discretization.

We formalize the SADAT search problem as the quadruple:

{S, s0, A, G}
where

– S is the state space,
– s0 ∈ S is the initial state,
– A = {a1, . . . , an} is a finite set of action functions ai : S ×�+ → S ×�, mapping

a state and a positive time duration to a successor state and a transition cost, and
– G ⊂ S is the set of goal states.

The important difference between this and classical search formulations is the gen-
eralization of actions (i.e. operators). Rather than mapping a state to a new state and the
associated cost of the action, we additionally take a time duration parameter specifying
how much time passes between the state and its successor.

A goal path can be specified as a sequence of action-duration pairs that evolve the
initial state to a goal state. The cost of a path is the sum of all transition costs. Given
this generalization, the state space is generally infinite, and the optimal path is generally
only approximable through a sampling of possible paths through the state space.

3 Sphere Navigation Problem

Since SADAT search algorithms will generally only be able to approximate optimal
solutions, it is helpful to test them on problems with known optimal solutions. Richard
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Korf proposed the problem of navigation between two points on the surface of a sphere
as a simple benchmark with a known optimal solution.1 Our version of the problem is
given here.

The shortest path between two points on a sphere is along the great-circle path.
Consider the circle formed by the intersection of a sphere and a plane through two
points on the surface of the sphere and the center of the sphere. The great-circle path
between the two points is the shorter part of this circle between the two points. The
great-circle distance is the length of this path.

The state space S is the set of all positions and headings on the surface of a unit
sphere along with all nonnegative time durations for travel. Essentially, we encode path
cost (i.e. time) in the state to facilitate definition of G. The initial state s0 is arbitrarily
chosen to have position (1,0,0) and velocity (0,1,0) in spherical coordinates, with no
time elapsed initially.

The action ai ∈ A, 0 ≤ i ≤ 7 takes a state and time duration, and returns a new state
and the same time duration (i.e. cost = time). The new state is the result of changing the
heading i ∗ π/4 radians and traveling with unit velocity at that heading for the given
time duration on the surface of the unit sphere. If the position reaches a goal state, the
system stops evolving (and incurring cost).

The set of goal states G includes all states that are both (1) within εd great-circle
distance from a given position pg , and (2) within εt time units of the optimal great-circle
duration to reach such positions. Put differently, the first requirement defines the size
and location of the destination, and the second requirement defines how directly the
destination must be reached. Position pg is chosen at random from all possible positions
on the unit sphere with all positions being equiprobable.

If d is the great-circle distance between (1,0,0) and pg , then the optimal time to reach
a goal position at unit velocity is d−εd. Then the solution cost upper bound is d−εd+εt.
For any position, the great-circle distance between that position and pg minus εd is the
optimal time to goal at unit velocity. This is used as the admissible heuristic function h
for all heuristic search.

4 Algorithms

In this section we describe the four algorithms used in our experiments. The first pair use
fixed time intervals between states. The second pair dynamically refine time intervals
between states. The first algorithm, ε-admissible iterative-deepening A∗, features an
improvement over the standard description. Following that we describe an ε-admissible
variant of recursive best-first search and two novel iterative-refinement algorithms.

4.1 ε-Admissible Iterative-Deepening A∗

ε-admissible iterative-deepening A∗ search, here called ε-IDA∗, is a version of IDA∗ [1]
where the f -cost limit is increased “by a fixed amount ε on each iteration, so that the
total number of iterations is proportional to 1/ε. This can reduce the search cost, at the
expense of returning solutions that can be worse than optimal by at most ε.” [5].

1 Personal communication, 23 May 2001.
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Actually, our implementation is an improvement on ε-IDA∗ as described above. If
∆f is the difference between (1) the minimum f -value of all nodes beyond the current
search contour, and (2) the current f -cost limit, then the f -cost limit is increased by
∆f + ε. (∆f is the increase that would occur in IDA∗.) This improvement is significant
in cases where f -cost limit changes between iterations can significantly exceed ε.

It is important to note that when we commit to an action timing discretization, the
ε-admissibility of search is relative to the optimal solution of this discretization rather
than the optimal solution of the original continuous-time SADAT search problem.

4.2 ε-Admissible Recursive Best-First Search

ε-admissible recursive best-first search, here called ε-RBFS, is an ε-admissible variant of
recursive best-first search that follows the description of [2, §7.3] without further search
after a solution is found. As with our implementation of ε-IDA∗, local search bounds
increase by at least ε (when not limited by B) to reduce redundant search.

In Korf’s style of pseudocode, ε-RBFS is as follows:

eRBFS (node: N, value: F(N), bound: B)
IF f(N)>B, RETURN f(N)
IF N is a goal, EXIT algorithm
IF N has no children, RETURN infinity
FOR each child Ni of N,
IF f(N)<F(N), F[i] := MAX(F(N),f(Ni))
ELSE F[i] := f(Ni)

sort Ni and F[i] in increasing order of F[i]
IF only one child, F[2] := infinity
WHILE (F[1] <= B and F[1] < infinity)
F[1] := eRBFS(N1, F[1], MIN(B, F[2] + epsilon))
insert Ni and F[1] in sorted order

RETURN F[1]

The difference between RBFS and ε-RBFS is in the computation of the bound for
the recursive call. In RBFS, this is computed as MIN(B, F[2]) whereas in ε-RBFS,
this is computed as MIN(B, F[2] + epsilon). F[1] and F[2] are the lowest and
second-lowest stored costs of the children, respectively. A correctness proof of ε-RBFS
follows the structure of Korf’s RBFS correctness proof [2] with minor modifications.

The algorithm’s initial call parameters are the root node r, f(r), and ∞. Actually,
both RBFS and ε-RBFS can be given a finite bound b if one wishes to restrict search for
solutions with a cost of no greater than b and uses an admissible heuristic function. If
no solution is found, the algorithm will return the f -value of the minimum open search
node beyond the search contour of b.

In the context of SADAT search problems, both ε-IDA∗ and ε-RBFS assume a fixed
time interval between a node and its child. The following two algorithms do not.



174 T.W. Neller

(a) Iterative-deepening DFS. (b) Iterative-refinement DFS.

Fig. 1. Iterative search methods.

4.3 Iterative-Refinement ε-RBFS

Iterative-refinement [4] is perhaps best described in comparison to iterative-deepening.
Iterative-deepening depth-first search (Figure 1(a)) provides both the linear memory
complexity benefit of depth-first search and the minimum-length solution-path benefit
of breadth-first search at the cost of node re-expansion. Such re-expansion costs are
generally dominated by the cost of the final iteration because of the exponential nature
of search time complexity.

Iterative-refinement depth-first search (Figure 1(b)) can be likened to an iterative-
deepening search to a fixed time-horizon. In classical search problems, time is not an
issue. Actions lead from states to other states. When we generalize such problems to
include time, we then have the choice of how much time passes between search states.
Assuming that the vertical time interval in Figure 1(b) is ∆t, we perform successive
searches with delays ∆t, ∆t/2, ∆t/3, . . . until a goal path is found.

Iterative-deepening addresses our lack of knowledge concerning the proper depth of
search. Similarly, iterative-refinement addresses our lack of knowledge concerning the
proper time discretization of search. Iterative-deepening performs successive searches
that grow exponentially in time complexity. The complexity of previous unsuccessful
iterations is generally dominated by that of the final successful iteration. The same is
true for iterative-refinement.

However, the concept of iterative-refinement is not limited to the use of depth-first
search. Other algorithms such as ε-RBFS may be used as well. In general, for each iter-
ation of an iterative-refinement search, a level of (perhaps adaptive) time-discretization
granularity is chosen for search and an upper bound on the solution cost is given. If the
iteration finds a solution within this cost bound, the algorithm terminates with success.
Otherwise, a finer level of time-discretization granularity is chosen, and search is re-
peated. Search is successively refined with respect to time granularity until a solution is
found.

Iterative-Refinement ε-RBFS is one instance of such search. The algorithm can be
simply described as follows:
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IReRBFS (node: N, bound: B, initDelay: DT)
FOR I = 1 to infinity
Fix the time delay between states at DT/I
eRBFS(N, f(N), B)
IF eRBFS exited with success, EXIT algorithm

Iterative-Refinement ε-RBFS does not search to a fixed time-horizon. Rather, each
iteration searches within a search contour bounded by B. Successive iterations search
to the same bound, but with finer temporal detail. DT/I is assigned to a global variable
governing the time interval between successive states in search.

4.4 Iterative-Refinement DFS

The algorithm for Iterative-Refinement DFS is given as follows:

IRDFS (node: N, bound: B, initDelay: DT)
FOR I = 1 to infinity
Fix the time delay between states at DT/I
DFS-NOUB(N, f(N), B)
IF DFS-NOUB exited with success, EXIT algorithm

Our depth-first search implementation DFS-NOUB uses a node ordering (NO)
heuristic and has a path cost upper-bound (UB). The node-ordering heuristic is as usual:
Nodes are expanded in increasing order of f -value. Nodes are not expanded that exceed a
given cost upper bound. Assuming admissibility of the heuristic function h, no solutions
within the cost upper-bound will be pruned from search.

5 Experimental Results

In these experiments, we vary only the initial time delay ∆t between search states and
observe the performance of the algorithms we have described. For ε-IDA∗ and ε-RBFS,
the initial ∆t is the only ∆t for search. The iterative-refinement algorithms search
using the harmonic refinement sequence ∆t, ∆t/2, ∆t/3, . . ., and are limited to 1000
refinement iterations. ε-admissible searches were performed with ε = .1.

Experimental results for success rates of search are summarized in Figure 2. Each
point represents 500 trials over a fixed, random set of sphere navigation problems with
εd = .0001 and εt computed as 10% of the optimal time. Thus, the target size for each
problem is the same, but the varying requirement for solution quality means that different
delays will be appropriate for different search problems. Search was terminated after
10 seconds, so the success rate is the fraction of time a solution was found within the
allotted time and refinement iterations.

In this empirical study, means and 90% confidence intervals for the means were
computed with 10000 bootstrap resamples.

Let us first compare the performance of iterative-refinement (IR) ε-RBFS and ε-
RBFS. To the left of the graph, where the initial ∆t0 is small, the two algorithms have
identical behavior. This region of the graph indicates conditions under which a solution is
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Fig. 2. Effect of varying initial ∆t.

found within 10 seconds on the first iteration or not at all. There is no iterative- refinement
in this region; the time complexity of the first iteration leaves no time for another.

At about ∆t0 = .1, we observe that IR ε-RBFS begins to have a significantly greater
success rate than ε-RBFS.At this point, the time complexity of search allows for multiple
iterations, and thus we begin to see the benefits of iterative-refinement.

Continuing to the right with greater initial ∆t0, IR ε-RBFS nears a 100% success
rate. At this point, the distribution of ∆t’s over different iterations allows IR ε-RBFS to
reliably find a solution within the time constraints. We can see the distribution of ∆t’s
that most likely yield solutions from the behavior of ε-RBFS.

Where the success rate of IR ε-RBFS begins to fall, the distribution of first 1000 ∆t’s
begins to fall outside of the region where solutions can be found. With our refinement
limit of 1000, the last iteration uses a minimal ∆t = ∆t0/1000. The highest ∆t0 trials
fail not because time runs out. Rather, the iteration limit is reached. However, even with
a greater refinement limit, we would eventually reach a ∆t0 where the iterative search
cost incurred on the way to the good ∆t range would exceed 10 seconds.

Comparing IR ε-RBFS with IR DFS, we first note that there is little difference
between the two for large ∆t0. For mid-to-low-range ∆t0 values, however, we begin to
see the efficiency of ε-RBFS over DFS with node ordering as the first iteration with a
solution path presents a more computationally costly search. Without a perfect heuristic
where complex search is necessary, ε-RBFS shows its strength relative to DFS. Rarely
will problems be so unconstrained and offer such an easy heuristic as this benchmark
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problem, so IR ε-RBFS will be generally be better suited for all but the simplest search
problems.

In summary, iterative-refinement algorithms are statistically the same as or supe-
rior to the other searches over the range of ∆t0 values tested. IR ε-RBFS offers the
greatest average success rate across all ∆t0. With respect to ε-RBFS, IR ε-RBFS offers
significantly better performance for ∆t0 spanning more than four orders of magnitude.
These findings are in agreement with previous empirical studies concerning a submarine
detection avoidance problem [4].

6 Conclusions

This empirical study concerning sphere navigation provides insight into the importance
of searching with dynamic time discretization. Iterative-refinement algorithms are given
an initial time delay ∆t0 between search states and a solution cost upper bound. Such
algorithms iteratively search to this bound with successively smaller ∆t until a solution
is found.

Iterative-refinement ε-admissible recursive best-first search (IR ε-RBFS) was shown
to be similar to or superior to all other searches studied for ∆t0 spanning over five
orders of magnitude. With respect to ε-RBFS (without iterative-refinement), a new ε-
admissible variant of Korf’s recursive best-first search, IR ε-RBFS offers significantly
better performance for ∆t0 spanning over four orders of magnitude.

Iterative-refinement algorithms are important for search problems where reasonable
values for ∆t are (1) unknown or (2) known and one wishes to find a solution more
quickly and reliably. The key tradeoff is that of knowledge. Lack of knowledge of a
good time discretization is compensated for by knowledge of a suitable solution cost
upper bound. If one knows a suitable solution cost upper bound for a problem where
continuous time is relevant, an iterative-refinement algorithm such as IR ε-RBFS is
recommended.
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Abstract. This paper introduces some preliminary formalizations of the
approximate entities of [McCarthy, 2000]. Approximate objects, predi-
cates, and theories are considered necessary for human-level AI, and we
believe they enable very powerful modes of reasoning (which admittedly
are not always sound). Approximation is known as vagueness in philo-
sophical circles and is often deplored as a defective aspect of human
language which infects the precision of logic. Quite to the contrary, we
believe we can tame this monster by formalizing it within logic, and
then can “build solid intellectual structures on such swampy conceptual
foundations.” [McCarthy, 2000].
We first introduce various kinds of approximation, with motivating ex-
amples. Then we develop a simple ontology, with minimal philosophical
assumptions, in which to cast our formalization. We present our formal-
ization, and show how it captures some ideas of approximation.

1 Introduction

[McCarthy, 2000] introduces approximate objects, predicates, and theories as an
extension to AI. Informally, an entity is approximate if it can be further refined
by finding out more things about it, or by simply defining more. Reasoning
with approximate entities ignores unnecessary details, thereby simplifying and
accelerating reasoning in general, while remaining somewhat sound. Common
sense reasoning will require exactly this property. As in the Aristotle quote
of [McCarthy, 2000], “Our discussion will be adequate if it has as much clearness
as the subject matter admits of; for precision is not to be sought for alike in all
discussions”.

We also need to formalize approximation so that we know its boundaries;
one needs to know when an approximation fails, and how to move to the next
level of precision to reason correctly again. As an example, consider any of the
common sense problems displayed in [Morgenstern, 1998], such as cracking an
egg. Any theory explaining this process will be inherently approximate, as for-
malizing every eventuality is tedious and maybe impossible. In general we always
feel uncomfortable with any formalization, pointing out its inapplicability with
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respect to one eventuality or another.1 The point is, if we can understand how
a theory is approximate, then we can accept its failures rather than decry its
deficiencies, and simply move on to the next more precise theory when necessary.

Incidentally, many common sense theories of the world use the abnormality
predicate Ab and second-order minimization to be robust outside the bound-
aries of approximation. For example, ¬Ab(x) =⇒ (Bird(x) =⇒ Flies(x))
formalizes “All birds fly,” which, according to the Ab-minimization will infer
Bird(x) =⇒ Flies(x) when consistent to do so. Otherwise it will infer Ab(x),
as in the case of a penguin. Other than in action theories and inheritance hier-
archies, one never questions how to insert the Abs in a common sense theory, or
how to refine them when faced with new information. We hope to provide some
preliminary results that will help answer these two questions.

We believe our results may be applicable to other common-sense theories
which formalize aspects of the world. Consider any simple grammar describing
formation of English sentences (S ← NP V P, . . . ). It will correctly discriminate
a restricted class of sentences, but will have to be increasingly complex as it
approaches the full generality of English. Similar phenomena occur for other lin-
guistic theories. However humans, when asked to explain their machinations, give
a very simple illustration, adding elaborations only when necessary. This sug-
gests that the formalization of linguistic concepts is not some grand monolithic
(and highly complicated) theory but perhaps a series of approximate theories,
each expanding and elaborating upon previous theories. This structure would be
a lot more elaboration tolerant [McCarthy, 1998] as well.

A contrasting view [Dreyfus and Dreyfus, 1984] asserts that humans do not
use rules, but rather discriminate “thousands of special cases.” This work de-
scribes skill acquisition, the process by which a human masters a domain, as first
using a simple set of rules, but ending up with a discriminator of many subtle
cases based on experience. The expert does not consciously know these discrim-
inations, and when asked to give rules explaining his behavior, will revert to the
basic rules learned as a novice. This explains why an expert system, whose rules
are acquired through interviews with experts, are competent but do not perform
as well as the experts whose rules it is using. If [Dreyfus and Dreyfus, 1984] de-
scribes the true model of human skill acquisition, this would also explain why
discriminatory structures such as decision trees, and neural networks have been
so popular in AI, as they are models of real-world processes. If this is the case,
then at least our theory will formally explain how simple rules get elaborated
to a complex structure such as a neural network. If we can interpret the result-
ing structure as compiled rules, then perhaps our formalism could show how
to extract out the declarative versions of these compiled rules. These intriguing
avenues are beyond the scope of this preliminary paper.

1 This is probably the reason why much of AI has focused on toy examples. The
examples approximate the world in such a way that minimizes our guilt about how
simple the theory is.
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1.1 Philosophers’ Views on Approximation

We mentioned that what we call approximation, many philosophers in the lit-
erature denote as vagueness. In general a concept is vague if it has borderline
cases, and the boundaries of the indeterminacy are themselves blurred, as are the
boundaries of those, and so on [Sorensen, 1997]. Examples given in the literature
include baldness, the physical extent of Mount Everest, and the revival of a club
(due to Parfit, in [Broome, 1984]). The philosophers debate whether vagueness
exists in the world, or is just a linguistic artifact. Any discussion of vagueness in-
volves whether a sharp boundary line truly exists for vague concepts, illustrated
by the sorites paradox, that set of arguments which states:

1. 1 grain does not make a heap.
2. If n grains do not make a heap, then neither does n+ 1 grains.
3. ∴ 106 grains do not make a heap.

Since this argument is false, there must be a point at which n grains are not
a heap, but adding 1 more does, which entails that some sharp boundary exists
between being a heap and not being a heap.

One of the proposed formalizations of vagueness is fuzzy logic, which instead
of ascribing true or false values to a sentence, ascribes a value between 0 and
1. Hence if x is only somewhat bald (a borderline case) we might ascribe to the
sentence “x is bald” the value 0.5. This value is referred to as the degree of truth
of the sentence. It seems however, that assigning a vague sentence an absolute
value is a bit paradoxical; fuzzy logic avoids this by also allowing higher types.
That is, instead of assigning a value, one can assign an interval of possible values.
Any interval [a, b] can transformed into a fuzzier interval [[a1, a2], [b1, b2]], where
both boundaries of the original interval are fuzzified into intervals themselves.
And these can be fuzzified further. If one does not like numbers, one can use any
lattice of elements. It turns out that the actual values of numbers are not very
important in practice anyway [Goguen, 1968].

Another proposal asserts that vagueness is linguistic, in that some concepts
(like baldness) are simply vaguely specified and can have various underlying
precise definitions. For example one could define baldness in various ways, as
having 0 hairs on one’s scalp, having at most 10 hairs, etc. Each one of these
possible definitions is a sharpening of the concept of baldness, and described with
a three-valued logic: a sentence containing a vague concept is true if it holds
under all sharpenings of the concept, false if it is false under all sharpenings
of the concept, and “indefinite” if it is true for only some of the sharpenings.
But then, unfortunately, the law of excluded middle (φ ∨ ¬φ) won’t hold for
borderline sentences φ.2

A third view notices that in the previous case, a meta-language is used to give
definite truth-conditions for the vaguer target language (although they them-
selves may be indefinite), and therefore definitely shows at what point truth
and falsity dissolve into indeterminacy. So for example in the sorites paradox, at
2 The argument may be found in [Tye, 2000].
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some point whether n grains of sand make a heap will be a truth, and at n− 1
it will be indeterminate. The fact that there is a sharp line where indeterminacy
starts opposes the definition of vagueness. [Tye, 2000] proposes that even the
meta-language will need to be vague, as well as the meta-meta-language, etc.
This regress is known as higher-order vagueness. (Note that fuzzy logic could
model this regress using higher types.)

Finally the epistemic view [Williamson, 1994] espouses that definite bound-
aries for vague concepts exist, but we just cannot know them. Vagueness is an
ignorance which we can never overcome.

1.2 Related Work on Abstraction

[Giunchiglia and Walsh, 1992] is one of the first attempts to formalize abstrac-
tion, defined as the process of mapping the representation of a problem to
another one, so that the problem is easier to solve. It also shows how vari-
ous paradigms, such as ABSTRIPS, [Hobbs, 1985]’s theory of granularity, etc.
are instances of various kinds of abstractions. We share the same motivations
as [Giunchiglia and Walsh, 1992] in that we both care about the class of map-
pings that preserve desirable properties while throwing away unnecessary de-
tails. However we differ in approach in that we do not concentrate on syntactic
mappings between two axiomatic formal systems, which preserve the set of (non-
)theorems in some way. While this is important when we discuss approximate
theories, we care more about the fine structure of such theories, which requires
an examination of the nature of objects and predicates in the theory. We want to
know what are the intrinsic qualities about theories that make them so amenable
to certain forms of abstraction.

1.3 Propositional Approximate Theories

We repeat the treatment of propositional approximate theories given in
[McCarthy, 2000]. The ontology includes reality, modeled by a set of proposi-
tional variables r1, . . . , rn. There are so many observations that can be made,
denoted by o1, . . . , ok, which are each propositional functions of reality:

oi = Oi(r1, . . . , rn). (1)

The functions model the fact that much of reality is not directly observable.
The fact that n� k reflects the complexity of reality versus our observations.

q1, . . . , ql are a set of propositions about reality whose values we are interested
in learning. They are determined by reality:

qi = Qi(r1, . . . , rn). (2)

Our theory AT only approximates Qi(r1, . . . , rn) with Q′i(o1, . . . , ok), which
are only functions of our indirect observations about reality, and not reality itself
like the Qis.
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Lucky(r1, . . . , rn) is a predicate which when true, implies that our approxi-
mations to the qis is correct:

Lucky(r1, . . . , rn) =⇒
(∀i ≤ l)[Qi(r1, . . . , rn) = Q′i(O1(r1, . . . , rn), . . . ,Ok(r1, . . . , rn))].

(3)

The main points of this formalization is that:

1. Reality is not always directly observable, partly because of its complexity,
and partly because of the sheer enormity of details involved. The idea is
that facts about reality may not be epistemologically adequate,3 and the
observations oi are used to express what the subject can in fact sense.

2. The difference in cardinality between n, and k and l also reflects this notion
that reality is rich, and our observations are poor. Information is generally
lost in the transition from reality to observations. This cardinality of facts
is only one way to formalize this idea, and definitely not the most general.

3. Unfortunately, while the qi are functions of reality, we can only cobble to-
gether approximate functions based on our observations. Since our observa-
tions are usually lossy compared to reality, it is unlikely that the Qi and Q′i
will coincide. (Only if we are Lucky!)

1.4 The Ontology of Approximate Things

Here we further interpret the approximate objects, predicates, and theories in-
troduced in [McCarthy, 2000]. An approximate object is an object o in a logical
theory T , which either only partially captures the properties of some real object
in reality or is itself inherently partial. The approximateness is inherent to the
object, and not a matter of incompleteness of the theory (although to maintain
consistency a theory with approximate objects may have to abandon complete-
ness). Rather it is more a fact that the theory or its language may not be able
to properly capture an object’s properties. We can attempt a definition of ap-
proximate objects by first expounding three kinds of approximations of objects
that occur in common sense reasoning about the world:

1. (TYPE I) The first kind of approximate object is that which represents
an epistemologically richer4 object. For example, most Blocksworld theories
idealize a block so extremely as to ignore its physical characteristics, as
well as other relevant properties, such as its mass. Such an approximation
generally ignores irrelevant properties as well, such as the color of the block,
or where it was manufactured. It is clear that this sort of abstraction is useful

3 “[McCarthy and Hayes, 1969] defines an epistemologically adequate representation
of information as one that can express the information actually available to a subject
under given circumstances.” from [McCarthy, 1979]

4 [Howe, 1994] describes rich objects as those for which can be asserted properties,
which we cannot be completely described. Poor objects are exactly the opposite.
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in cases, to strain out many [irrelevant] facts, to simplify the ontology to the
task at hand. Approximations are most useful when an epistemologically
rich object is approximated by a poor one, to eliminate an entire order of
complexity.

2. (TYPE II) Another kind of approximation is the mental conception of ob-
jects for which there is no basis in reality. One example includes the con-
cept of being middle-aged. This is an abstraction constructed by humans,
which has no corresponding concept in reality: there are facts about being
“middle-aged” for which there is no inherent truth, and can only be decided
by defining more.
Another example is the concept of being red. In reality, there is no such con-
cept; there are only wavelengths, generally between 600 and 700 nanometers,
that give us humans the sensation of seeing red. Baldness, and what a heap
is, are other such approximations, and the paradoxes that arise from study-
ing them too closely arise from the fact that there is no real corresponding
concept in reality that would decide the matter.
This kind of approximation can be thought of as a human-created character-
ization of some phenomenon, which either simplifies reasoning or organizes
it nicely. These kinds of approximation can be used to characterize a wide
range of categories, without wasting too many words on a complete spec-
ification. Because they are not completely specified, the definitions will be
incoherent with respect to reality, often leading to paradoxes like that of
the heap. Since the definitions are defined by humans they are subject to
cultural as well as personal biases.

3. (TYPE III) The final type of approximate objects are those that arise in
counterfactual sentences [Costello and McCarthy, 1999]. Like Type II ob-
jects, they have no direct analogy in reality, by definition. They are only
defined by whatever properties that are ascribed to them in the counterfac-
tual. There is no truth of the matter for any other properties not mentioned
in (or derivable from) the counterfactual.
For example in “If another car had come over the hill when you passed that
car, there would have been a head-on collision,” the other car could have
been a Buick, a Mercedes, etc. There is no truth to the matter about what
make of car it was.

An approximate predicate is one whose extent is vague or ill-defined. There are
borderline cases whose membership is questionable, and therefore it is difficult
to come up with necessary and sufficient conditions. Some illustrative examples
include “the wants of the U.S.” [McCarthy, 2000] and religion [Alston, 1967]. We
define concepts as unary predicates, which can be approximate, such as natural
kinds (is an orange lemon still a lemon?). Fuzzy logic has had success in this
area, as it allows one to talk about the degree of membership of an object in a
set, which can represent borderline cases.

We hope to address the relation between our formalism and fuzzy logic in
later work. Our intuition is that a logically defined concept φ will be vague
because it is fundamentally ill-defined or incoherent, such as baldness or heaps.
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Fuzzy logic can handle the questionable cases by ascribing partial degrees of
truth. In first order logic, the only recourse is to either have an incomplete
theory, in the formal sense that for some object c, T 
|= bald(c) ∧ T 
|= ¬bald(c),
or to restrict the theory to some limited domain of discourse. (such as the set
of people who are either definitely bald or not.) A much better approach would
explicate how and when a concept is ill-defined, with respect to a more accurate
theory. This would then be superior to the fuzzy logic approach, since it would
explain why borderline cases are borderline, rather than sweeping the problem
under the rug by ascribing a partial degree of truth.

An approximate theory is a set of sentences which is an abbreviated descrip-
tion (in some sense) of some phenomenon. One example is when unnecessary
details about the world are ignored: reasoning about what will be served for
lunch on a flight is not required to plan a trip to Hawaii. Another is a kind of
idealization such as Blocksworld. We give a framework in which to talk about
theory approximation in §3.

The rest of this paper follows this outline: after some mathematical notation
is introduced (§2), we delve into a proposed ontology for first order theories
(§3), and then a formal definition of when one theory approximates another
(§4), with some examples. §5 formalizes epistemologically rich and poor objects,
which enables us to address the different types of approximate objects (§6).
Finally in §7 we consider when an approximate theory is coherent (correctly
predicts reality) and conclude in §8.

2 Preliminaries

We describe our notation and simplifications here. A, B, R, M, and M′ are first-
order structures with non-empty universes. The universe of A is denoted |A|. M
denotes a class of first-order structures. T, TA, TB are all consistent first-order
theories. Any symbol of the form LX is a signature, or language.

We often interchange, in proofs and examples, a class of models M with
the theory T describing them. This should not be a source of confusion, as we
know there are well-defined functions ThL(M) which given a class of models in
language L returns the set of formulas true in all of them, and Mod(T ) which
returns the class of models of T .

Finally, if X is a set, then Xn is the set of n-tuples of X. A ∼= B means
that there is an isomorphism between the structures A and B. If two models are
isomorphic then they entail the same set of sentences.

3 Our Ontology

In this section we would like to construct a formalism which reflects the intu-
itions in §1.3, but is more general, and allows first-order statements rather than
propositions. To this end, we introduce the following ontology:

Let R be a first-order model of (one’s idea of) reality, using some language
LR. We let R be the collection or class of such models. On the other hand, our
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observations are constructed in the language LO. The language LO is determined
by the observations that can be made by our sensory organs. The standard set
of philosophical inquiries that we could make about the existence of the models
of reality R is moot, since each element R ∈ R is supposed to be the observer’s
perception or idealization of what reality is, which may be isomorphic to reality,
but not necessarily so. So for example, to a particle physicist, R would include
interactions between quarks. The R of an ancient Greek would explain weather
patterns in terms of Zeus’ temper and throwing lightning bolts.

While LO must be epistemologically adequate, LR should be metaphysically
adequate.5 We use a class of models instead of a sole model to represent different
perceptions of reality (wave versus particle interpretation of light), or incom-
pleteness in one’s perception of reality. If there is no such incompleteness, then
R can just be {R}, the singleton model.

The relation between LO and LR not only explains how objects are mapped
from one’s sensations to reality (in other words, how they are grounded), but
impart structure to any theory of reality based on our observations. LR describes
very rich phenomena, which explains why LO, which is meant to be a relatively
simple language, does not coincide with it. Note that instead of providing an
axiomatization of R, we provide the models themselves. This is because there
may not be a finite first-order axiomatization of R. We also prefer classes of
models to a theory, because assaying truth in reality appears to be more of a
determination of whether it holds in the world (whether R |= φ), rather than
some process of inference based on statements (whether R � φ).

4 Theories Approximating Theories

The method of syntactic interpretation used by [Tarski et al., 1953] used to prove
[un]decidability of theories can be used to express whether one theory approx-
imates another. We copy the presentation in [Baudisch et al., 1985]: given two
classes of models A and B, respectively, of languages LA and LB, we define an
interpretation I : LA → LB which sends every predicate symbol P (x) of LA to
the formula φP (x) in LB, and the formula x = x to φ=(x), which is a formula of
LB. For now we assume that we only have relational symbols, and no functions
or constants in LA, as they can be represented in terms of relations and some
extra axioms. We explain the transformation for constant and function symbols
in §4.1.

This interpretation is extended to all formulas in LA using the following
inductive rules, where α and β are formulas of LA, x and y variables, and x a
tuple of variables:

1. (x = y)I = x = y
2. (P (x))I = φP (x)
5 [McCarthy, 1979] defines metaphysically adequate representations as those “that can

represent complete facts ignoring the subject’s ability to acquire the facts in given
circumstances.”
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3. (¬α)I = ¬(α)I
4. (α ∨ β)I = αI ∨ βI

5. (∃xα)I = (∃x)(φ=(x) ∧ αI)

From any model B ∈ B in the target language LB, we can define a structure
BI in LA. This consists of two simple steps:
1. We simply set the universe of BI to be the set of elements in B obeying

φ=(x):

|BI | = {x ∈ |B| | B |= φ=(x)}. (4)

2. Then we map the interpretation of each n-ary predicate P of LA:

PBI

= {x ∈ |BI |n | B |= φP (x)}. (5)

For each predicate P ∈ LA, BI “back-translates” a possible definition for
it by looking at φP in B. P ’s domain of application is controlled by the
predicate φ=, which picks out the part of B corresponding to objects in TA.

One can finally define a notion of interpretability:

Definition 1 (Interpretability). Let TA = ThLA(A) and TB = ThLB(B).
Then the theory TA is interpretable in TB, or TB interprets TA if there is an
interpretation function I : LA → LB such that:

1. for every structure B ∈ B there is a A ∈ A such that BI ∼= A and,
2. for every structure A ∈ A there is a B ∈ B such that BI ∼= A.

The two requirements for interpretability can be explained as (1): every model
of TB can be “back-translated” by I to be a model of TA, and (2): every model
of TA can be expanded to be a model of TB . A small theorem shows us how
strong the concept of interpretability is:

Theorem 1 (Interpretability of formulas). Assume TB interprets TA. Then
for any φ ∈ LA,

TA |= φ ⇐⇒ TB |= φI (6)

Proof. We include the lemma:

Lemma 1 ([Rabin, 1965]). Given any I : LA → LB, for any such φ ∈ LA,
and structure B of B,

B |= φI ⇐⇒ BI |= φ. (7)

This lemma is proved by induction on the complexity of formulas.
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→: Assume TA |= φ. Let B |= TB, and try to show B |= φI . By the definition
of interpretability, there is an A′ |= TA such that BI ∼= A′. Hence BI |= TA,
which means that BI |= φ. By the lemma B |= φI .
←: This time assume TB |= φI , let A |= TA, and show A |= φ. By inter-

pretability there is a B′ |= TB such that A ∼= B′I . B′ |= φI and by the lemma
this means B′I |= φ. And then from the isomorphism we can deduce A |= φ.

Hence if TB interprets TA, for any formula φ ∈ LA, we can use TB to find out
whether TA |= φ simply by checking if the interpreted formula φI holds in TB .
Intuitively, the function I interprets a simple theory TA in a more complicated
on TB ; TB contains the concepts necessary to express the concepts formalized in
TA.

We can now define the simplest form of theory approximation. We can say
that a theory TA in language LA approximates another theory TB in LB, written
TA <approx TB , if TA is interpretable in TB but not the other way around. The
idea is that TB is powerful enough to model TA, but TA cannot do the same for
TB , so it must be inherently more approximate (lost information).

This method of syntactic interpretations gives us a framework in which to
relate different theories with different languages through the interpretation func-
tion I. In order to make further distinctions in different kinds of approximation
we believe it will be necessary to study the fine structure of the function I. I may
be related to the simplifying assumptions mentioned in [Nayak and Levy, 1995].

Some facts to notice before we continue with some examples: Assume TB

interprets TA. If TB were complete, then it has only one model B, and (2)
means that all the models of TA are isomorphic to each other. Therefore TA is
categorical, and complete as well. If TB is complete, then any approximation to
it, according to this definition will have to be as well. On the other hand, if TA

were complete, then every model of TB will have to agree when back-translated
to LA.

4.1 The Treatment of Functions and Constants under
Approximation

This section illustrates how functions and constants in LA are transformed under
the function I, and where they appear in the models of TA versus models of TB .
Assume f is a unary function symbol of LA, used in TA. We can construct
a predicate Pf (x, y)⇐⇒ deff(x) = y which represents the graph of f , and
have a new language L′A = LA − {f} + {Pf}. Also we alter our theory T ′A ≡
TA|f(x)=y←Pf (x,y) ∧ (∀x)(∃y)(∀z)[Pf (x, z) ⇐⇒ y = z]. Then the translation
would be:

((∀x)(∃y)(∀z)[Pf (x, z) ⇐⇒ y = z])I =
(∀x ∈ φ=)(∃y ∈ φ=)(∀z ∈ φ=)[φPf

(x, z) ⇐⇒ y = z]. (8)

By Theorem 1, we know that TB |= (8), so that φPf
defines within TB a

function (call it g), which bears a relation to f through the transformation from
Pf and φPf

. Also, g is only defined on the extension of φ=.
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Since a constant is a 0-ary function, we can recycle the exposition above to
show that our graph of c(x) = c is Pc(y), and (8) will assert that Pc is the
predicate uniquely true of c. Then under I we will get another predicate φPc

which will be uniquely true of some other element d ∈ φ=. Intuitively then we
can consider I to also map objects and functions, where we denote d = cI , and
g = f I , which are related through the predicate transformations.

4.2 Theory Approximation Example: Generalizing Conditionals

Consider the theory TB ≡ Ψ ∧ (∀x)[P (x) ∧ α(x) =⇒ β(x)], where P is a
complicated predicate we would like to ignore, and Ψ some set of sentences
which does not mention P . Can we approximate it by the much simpler theory
TA = Ψ ∧ (∀x)[α(x) =⇒ β(x)]?

An obvious interpretation is if [P (x)]I = φ=(x) – that is, TA can be in-
terpreted in any model of TB provided we restrict the domain of discourse to
objects obeying P (x). There could be other interpretations that depend on the
structure of α, β and Ψ . The details are omitted here.

4.3 Theory Approximation Example: Blocksworld

Let TBW be the standard situation calculus theory of Blocksworld, using the
language LBW = (On(x, y, s),move(x, y, z), Table, A,B,C,Result) where
On(x, y, s) is the predicate stating block x is on block y, move(x, y, z) is the
action that moves x from y to the top of z, Table denotes a table of infinite
capacity, and A, B, and C are names for unique blocks. Result is the standard
successor function used in situation calculus. We assume TBW has successor
state axioms to completely specify the effects of every action; if an action is not
possible, we assume the world stays as it is. As we mentioned before, this theory
is so simple it does not even model the physical aspect of the blocks. Another
important approximation is that the table has infinite capacity. Finally, blocks
are either on, or off another block – there is no concept of them being partially
on a block, or being on two blocks at the same time.

Now consider a more realistic theory T ′BW of Blocksworld that models the
same blocks as in TBW , but as roughly parallelpieds, each with a center of
gravity. If the center of gravity of any tower of blocks is not supported from
below, this will generate torque about this axis and cause the blocks to fall to
the table. The language L′BW for such a descriptive theory includes symbols such
as: On(x, y, δ, s), where δ is the deviation of the center of gravity of x from y,
and move(x, y, z, δ), which is the action of moving x from y to z with δ deviation
of x’s center of gravity from z’s. Other than the constants Table, A, B, and C,
are functions cg(x) which gives the center of the gravity of the tower of blocks
above and including x, and normal arithmetic functions. Of course we need some
function surface(y, s), which returns some structure delineating the surface of
y (so that we can check if a tower of blocks is not supported and will fall).

We argue that TBW <approx T ′BW . To show this, we must show that T ′BW

interprets TBW , but not the other way around. Consider the interpretation I
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which interprets On(x, y, s) as the formula (∃δ)On(x, y, δ, s), andmove(x, y, z) =
a as (∃δ)[a = move(x, y, z, δ) ∧ δ + cg(x) ∈ surface(z, s)]. We also set φ=(x)
to be true only for the blocks and the table, and for actions which place blocks
precisely over the center of gravity of other blocks. Each block A, B, C is matched
to the corresponding block in T ′BW , and the Table to the Table′. The idea behind
this interpretation is that models of TBW should correspond to “rounded-off”
versions of models of T ′BW .

Take any model M of TBW . We must show there is a corresponding M′ of
T ′BW such that M′I and M are isomorphic. We construct a model M′ of T ′BW

by taking |M′| ⊇ |M|. Then for each 〈x, y, s〉 ∈ OnM, we put 〈x, y, 0, s〉 ∈ OnM′
.

If a = moveM(x, y, z), then we set s = moveM′
(x, y, z, 0). Clearly by definition

M = M′I , since |φ=| = |M|.
For the second condition, it is enough to show that for any model M′ of

T ′BW , M′I |= TBW . φ= in this case will make sure |M′I | consists only of
blocks, the table, and precise moves. Then every “inexact” placement of blocks
On(x, y, δ, s) is rounded down to an exact one in M′I , and every “inexact” move-
ment move(x, y, z, δ) becomes the exact move(x, y, z).

On the other hand, TBW does not interpret T ′BW . T ′BW is simply more expres-
sive. Formally, we can show this by considering the contrapositive of Theorem 1,
by taking an arbitrary I : L′BW → LBW , and finding a φ which does not translate
over. The trick is to have φ formalize one of the differences between T ′BW and
TBW . For example, φ could be the statement that there exists a move where the
block falls to the table instead of reaching its destination (because it is placed
haphazardly on another block). T ′BW |= φ. But there is no way to translate this
to an expression in LBW which talks about the mysterious failure of an action,
without contradicting TBW .

4.4 Related Work

[Nayak and Levy, 1995] uses the same mathematical framework of syntactic in-
terpretation to characterize model increasing (MI) abstractions. MI abstractions
have the advantage over the syntactic ones in [Giunchiglia and Walsh, 1992] in
that they capture more of the “underlying justification that leads to the ab-
straction,” [Nayak and Levy, 1995]. Among other insights, the work shows how
the ABSTRIPS abstraction is an MI one. [Levy, 1994] formalizes irrelevance of
clauses with respect to queries on knowledge bases, as well as independence of
predicate arguments. [Nayak, 1994] combines abstractions within the theory of
contexts.

5 Rich and Poor Objects

A rich object is one that cannot be completely described, while a poor one can.
At first, one possible criterion for “description” may be identifying properties,
the set of properties which uniquely specify the object. This is opposed to all of
the properties which are true of the object. The number 0, even though there
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are infinitely many things to be said of it (0 < 1, 0 < 2, 0 < 3, 0 < 4, . . . .),
can be concisely identified as the unique number which has no predecessor, and
therefore is poor. On the other hand, the author may be uniquely identified, by
the poor description “the person writing this paper,” but the author is a rich
object, not a poor one.

Whether an object is rich or poor also depends on how it is formalized,
and what language is used to represent it. Situations, defined as a “snapshot of
the world,” are always treated as rich objects, while states, a finite collection
of variables’ values, are poor. A situation is rich because we can always find
another property that specifies the situation further, while once we decide upon
n variable values, a state is completely specified and very unmysterious. But
then if n were very large, and only a small part of the state’s variable values
were ever contemplated in a theory, it might as well be a rich object.

A possible definition of a rich object is one for which we can always extend
a theory of it to one which ascribes more untrivial properties. If oR is a rich
object in theory T , then we can imagine a more expressive theory T ′ where
T <approx T ′ in which oI

R appears. Any concept true of oR in T will have its
interpretation true of oI

R in T ′ by Theorem 1, and if the interpretation I is
injective, the distinct properties true of oR can only increase. But to guarantee
that we find out more interesting facts about o (and not some other object in T ′)
we will have to require something like that the tpT ′(oI

R), the type of oI
R, defined

as the set of all 1-place formulas of T ′ that are true of oI
R, is not interpretable

in T .
A rich object oR in theory T0 then, would be one for we can continually

de-approximate theories about oR: there is an infinite sequence of theories such
that T0 <approx T1 <approx T2 <approx T3 . . . . Therefore an object oP is poor iff
every such sequence of theories bottoms out; we run out of things to say. One
object o is richer than another o′ if the longest sequence of o′ theories is less
than the longest one of o’s, starting from the simplest theory o = o or o′ = o′.
Back to the state example, a state with 107 variables is richer than one with 3,
but both are poor, and can’t compare to a situation.

We could define reality R as the class of models which bound every such
de-approximating sequence of theories: for every extension of a theory in LO,
the supremum of the sequence is a theory Tsup whose models are contained in
R.

6 Back to the Objects

In §3 we presented a mathematical definition for what it meant for one theory to
approximate another. Now we return to our task of formalizing each of the three
types of approximate objects within the theory. The formalization of a theory
approximation is needed for object approximation because as we noted earlier,
whether an object is approximate depends on its context, which refers to how it
is described and what language is used to describe it.



Formalizing Approximate Objects and Theories: Some Initial Results 191

In the description of these types of objects in §1.4, we compared each object
in some given theory (assumed to be in language LO) to its counterpart in reality
in LR. Below instead of talking about theories in LO and LR, we generalize the
discussion to theories TA and TB , where TA <approx TB . Thus the definitions
below will apply to any pair of theories.

6.1 Approximate Objects of Type I (Poorer Version of a Richer
Object)

Let c be an object constant, in theory TA, of type I. This means that there exists
a more precise theory TB with corresponding object cI , for which c is but a poor
approximation. This is represented by three facts:

1. TA <approx TB .
2. c has some corresponding object, cI in TB .
3. The description of c in TA is poorer than that of cI in TB .

To implement type I objects all we require is a de-approximation TB to the
current theory TA. The existence of cI will be guaranteed by the interpretation
function I, and since generally I is injective, will map different properties in
TA to different ones in TB , so that only more things can be said of cI in TB .
Naturally, we must add the constraints given in §5 about tpTB (c

I) not being
expressible in TA to make sure its description gets richer.

If TB = ThLR(R), almost every object o we imagine would be approximate,
since every theory T of o can be extended to ThLR(R) (it being a <approx upper
bound on all theories), and we can always imagine o’s richer analog in reality.

6.2 Approximate Objects of Type II (Objects with no Basis in
Reality)

If an object (or concept) c has no basis in reality, then of course an interpre-
tation I cannot be built, since c maps to some concept cI in R, which cannot
exist! The color red, “what the U.S. wants,” corners, baldness, and heaps are
all examples. Although these concepts have no immediate corresponding object
in R, they do seem to correspond to some composition of objects in reality. For
example, “red” is the sensation of viewing light of wavelengths from 600 to 700
nanometers. Similarly, “what the U.S. wants” is some complicated array of what
the President, U.S. diplomats, populace, etc. desire. A corner is some spatial
extent about a physical corner, while baldness is some collection of states of a
person with very little hair. The objects are approximate not only because they
correspond to a composition of objects, but the nature of composition is itself
vague.

For many of these examples, the approximation is an association of one object
in our base theory TA with a collection of objects in a more precise theory
TA <approx TB . For example the concept of a heap in TA is associated with some
set of actual heaps in TB . We need to have an altered interpretation function
that maps objects in TA to sets in TB . The epistemology of this is not worked
out yet and we hope to say much more later.
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6.3 Approximate Objects of Type III (Counterfactual Objects)

[McCarthy, 2000] introduces a function Whatif?(p, x), where p is a proposition,
and x some constant symbol. It can be used to consider counterfactual concepts
such as “What would have happened if another car had come over the hill when
you passed that Mercedes.” We can adapt this interesting function and consider
Whatif?(p, T ), where T is a first-order theory about the world and p still a
proposition, both in the same language L. Whatif?(p, T ) would be the resulting
theory if p were to hold.

Clearly, Whatif?(p, T ) |= p. Also, if T |= p, then Whatif?(p, T ) = T . If this
isn’t the case, Whatif?(p, T ) can be imagined as some minimal re-arrangement
of T that would be consistent with p. Whatif? could be implemented us-
ing the mechanisms in [Costello and McCarthy, 1999]. For non-trivial p and T ,
Whatif?(p, T ) could be infinitely refinable, which means that the function itself
would be rich, and any finite theory it returned would only be some approxima-
tion! To try to keep this from happening we assume that Whatif?(p, T ) returns
a theory also in language L. Hence the more expressive L is, the more interesting
Whatif?(p, T ) will be.

Whatif?(p, T ), being a counterfactual theory, will reference objects of type
III, which won’t exist in T , as in “the car that came over the hill.” The properties
of these type III objects should be limited to those ascribed to them by p, along
with whatever ramifications that may follow from Whatif?(p, T ).

7 When an Approximate Theory Works in Reality

Consider a robot stacking blocks. Suppose all the blocks are very close to being
idealized cubes, and the servo-mechanism in the robot arm is programmed so
carefully that the robot always stacks blocks precisely without error. Then to
the robot, the typical theory of Blocksworld will be a true description of reality,
even though we smarter humans know that it is a highly idealized description
of the world that won’t work in general.

But to the robot, this theory is correct. We would like to define under what
circumstances a simple approximate theory will work correctly in that complex
reality, because then we will know when we can get away with such approxima-
tions. This may also give us hints as how to parameterize a theory with Abs so
that it will be more robust outside the boundaries of approximation, and also
more elaboration tolerant.

We define this idea of when an approximate theory correctly predicts reality
as coherence. A theory T is coherent with respect to a more realistic theory T ′

and restrictions (same as simplifying assumptions) Φ if: I is an interpretation
from L to L′ and T ′ ∧ Φ |= T I , that is, every model of T ′ ∧ Φ will also model T
interpreted in T ′. If T <approx T ′ then coherence follows. Coherence is Lucky-
ness for first order theories.

There are already examples of coherent theories in this paper. In §4.2, if
we restrict our domain of discourse to be {x | P (x)} we can approximate Ψ ∧
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(∀x)[P (x) ∧ α(x) =⇒ β(x)], with Ψ ∧ (∀x)[α(x) =⇒ β(x)]. This is obvious,
but we can imagine more complicated theories for which we would need the
formalism to deduce when approximations would apply. If P (x) = ¬Ab(x) we
could apply the theory in reverse to find out how to add Abs to a theory to make
it more elaboration tolerant.

8 Conclusions

This paper is very preliminary and many of the definitions of approximation are
yet only approximations themselves. Much more work needs to be done in order
to make our theories precise. We need to further explore the structure of the
interpretation functions I and understand how they map concepts in one theory
to those in another, especially with regard to approximate objects of type II.
This will require an understanding of how to ground symbols. Perhaps we can
develop this understanding by considering the approximation of TA <approx TB

only within the context of how they relate to reality R.
Some other formal ideas from mathematics may be relevant to the proper-

ties of epistemologically rich and poor objects. For example forcing and generic
sets [Feferman, 1965] formalize the notion that a concept can be described in
some finite set of sentences, which could be a better criterion for whether an ob-
ject is poor. The theory sequences we use to determine richness/poorness might
be related to the sequence of finite sets of conditions Q0, Q1, . . . .

At least this theory explains why there are so many different AI theories of
action and change. Each formalism is just a different approximation to reality.
<approx is not a total order, so many different, incomparable approximations are
possible. Also, an initial review of [Fine, 1985] suggests that arbitrary objects are
a kind of approximate object that would be fruitful to study.
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Abstract. When applied to real world problems Markov Decision Pro-
cesses (MDPs) often exhibit considerable implicit redundancy, especially
when there are symmetries in the problem. In this article we present an
MDP minimization framework based on homomorphisms. The frame-
work exploits redundancy and symmetry to derive smaller equivalent
models of the problem. We then apply our minimization ideas to the op-
tions framework to derive relativized options—options defined without
an absolute frame of reference. We demonstrate their utility empirically
even in cases where the minimization criteria are not met exactly.

1 Introduction

Researchers in artificial intelligence (AI) and in particular machine learning (ML)
have long recognized that extending AI and ML approaches to more complex
real-world domains requires incorporating the ability to handle and form various
abstractions, both temporal and spatial. In this article we present a Markov
decision processes (MDP) minimization framework we developed earlier [15] that
allows us to abstract away redundancy in the problem definition. We then apply
these ideas to hierarchical Reinforcement Learning (RL). Our framework is an
extension of a MDP minimization framework developed by Dean and Givan [4,
6].

Model minimization methods attempt to abstract away redundancy in an
MDP model and derive an “equivalent” smaller model. To illustrate model min-
imization, consider the simple gridworld shown in Figure 1(a). The goal state
is labelled G. The gridworld is symmetric about the NE-SW diagonal. Hence
taking action E in state A is equivalent to taking action N in state B, in the
sense that they go to equivalent states that are one step closer to the goal. One
can say that the state-action pairs (A, E) and (B, N) are equivalent. We can
exploit this notion of equivalence to construct a smaller model of the gridworld,
one that can be used to derive a solution to the original problem. Such a reduced
gridworld is shown in Figure 1(b).

We base our approach to MDP minimization on the notion of MDP homo-
morphisms. This is an extension of machine homomorphisms from finite state
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Fig. 1. (a) A symmetric gridworld problem. The goal state is G and there are four
deterministic actions. States A and B are equivalent in the sense described in the
text. (b) A reduced model of the gridworld in (a). The states A and B in the original
problem correspond to the single state {A, B} in the reduced problem. A solution to
this reduced gridworld can be used to derive a solution to the full problem.

automata (FSA) literature [9]. We extend the notion to MDPs by incorporating
decision making and stochasticity. The key novelty in our approach is the ex-
tension of notions of equivalence to state-action pairs. This enables us to apply
our results to a wider class of problems and extend existing MDP minimization
frameworks in ways not possible earlier. Specifically, by employing group theo-
retic concepts we show that our extended minimization framework can abstract
away symmetries in an MDP model.

The minimization framework we develop for MDPs can be employed readily
by RL algorithms for spatial abstraction. The options framework [17] enables RL
algorithms to employ temporal abstractions in the form of temporally extended
actions, or options. Extending our algebraic framework to a hierarchical RL set-
ting such as the options framework opens up additional possibilities. In this
paper we introduce relativized options, an extension to the options framework
based on “partial” MDP homomorphisms that allows us to define option policies
without an absolute frame of reference and hence widens the applicability of an
option, enables greater knowledge transfer across tasks and more efficient use of
experience. We also investigate employing relativized options in cases where the
abstraction conditions are not satisfied exactly. We introduce approximate ho-
momorphisms that model such scenarios using the notion of bounded-parameter
MDPs [7].

In the next section we present some notation we will be using. In Section 3 we
outline our model minimization framework and state some results. We also show
how our framework can exploit symmetries of MDPs. In Section 4 we introduce
relativized options and present some experimental results. In Section 5 we define
approximate homomorphisms and empirically demonstrate their usefulness. We
conclude with a discussion on related work and some future directions of research.
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2 Notation

A Markov Decision Process is a tuple 〈S,A, Ψ, P,R〉, where S is a finite set of
states, A is a finite set of actions, Ψ ⊆ S ×A is the set of admissible state-action
pairs, P : Ψ × S → [0, 1] is the transition probability function with P (s, a, s′)
being the probability of transition from state s to state s′ under action a, and
R : Ψ → IR is the expected reward function, with R(s, a) being the expected
reward for performing action a in state s. We assume that the rewards are
bounded. Let As = {a|(s, a) ∈ Ψ} ⊆ A denote the set of actions admissible in
state s. We assume that for all s ∈ S, As is non-empty. A stochastic policy π is a
mapping from Ψ to the real interval [0, 1] with

∑
a∈As

π(s, a) = 1 for all s ∈ S.
For any (s, a) ∈ Ψ , π(s, a) gives the probability of picking action a in state s.
The solution of an MDP is an optimal policy π� that uniformly dominates all
other possible policies for that MDP.

Let B be a partition of a set X. For any x ∈ X, [x]B denotes the block of B
to which x belongs. Any function f from a set X to a set Y induces a partition
Bf on X, with [x]Bf

= [x′]Bf
if and only if f(x) = f(x′). Let B be a partition

of Z ⊆ X × Y , where X and Y are arbitrary sets. The projection of B onto
X is the partition B|X of X such that for any x, x′ ∈ X, [x]B|X = [x′]B|X if
and only if every block of B containing a pair in which x (x′) is a component
also contains a pair in which x′ (x) is a component. A partition of an MDP
M = 〈S,A, Ψ, P,R〉 is a partition of Ψ . Given a partition B of M, the block
transition probability of M is the function T : Ψ × B|S → [0, 1] defined by
T (s, a, [s′]B|S) =

∑
s′′∈[s′]B|S

P (s, a, s′′). In other words, T (s, a, [s′]B|S) is the
probability of transiting from state s to some state in the block [s′]B|S (i.e. the
block to which state s′ belongs) under action a.

An option (or a temporally extended action) [17] in an MDP M = 〈S,A, Ψ, P ,
R〉 is defined by the tuple O = 〈I, π, β〉, where the initiation set I ⊆ S is the
set of states in which the option can be invoked, π is the option policy, and the
termination function β : S → [0, 1] gives the probability of the option terminat-
ing in any given state. The option policy can in general can be a mapping from
arbitrary sequences of state-action pairs (or histories) to action probabilities.

3 MDP Homomorphisms

In this article we present a formalism that captures the intuitive notion of equiv-
alence illustrated in Figure 1. In Figure 1(a), we consider states A and B equiv-
alent, since for every action in A that puts you in a state a certain distance from
the goal, there is an action in B that takes you to an equivalent state at the
same distance from the goal. More generally, in an MDP M = 〈S,A, Ψ, P,R〉 we
consider state s1 equivalent to state s2 if for every action available in s1, there is
some action in s2 that results in similar behavior with respect to the transition
structure P and vice versa. We also require that the actions be equivalent with
respect to the reward function R. We can then derive a simpler model M′ of
M by aggregating together blocks of equivalent states. In other words, M′ is a
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simpler model of M if there exists a transformation from M to M′ that pre-
serves the transition and reward structure and maps equivalent states in M to
the same state in M′, and equivalent actions in M to the same action in M′.
An MDP homomorphism from M to M′ is such a transformation. Formally, we
define it as:

Definition: An MDP homomorphism h from an MDP M = 〈S,A, Ψ, P,R〉 to
an MDP M′ = 〈S′, A′, Ψ ′, P ′, R′〉 is a surjection from Ψ to Ψ ′, defined by a tuple
of surjections 〈f, {gs|s ∈ S}〉, with h((s, a)) = (f(s), gs(a)), where f : S → S′

and gs : As → A′
f(s) for s ∈ S, such that:

P ′(f(s), gs(a), f(s′)) = T (s, a, [s′]Bh|S), ∀s, s′ ∈ S, a ∈ As (1)

R′(f(s), gs(a)) = R(s, a), ∀s ∈ S, a ∈ As (2)

We call M′ the homomorphic image of M under h. We use the shorthand h(s, a)
to denote h((s, a)). From condition (1) we can see that state-action pairs that
have the same image under h have the same block transition behavior in M,
i.e., the same probability of transiting to any given block of states with the
same image under f . Condition (2) says that state-action pairs that have the
same image under h have the same expected reward. This definition of a MDP
homomorphism leads to the following definition of equivalence of states and
state-action pairs.

Definition: State action pairs (s1, a1) and (s2, a2) ∈ Ψ are equivalent if there
exists a homomorphism h of M such that h(s1, a1) = h(s2, a2). States s1 and
s2 ∈ S are equivalent if i) for every action a1 ∈ As1 , there is an action a2 ∈ As2

such that (s1, a1) and (s2, a2) are equivalent, and ii) for every action a2 ∈ As2 ,
there is an action a1 ∈ As1 , such that (s1, a1) and (s2, a2) are equivalent.

Thus the surjection f maps equivalent states of M onto the same image state
in M′, while gs is a state dependent mapping of the actions in M onto image
actions in M′. For example, if h = 〈f, {gs|s ∈ S}〉 is a homomorphism from the
gridworld of Figure 1(a) to that of Figure 1(b), then f(A) = f(B) is the state
marked {A,B} in Figure 1(b). Also gA(E) = gB(N) = E, gA(W ) = gB(S) = W ,
and so on. A policy in M′ induces a policy in M and the following describes
how to derive such an induced policy.

Definition: Let M′ be an image of M under homomorphism h = 〈f, {gs|s ∈
S}〉. For any s ∈ S, g−1

s (a′) denotes the set of actions that have the same image
a′ ∈ A′

f(s) under gs. Let π be a stochastic policy in M′. Then π lifted to M is

the policy πM such that for any a ∈ g−1
s (a′), πM(s, a) = π(f(s), a′)

/ ∣∣g−1
s (a′)

∣∣.
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Note: It is sufficient that
∑

a∈g−1
s (a′) πM(s, a) = π(f(s), a′), but we use the above

definition to make the lifted policy unique.

Theorem 1: Let M′ = 〈S′, A′, Ψ ′, P ′, R′〉 be the image of M = 〈S,A, Ψ, P,R〉
under the homomorphism h = 〈f, {gs|s ∈ S}〉. If π� is an optimal policy for M′,
then π�

M is an optimal policy for M.1

Theorem 1 establishes that an MDP can be solved by solving one of its
homomorphic images. To achieve the most impact, we need to derive a small-
est homomorphic image of the MDP, i.e., an image with the least number of
admissible state-action pairs. The following definition formalizes this notion.

Definition: An MDP M is a minimal MDP if for every homomorphic image
M′ of M, there exists a homomorphism from M′ to M. A minimal image of an
MDP M is a homomorphic image of M that is also a minimal MDP.

The model minimization problem can now be stated as: “find a minimal
image of the given MDP”. Since this can be computationally prohibitive, we fre-
quently settle for a reasonably reduced model, even if it is not a minimal MDP.
This minimization framework extends the approach proposed by Dean and Gi-
van [4,6]. They employ stochastic bisimulations [12] on state sets of MDPs and do
not consider state-action equivalence. If we restrict homomorphisms to only the
state set, our approach is equivalent to theirs in terms of the reductions achieved.
The theoretical results established in their framework hold, with suitable mod-
ifications, in our framework also. Specifically, by incorporating our extended
definitions of equivalence, we can extend their algorithm for computing mini-
mal models of MDPs to compute minimal models as defined above. Employing
state-action equivalence allows us to achieve greater reduction in model size than
possible with Dean and Givan’s framework. For example, the gridworld in Fig-
ure 1(a) is irreducible if we consider state equivalence alone. We also explicitly
model symmetries of MDPs in our framework.

3.1 Symmetries of MDPs

We formalize the notion of MDP symmetries employing group theoretic concepts
and show that abstracting symmetries is a special case of the minimization
procedure we developed above.

Definition: An MDP homomorphism h = 〈f, {gs|s ∈ S}〉 from MDP M =
〈S,A, Ψ, P,R〉 to MDP M′ = 〈S′, A′, Ψ ′, P ′, R′〉 is an MDP isomorphism from
M to M′ if and only if f and gs, s ∈ S, are bijective. M is said to be isomorphic
to M′ and vice versa. An MDP isomorphism from an MDP M to itself is an
automorphism of M.

Intuitively one can see that automorphisms can be used to describe symmetries
in a problem specification. In the gridworld example of Figure 1, a reflection of
1 The proofs of the various theorems are presented in ref. [15].
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the states about the NE-SW diagonal and a swapping of actions N and E and
of actions S and W is an automorphism. It is easy to see that this mapping
captures the equivalence discussed earlier.

Definition:The set of all automorphisms of an MDP M, denoted by AutM,
forms a group under composition of homomorphisms. This group is the symmetry
group of M.

Let G be a subgroup of AutM denoted by G ≤ AutM. The subgroup G induces
a partition BG of Ψ : [(s1, a1)]BG

= [(s2, a2)]BG
if and only if there exists h ∈ G

such that h(s1, a1) = (s2, a2). Since G is a subgroup, this implies that there
exists h−1 ∈ G such that h−1(s2, a2) = (s1, a1).

Theorem 2: Let G ≤ AutM be a group of automorphisms of M =
〈S,A, Ψ, P,R〉. There exists a homomorphism hG from M to some M′, such
that the partition induced by hG , BhG , is the same partition as BG .

The image of M under hG is called the G-reduced image of M and if π� is an
optimal policy for some G-reduced image of MDP M, then π�

M is an optimal
policy for M. Frequently the AutM-reduced model of an MDP is a minimal
image. We can take advantage of structure inherent in a symmetry group and
the induced partition in developing efficient minimization algorithms.

Ours is not the first work to study symmetries of MDPs. Zinkevich and Balch
[19] define symmetries employing equivalence relations on the state-action pairs
of an MDP. They do not make connections to group theoretic concepts or to
minimization algorithms. They show that the optimal action-value function of
a symmetric system is symmetric and suggest that the action-value function
entries be duplicated. They also study in some detail symmetries that arise in
multi-agent systems.

4 Relativized Options

It is often the case that both conditions of a homomorphism do not hold for the
entire Ψ space of an MDP but only over parts of it. For example, consider the
problem of navigating in the gridworld environment shown in Figure 2(a). The
goal is to be in the central corridor after collecting all the objects in the world.
A more complete description of the task is provided in Section 4.1. The entire
gridworld as such is irreducible. But each of the rooms in the world are equivalent
to one another and simple transformation such as reflections and rotations map
them onto each other. Thus we can create a “partial” homomorphic image of this
environment, shown in Figure 2(b), with the homomorphic conditions holding
only for the states in the rooms and not in the corridor. The states in which the
homomorphic conditions do not hold get mapped to a “catch all” absorbing state,
shown as a dark oval. All actions from these states get mapped to an absorbing
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action in the image MDP. Formally we can define a partial homomorphism as
follows:

Definition:A partial MDP homomorphism from M = 〈S,A, Ψ, P,R〉 to M′ =
〈S′ ∪ {τ}, A′ ∪ {α}, Ψ ′ ∪ {(τ, α)}, P ′, R′〉 is a surjection from Ψ to Ψ ′ ∪ {(τ, α)},
defined by a tuple of surjections h = 〈f, {gs|s ∈ S}〉, with h(s, a) = (f(s), gs(a)),
where f : S → S′ ∪ {τ} and gs : As → A′

f(s) for s ∈ S, such that:

P ′(f(s), gs(a), f(s′)) = T (s, a, [s′]Bh|S), ∀s ∈ f−1(S′), s′ ∈ S, a ∈ As (3)

P ′(τ, α, τ) = 1.0 (4)
R′(f(s), gs(a)) = R(s, a), ∀s ∈ f−1(S′), a ∈ As (5)

We call M′ the partial homomorphic image of M under h. The state τ is an
absorbing state in M′ with one action α that transitions to τ with probability
1. The homomorphism conditions hold only for states that do not map to τ .
All the actions in states that map to τ , map to α. Lifting policies defined in
M′ yield policy fragments in M, with action probabilities specified only for
elements in the support of h, i.e., h−1(Ψ ′). In Figure 2, τ corresponds to the state
represented as a black oval and α is indicated by the solid arrow. All state-action
pairs, with the state component in the corridor, map to (τ, α) under the partial
homomorphism. We can extend MDP minimization algorithms to find partial
homomorphic images by suitably restricting the search for homomorphisms to a
subset of Ψ . One approach to taking advantage of partial homomorphisms is to
combine our minimization framework with hierarchical learning approaches.

The options framework is a hierarchical learning framework introduced by
Sutton, Precup and Singh [17]. Options are temporally extended actions that
take multiple time steps to complete. A class of options, known as “sub-goal”
options, are defined as policy fragments to achieve a certain sub-goal or accom-
plish a certain sub-task [14]. Frequently, sub-goal options satisfy the Markov
property and the option policy is defined as a map from some subset of Ψ to
action probabilities. In such instances it is possible to specify the the desired
sub-goal of the option and to implicitly define the option policy as the solution
to an option MDP.

The option MDP corresponding to a sub-goal option O is given by MO =
〈S′ ∪ {τ}, A′ ∪ {α}, Ψ ′, P ′, RO〉, where S′ ⊆ S, is the states in which the option
policy needs to be defined, τ , is an absorbing state representing the states in
S−S′, A′ = A, Ψ ′ = {(s, a)|(s, a) ∈ Ψ, s ∈ S′}∪{(τ, α)}, P ′(s, a, s′) = P (s, a, s′),
if (s, a) ∈ Ψ ′, s′ ∈ S′, P ′(τ, α, τ) = 1, and P ′(s, a, τ) =

∑
s′�∈S′ P (s, a, s′) for all

(s, a) in Ψ ′ and RO is a reward function chosen depending on the sub-task O
represents. We refer to the states in which the option policy is defined, S′ in this
case, as the domain of the option. We can also learn the option policy online by
learning a solution to the option MDP. Such an approach is particularly useful
when sub-goals are easy to identify but developing policies to achieve such sub-
goals are non-trivial.

In the gridworld in Figure 2(a), an option that accomplishes the task of
collecting an object and leaving room 1 can be defined as a solution to the MDP
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in Figure 2(b), with the appropriate reward function. We can define similar
options for each of the rooms in the world. Formally we define a Markov sub-
goal option as follows:

Definition: A Markov sub-goal option of an MDP M is defined by O =
〈MO, I, β〉, where I ⊆ S is the initiation set of the option, β : S → [0, 1],
is the termination function and MO = 〈S′ ∪ {τ}, A′ ∪ {α}, Ψ ′, P ′, RO〉 is the
option MDP.

The option policy π is obtained by solving MO, treating it as an episodic task
[16] with the possible initial states of the episodes given by I and the termination
of each episode determined by the option’s termination function β.

As is evident, the option MDP MO is a partial homomorphic image of the
MDP 〈S,A, Ψ, P,RO〉, with the blocks of the induced partition of Ψ being mostly
singletons. The one block that is not a singleton contains all the states not in
S′. We can apply our minimization methods reduce the option MDP further.
This allows us to abstract away redundancy in the option definition and derive
a more compact definition for the option. We refer to this compact option as
a relativized option. Such options are an extension of the notion of relativized
operators introduced by Iba [10]. Formally we define a relativized option as
follows:

Definition: A relativized option of an MDP M = 〈S,A, Ψ, P,R〉 is the tuple
O = 〈h,MO, I, β〉, where I ⊆ S is the initiation set, β : S′ → [0, 1] is the
termination function and h = 〈f, {gs|s ∈ S}〉 is a partial homomorphism from
the MDP 〈S,A, Ψ, P,RO〉 to the option MDP MO with RO chosen based on the
sub-task.

The option MDP is defined as MO = 〈S′ ∪ {τ}, A′ ∪ {α}, Ψ ′, P ′, R′〉, where
S′ = f(SO), where SO ⊆ S is the domain of O, Ψ ′ = h(Ψ), P ′ satisfies conditions
(3) and (4) and R′ satisfies condition (5). The option policy π : Ψ ′ → [0, 1] is
obtained by solving MO by treating it as an episodic task as before. Note that
the initiation set is defined over the state space of M and not that of MO. Since
the initiation set is typically used by the higher level when invoking the option,
we decided to define it over S. When lifted to M, π is suitably transformed into
policy fragments over Ψ depending on the state of M the system is currently in.

Going back to our example in Figure 2(a) we can now define a single rela-
tivized option using the option MDP of Figure 2(b) that represents a option to
collect the object and leave a room. The policy learned in this option MDP can
then be suitable lifted to M to provide different policy fragments in the different
rooms.

4.1 Illustrative Example

We now provide a complete description of the simple gridworld task in Figure
2(a) and some experimental results to illustrate the utility of relativized options.
The agent’s goal is to collect all the objects in the various rooms by occupying



204 B. Ravindran and A.G. Barto

have , i = 1, ... , 5

rooms = {0, 1, 2, 3, 4, 5}

y = {0, ... , 19}
x = {0, ... , 9}

binary: 
i

Features:

x0

y

1

2

5

A

4

3

W E
N

S

have
y = {0, ... , 9}
x = {0, ... , 9}

binary: 

Features:

(a) (b)

Fig. 2. (a) A simple rooms domain with similar rooms. The task is to collect all 5
objects in the environment. (b) The option MDP corresponding to a get-object-and-
leave-room option. See text for full description.

the same square as the object. Each of the rooms is a 10 by 10 grid with cer-
tain obstacles in it. The actions available to the agent are {N,S,E,W} with
a 0.1 probability of failing, i.e., going randomly in a direction other than the
intended one. The state is described by the following features: the room number
the agent is in, with 0 denoting the corridor, the x and y co-ordinates within
the room or corridor with respect to the reference direction indicated in the fig-
ure and boolean variables havei, i = 0, 1, . . . , 5, indicating possession of object
in room i. Thus the state with the agent in the cell marked A in the figure
and having already gathered the objects in rooms 2 and 4 is represented by
〈3, 6, 8, 0, 1, 0, 1, 0〉. The goal is any state of the form 〈·, ·, ·, 1, 1, 1, 1, 1〉 and the
agent receives a reward of +1 on reaching a goal state.

We compared the performance of an agent that employs relativized options
with that of an agent that uses multiple regular options. The “relativized” agent
employs a single relativized option whose policy can be suitably lifted to apply
in each of the 5 rooms. The relativized option MDP corresponds to a single room
and is shown in Figure 2(b). The state space S′ of the option MDP is defined
by 3 features: x and y co-ordinates and a binary feature have, which is true if
the agent has gathered the object in the room. There is an additional absorbing
state-action pair (τ, α), otherwise the action set remains the same. The stopping
criterion β is 1 at τ and zero elsewhere. The initiation set consists of all states
of the form 〈i, ∗〉, with i �= 0. There is a reward of +1 on transiting to τ from
any state of the form 〈∗, 1〉, i.e. on exiting the room with the object.

One can see that lifting a policy defined in the option MDP yields different
policy fragments depending on the room in which the option is invoked. For
example, a policy in the option MDP that picks E in all states would lift to
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yield a policy fragment that picks W in rooms 3 and 4, picks N in room 5 and
picks E in rooms 1 and 2.

The “regular” agent employs 5 regular options, O1, · · · , O5, one for each room.
Each of the option employs the same state space and stopping criterion as the
relativized option. The initiation set for option Oi consists of states of the form
〈i, ∗〉. There is a reward of +1 on exiting the room with the object. Both agents
employ SMDP Q-learning [3] at the higher level and Q-learning [18] at the option
level.

We also compared the performance of an agent that employs only the four
primitive actions. All the agents used a discount rate of 0.9, learning rate of 0.05
and ε-greedy exploration, with an ε of 0.1. The results shown are averaged over
100 independent runs. The trials were terminated either on completion of the
task or after 3000 steps.

Figure 3(a) shows the asymptotic performance of the agents. This graph
demonstrates that the option agents perform similarly in the long run, with
no significant difference in performance. The agent that employs only primitive
actions takes a long time to start learning and was still improving after 50,000
steps. Since we are more interested in the initial performance of the option
agents, we do not present further results for the primitive action agent.

Figure 3(b) shows the initial performance of the option agents. As expected,
the relativized agent significantly outperforms the regular agent in the early tri-
als2. Figure 3(c) graphs the rate at which the agents improved over their initial
performance. The relativized agent achieved similar levels of improvement in
performance significantly earlier than the regular option. For example, the rel-
ativized agent achieved a 60% improvement in initial performance in 40 trials,
while the regular agent needed 110 trials. These results demonstrate that em-
ploying relativized options significantly speeds up initial learning performance,
and if the homomorphism conditions hold exactly, there is no loss in the asymp-
totic performance.

5 Approximate Homomorphisms

The various rooms in the test bed above map exactly onto the option MDP in
Figure 2(b). In practice such exact equivalences do not arise often. To study
the usefulness of relativized options in inexact settings, we conducted further
experiments in which the rooms had different dynamics. In the first task, the
rooms had the same set of obstacles, but had different probabilities of action
success. In the corridor actions fail with probability 0.1 and in rooms 1 through
5 with probabilities 0.2, 0.3, 0.25, 0.5 and 0.0 respectively. Figure 4(b) shows the
initial performance of the relativized agent and the regular agent on this task.
Again the relativized agent significantly outperforms the regular agent initially
and the asymptotic performance, Figure 4(a), shows no significant difference.

In the second task, the rooms have differently shaped obstacles, as shown in
Figure 5(a). Again there is a significant improvement in initial performance, but
2 All the significance tests were two sample t-tests with a p-value of 0.01.



206 B. Ravindran and A.G. Barto

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

x 10
4

0

500

1000

1500

2000

2500

3000

Number of Trials

A
ve

ra
ge

 S
te

ps
 p

er
 T

ria
l

Options

Primitive Actions

0 50 100 150 200 250 300 350 400 450 500
0

500

1000

1500

2000

2500

3000

Number of Trials

A
ve

ra
ge

 S
te

ps
 p

er
 T

ria
l

Relativized Option

Regular Options

(a) (b)

0 5 10 15 20 25 30 35 40 45 50
0

10

20

30

40

50

60

70

80

90

100

Number of Trials x 10

P
er

ce
nt

 Im
pr

ov
em

en
t

Relativized Option

Regular Options

(c)

Fig. 3. (a) Comparison of asymptotic performance of various learning agents on the
task shown in Figure 2. See text for description of the agents. (b) Comparison of initial
performance of the regular and relativized agents on the same task. (c) Comparison of
the rate of improvement to final performance of the two agents.

the asymptotic performance of the relativized agent is slightly, but significantly,
worse than the regular agent, as shown in Figures 6(a) and 6(b). This loss in
asymptotic performance is expected and is observed in other inexact scenarios
we tested the agents on. In some cases this loss reaches unacceptable levels, with
the relativized agent failing to successfully complete the task on certain trials
even after considerable training.

One way to bound this loss in asymptotic performance is to model the option
homomorphism as a map from an MDP to a Bounded-parameter MDP (BMDP)
[7]. A BMDP is an MDP in which the transition probabilities and the rewards are
specified as intervals. Formally a BMDP M′ is given by the tuple 〈S,A, Ψ, P	, R	〉
where S and A are the state and action sets, Ψ is the set of admissible state-action
pairs, P	 : Ψ × S → [0, 1] × [0, 1] with P	(s, a, s′) = [Plow(s, a, s′), Phigh(s, a, s′)],
for all (s, a) in Ψ and s′ in S, is the range of values for the probability of
transiting from s to s′ under action a and R	 : Ψ → IR × IR, with R	(s, a) =
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Fig. 4. (a) Comparison of asymptotic performance of the regular and relativized agents
on the modified rooms task. See text for description of the task. (b) Comparison of
initial performance of the two agents on the same task.
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Fig. 5. (a) A simple rooms domain with dissimilar rooms. The task is to collect all 5
objects in the environment. (b) The option BMDP corresponding to a get-object-and-
leave-room option. See text for full description.

[Rlow(s, a), Rhigh(s, a)], for all (s, a) in Ψ , is the range of the expected reward
on performing action a in state s.

Definition: An approximate MDP homomorphism h from an MDP M = 〈S,A,
Ψ, P,R〉 to a BMDP M′ = 〈S′, A′, Ψ ′, P ′

	, R
′
	〉 is a surjection from Ψ to Ψ ′,

defined by a tuple of surjections 〈f, {gs|s ∈ S}〉, with h((s, a)) = (f(s), gs(a)),
where f : S → S′ and gs : As → A′

f(s) for s ∈ S, such that, ∀s, s′ ∈ S and
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Fig. 6. (a) Comparison of asymptotic performance of the regular and relativized agents
on the task in Figure 5. (b) Comparison of initial performance of the two agents on
the same task.

a ∈ As:

P ′
	(f(s), gs(a), f(s′)) =

[
min

t∈[s]Bh|S
T (t, a, [s′]Bh|S), max

t∈[s]Bh|S
T (t, a, [s′]Bh|S)

]
(6)

R′
	(f(s), gs(a)) =

[
min

t∈[s]Bh|S
R(t, a), max

t∈[s]Bh|S
R(t, a)

]
(7)

In the rooms task depicted in Figure 5(a) the homomorphism corresponding to
the relativized option may now be viewed as a map from each of the rooms to
the image BMDP in Figure 5(b), where the probabilities of transiting into and
out of the lightly colored states range from 0 to 1. We can now use the interval
value iteration algorithm of Givan, Leach and Dean [7] to arrive at bounds
for the optimal value function in this BMDP and hence can bound the loss of
performance that arises due to employing such approximate homomorphisms.

6 Discussion

Our work derives mainly from the model-minimization framework of Dean and
Givan [4,6]. Their work is based on concepts from FSA minimization [9] and con-
current process model checking [13]. They build their framework on the notion
of stochastic bisimulations [12] from model checking and extend the definition to
MDPs by incorporating the possibility of decision making and stochasticity. But
they do not address the problem of state-action equivalence and symmetries.
We base our work on the concept of stochastic homomorphisms derived from
the FSA literature, which we believe is a simpler notion than bisimulations and
helps to better understand the minimization process. Many of the results we
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present in this paper are extensions of similar results obtained by Givan, Dean
and Greig [6] and have counterparts in FSA minimization frameworks.

Minimization algorithms for other modeling paradigms often employ symme-
try groups. For example, Jump [11] uses symmetry groups of FSA to decompose a
machine into identical components, Emerson and Sistla [5] use symmetry groups
to simplify models of concurrent systems, and Glover [8] employs symmetry
groups in deriving shift invariant models of Markov processes.

Defining MDP symmetry groups with automorphisms on the states does not
capture all the interesting cases of symmetry. Hence employing symmetry groups
in Dean and Givan’s framework does not give us much leverage. Extending the
notion of automorphisms to state-action pairs enables us to overcome this de-
ficiency and employ concepts from group theory and traditional minimization
approaches to greater effect. To the best of our knowledge, ours is the first work
to employ extended stochastic homomorphisms and symmetry groups in mini-
mization of MDPs.

The state-of-the-art MDP minimization algorithms [1,2,6] can automatically
construct reduced models of an MDP given the complete system model, i.e.,
a complete specification of all the components of the MDP. These algorithms
can be extended to incorporate state-action equivalence and to compute re-
duced models as defined in Section 3. Symmetries of MDPs often have special
forms. For example Zinkevich and Balch [19] explore symmetries in multi agent
systems that arise from permutation of the features corresponding to various
agents. Concurrent process literature [5] also abounds with examples of systems
with permutation symmetry groups. Often this special form of the symmetry
group leads to more efficient minimization algorithms, and we are presently in-
vestigating minimization methods that take advantage of symmetries.

Most minimization algorithms, for MDPs and other formalisms, require that
we specify the complete system model. Algorithms that exploit symmetries (e.g.
ref. [5]) require that we specify the symmetry group beforehand. This requires the
designer to provide considerable domain knowledge to the agent, which might not
be available or difficult to obtain in many cases. We are currently investigating
minimization algorithms that can work with partial specification of the system
model and symmetry groups and still derive reasonable reduced models of the
system.

Relativized options, per se, do not necessarily add more expressive power to
the options framework. It is possible to achieve the same decomposition of a
problem by employing regular options. But if we are learning the option policy
online, then we garner considerable advantage in terms of efficiency and speed.
When employing a relativized option we can employ the experience generated by
every invocation of the option to learn a policy on a much smaller image MDP.
Thus relativized options allow us to considerably speed up learning and make
more efficient use of online experience. They also give us the power to specify a
single option that can be applied to many symmetrically equivalent situations,
as in the task in Figure 2, where the various rooms are symmetrically equivalent.
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In this work we demonstrated that the predicted speed up when employ-
ing relativized options is achieved in practice. We also demonstrated that rela-
tivized options are useful even in cases where the homomorphism conditions are
not satisfied exactly. We employ Bounded-parameter MDPs [7] to characterize
approximate homomorphisms and to bound the loss in performance when the
homomorphism conditions are not met exactly. The bound on the loss can also
be used in establishing conditions under which an option might be relativized
and to guide the search for a suitable homomorphism. Our current research is
focussed on defining principled ways to generate relativized options.

7 Conclusion

In this paper we presented an MDP minimization framework based on the no-
tion of MDP homomorphism. This is an extension of Dean and Givan’s model
minimization framework. Our framework can accommodate state-action equiv-
alence and explicitly addresses the issue of modeling symmetries of MDPs. We
then developed the concept of partial homomorphisms and applied our mini-
mization framework to hierarchical reinforcement learning to define relativized
options—compact, symmetry invariant options. We empirically demonstrated
the usefulness of relativized options even in case the homomorphism conditions
are not met exactly. We developed the notion of approximate homomorphisms
that allow us to bound the loss of performance in such cases.
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Abstract. Temporally extended actions (e.g., macro actions) have proven very
useful for speeding up learning, ensuring robustness and building prior knowledge
into AI systems. The options framework (Precup, 2000; Sutton, Precup & Singh,
1999) provides a natural way of incorporating such actions into reinforcement
learning systems, but leaves open the issue of how good options might be identified.
In this paper, we empirically explore a simple approach to creating options. The
underlying assumption is that the agent will be asked to perform different goal-
achievement tasks in an environment that is otherwise the same over time. Our
approach is based on the intuition that states that are frequently visited on system
trajectories, could prove to be useful subgoals (e.g., McGovern & Barto, 2001;
Iba, 1989).
We propose a greedy algorithm for identifying subgoals based on state visitation
counts. We present empirical studies of this approach in two gridworld navigation
tasks. One of the environments we explored contains bottleneck states, and the
algorithm indeed finds these states, as expected. The second environment is an
empty gridworld with no obstacles. Although the environment does not contain
any obvious subgoals, our approach still finds useful options, which essentially
allow the agent to explore the environment more quickly.

1 Introduction

Temporally extended actions (e.g., macro actions) have proven very useful for speed-
ing up learning and planning, ensuring robustness and building prior knowledge into
AI systems (e.g., Fikes, Hart, and Nilsson, 1972; Newell and Simon, 1972; Sacerdoti,
1977; Korf, 1985; Laird et al., 1986; Minton, 1988; Iba, 1989). More recently, the topic
has been explored in the context of Markov Decision Processes (MDPs) and reinforce-
ment learning (RL) (e.g., Singh, 1992; Parr, 1998; Dietterich, 1998; Precup, 2000). The
options framework (Precup, 2000; Sutton, Precup & Singh, 1999) provides a natural
way of incorporating extended actions into reinforcement learning systems. An option
is specified by a set of states in which the option can be initiated, an internal policy
and a termination condition. One natural way to define the termination condition for an
option is to choose a state (or set of states) as “subgoals” that the option should achieve
(see, e.g., Precup, 2000). The option terminates when the system enters a subgoal state.
Termination can also be forced on “failure conditions” (e.g., if the option has been ex-
ecuting for too long). If the initiation set and the termination condition are specified,

S. Koenig and R. Holte (Eds.): SARA 2002, LNAI 2371, pp. 212–223, 2002.
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traditional reinforcement learning methods can be used to learn the internal policy of
the option.

While the options framework provides a convenient language for describing and
reasoning with temporally extended actions, it gives no guidance regarding how good
options can be found. The issue of automatically finding initiation sets and termination
conditions for options is left open. In this paper, we propose and explore empirically a
simple approach for creating options. We consider a scenario in which an agent will be
asked to perform different goal-achievement tasks in an environment that is otherwise
the same over time. Our approach is based on the intuition that states that are frequently
visited on system trajectories could prove to be useful subgoals. This idea was explored
by Iba (1989) as a heuristic for discovering macro-operators in deterministic search
problems. Recently, similar ideas were used by McGovern (2002; McGovern & Barto,
2001) in the context of discovering options. The main idea of their approach is to detect
“bottleneck” regions in the state space, by using the concept of diverse density. Bottleneck
states are defined as states the occur often on “good” trajectories and do not occur on
“bad” trajectories. Diverse density is a natural computational tool for identifying such
states.

Our approach is similar in spirit to McGovern’s, but more simple, and based on
different assumptions. First, we do not assume a priori that there may be “good” and “bad”
trajectories. Instead, we assume that the agent will be confronted with different tasks, all
set in the same environment. Hence, the agent is first allowed to explore the environment
and gather information. We assume that frequently visited states are of potential interest,
and should become subgoals (regardless of the quality of the trajectories on which they
occur). Second, our approach explicitly constructs a set of options rather than individual
options. McGovern focuses on constructing individual options one at a time, and then
uses additional filters in order to construct the option set.

At the beginning of learning, our agent is allowed to interact with the environment
and gather statistics, focusing on state visitation counts. Based on these statistics, it
chooses potential subgoals and initiation states for the options. In the second phase, the
agent learns the internal policies of the options, using standard reinforcement learning
techniques. Once these are learned, the agent can use the options to solve the goal-
achievement tasks with which it is presented.

We present empirical studies of this approach in two gridworld navigation tasks. One
of the environments we explored contains bottleneck states, and the algorithm indeed
finds these states, as expected. If the algorithm is allowed to gather a sufficient amount
of experience, it discovers useful options, which accelerate learning on future tasks. The
performance of the options discovered automatically is very similar to that of carefully
hand-crafted options.

The second environment is an empty gridworld with no obstacles. Although the
environment does not contain any obvious subgoals that a human designer can exploit,
our approach still finds useful options, which essentially allow the agent to explore the
environment more quickly.

The paper is organized as follows. In Section 2 we introduce basic reinforcement
learning notation. Section 3 contains the definition of options, SMDP Q-learning, and
intra-option Q-learning, the two main algorithms we use for learning how to choose
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among options. In Section 4 we describe our algorithm for automatically creating options.
Section 5 contains empirical results for this algorithm on two gridworld tasks, and a
discussion of the behavior we observed. In section 6 we outline some ideas for future
work.

2 Reinforcement Learning

Reinforcement learning (RL) is a computational approach to automating goal-directed
learning and decision making (Sutton & Barto, 1998). It encompasses a broad range of
methods for determining optimal ways of behaving in complex, uncertain and stochas-
tic environments. Most current RL research is based on the theoretical framework of
Markov Decision Processes (MDPs) (Puterman, 1996). MDPs are a standard, very gen-
eral formalism for studying stochastic, sequential decision problems. In this framework,
the agent takes a sequence of primitive actions paced by a discrete, fixed time scale. On
each time step t, the agent observes the state of its environment, st, contained in a finite
discrete set S, and chooses an action, at, from a finite action set A (possibly dependent
on st). One time step later, the agent receives a reward rt+1 and the environment tran-
sitions to a next state, st+1. For a given state s and action a, the expected value of the
immediate reward is ra

s and the transition to a new state s′ has probability pa
ss′ , regardless

of the path taken by the agent before state s. A way of behaving, or policy, is defined
as probability distribution for picking actions in each state: π : S×A→ [0,1]. The goal
of the agent is to find a policy that maximizes the total reward received over time. For
any policy π and any state s ∈ S, the value of taking action a in state s under policy π,
denoted Qπ(s,a), is the expected discounted future reward starting in s, taking a, and
henceforth following π:

Qπ(s,a)
def
= Eπ

{
rt+1+γrt+2+ · · ·

∣∣∣ st = s,at = a
}

.

The optimal action-value function is:

Q∗(s,a) def
= max

π
Qπ(s,a).

In an MDP, there exists a unique optimal value function, Q∗(s,a), and at least one
optimal policy, π∗, corresponding to this value function:

π∗(s,a) > 0 iff a ∈ argmax
a′∈A

Q∗(s,a′).

Many popular reinforcement learning algorithms aim to compute Q∗ (and thus implicitly
π∗) based on the observed interaction between the agent and the environment. The most
widely-used is probably Q-learning (Watkins, 1989), which allows learning Q∗ directly
from interaction with the environment. The agent updates its value function as follows:

Q(st,at)←Q(st,at)+α(rt+1+γmax
a′∈A

Q(st+1,a
′)−Q(st,at))

Q-learning has been shown to converge in the limit, with probability 1, to the optimal
value function Q∗, under standard stochastic approximation assumptions.
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3 Options

Options (Precup, 2000; Sutton, Precup & Singh, 1999) are a generalization of primi-
tive actions to include temporally extended courses of action. Options consist of three
components: a policy π : S ×A	→[0,1], a termination condition β : S 	→[0,1], and an
initiation set I ⊆ S. An option < I,π,β > is available in state s if and only if s ∈ I. If
the option is taken, then actions are selected according to π until the option terminates
stochastically according to β. That is, in state st the next action at is selected according
to the probability distribution π(st, ·). The environment then makes a transition to state
st+1, where the option either terminates, with probability β(st+1), or else continues,
determining at+1 according to π(st+1, ·), possibly terminating in st+2 according to
β(st+2), and so on. When the option terminates, then the agent has the opportunity to
select another option. In this paper we focus mainly on options which have a determin-
istic internal policy π. We use the notation π(s) to denote the primitive action chosen
by policy π in state s.

Note that primitive actions can be viewed as a special case of options. Each action
a corresponds to an option that is available whenever a is available (I = {s : a ∈As}),
that always lasts exactly one step (β(s) = 1, ∀s ∈ S), and that selects a everywhere
(π(s) = a, ∀s ∈ I). Thus, we can consider the agent’s choice at each time to be entirely
among options, some of which persist for a single time step, others which are temporally
extended.

It is natural to generalize the action-value function to an option-value function. We
define Qµ(s,o), the value of taking option o in state s ∈ I under policy µ, as

Qµ(s,o)=. E
{

rt+1+γrt+2+γ2rt+3+ · · ·
∣∣∣ E(oµ,s, t)

}
, (1)

where oµ denotes the policy that first follows o until it terminates and then initiates µ in
the resulting state, and E(oµ,s, t) denotes the execution of oµ in state s starting at time
t.

Options are closely related to the actions in a special kind of decision problem known
as a semi-Markov decision process, or SMDP (e.g., see Puterman, 1994). In fact, any
MDP with a fixed set of options is an SMDP.Accordingly, the theory of SMDPs provides
an important basis for a theory of options.

The problem of finding an optimal policy over a set of options O can be addressed
by learning methods. Because the MDP augmented by the options is an SMDP, we
can apply SMDP learning methods as developed by Bradtke and Duff (1995), Parr and
Russell (1997), Mahadevan (1996), or McGovern, Sutton and Fagg (1997). When the
execution of option o is started in state s, we next jump to the state s′ in which o
terminates. Based on this experience, an option-value function Q(s,o) is updated. For
example, the SMDP version of one-step Q-learning (Bradtke and Duff, 1995), updates
the value function after each option termination by

Q(s,o)←Q(s,o)+α

[
r+γkmax

a∈O
Q(s′,a)−Q(s,o)

]
, (2)

where k denotes the number of time steps elapsing between s and s′, r denotes the
cumulative discounted reward over this time, and it is implicit that the step-size parameter
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α may depend arbitrarily on the states, option, and time steps. The estimate Q(s,o)
converges to the optimal value function over options, Q∗

O(s,o) for all s ∈ S and o ∈ O
under conditions similar to those for conventional Q-learning (Parr, 1998).

One drawback of SMDP learning methods is that they need to execute an option to
termination before learning can take place. Therefore, they are hard to use in the case in
which options take a long time to execute, and can only be applied to one option at a time.
An alternative to this approach is to use intra-option learning methods (Sutton, Precup
& Singh, 1998), which permit learning about an option from the experience at every time
step. In this paper, we use the intra-option Q-learning algorithm. On every time step t,
after the primitive action at is chosen, we determine all the options o = 〈I,π,β〉 for
which π(st) = at. We update the values of all these options using the following update
rule:

Q(st,o)←Q(st,o)+α(rt+1+γU(st+1,o)−Q(st,o)) (3)

where
U(s,o) = (1−β(s))Q(s,o)+β(s)max

o′ Q(s,o′).

This algorithm converges to the correct optimal option-value function, under standard
stochastic approximation conditions (Precup, 2002). Intra-option learning is potentially
more efficient that SMDP learning, because it extracts more training information from
the same amount of experience in the environment. This approach is also more flexible
than SMDP learning, because it allows learning the value of options that are never
completely executed, as long as the primitive actions taken are consistent with those
options.

4 Finding Options

If an initiation set and a termination condition are specified, the internal policies of
options can be learned using standard RL methods (e.g., Q-learning, like in Precup,
2000). But the key issue remains how to select good termination conditions and initiation
sets. Intuitively, it is clear that different heuristics would work well for different kinds
of environments.

In this paper, we assume that the agent is confronted with goal-achievement tasks,
which take place in a fixed environment. This setup is quite natural when thinking about
human activities. For instance, every day we might be cooking a different breakfast, but
the kitchen layout is the same from day to day.

We allow the agent to explore the environment ahead of time, in order to learn options.
The option finding process is based on posing a series of random tasks in this environment
and letting the agent solve them. During this time, the agent gathers statistics regarding
the frequency of occurrence of different states. Our algorithm is based on the intuition
that, if states occur frequently on trajectories that represent solutions to random tasks,
then these states may be important. Hence, we will learn options that use these states as
targets. The options finding algorithm is described in detail below.

1. Select a number of start states S and target states T , according to a given distribution.
These states will be used to generate random tasks for the agent. In the absence of
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domain knowledge, a natural assumption is to consider a uniform distribution over
start and target states. However, if we have some knowledge about the types of task
the agent may be facing, that knowledge can be built into the choice of distribution.

2. For each pair 〈S,T 〉
a) Perform Ntrain episodes of Q-learning, to learn a policy for going from S to T
b) Perform Ntest episodes using the greedy policy learned. For all states s, count

the total number of times n(s) that each state is visited during these trajectories.
3. Repeat until the desired number of options is reached:

a) Pick the state with the most visitations, Tmax = argmaxs n(s), as the target
state for the option

b) Compute n(s,Tmax), the number of times each state s occurs on paths that go
through Tmax

c) Compute n̄(Tmax) = avgsn(s,Tmax).
d) Select all the states s for which n(s,Tmax)> n̄(Tmax) to be part of the initiation

set I for the option.
This step selects for the initiation set states that more likely to be on trajectories
going to Tmax. This is a heuristic choice, based on the intuition that Tmax

is more easily reachable from these states. Hence, an option starting in these
states would have a good chance of achieving its subgoal (perhaps even in a
short amount of time).

e) Complete the initiation set by interpolating between the selected states. The
interpolation process is domain-specific.

f) Decrease the visitation counts for all states by the number of visits to the states
on trajectories going to Tmax. The goal of this step is to prevent several options
in the set we are creating to go to “neighboring” subgoals.

4. For each option, learn its internal policy; this is achieved by giving a high reward
for entering Tmax, and no rewards otherwise. The agent performs Q-learning, by
performing episodes which start at random states inI and end when Tmax is reached,
or when the agent exits I.

Once the options are found, we can use either SMDP Q-learning, or intra-option Q-
learning in order to learn a policy over options (as described in the previous section).

5 Experimental Results

We experimented with this algorithm for finding options in two simple gridworld nav-
igation tasks. The first one is the rooms environment depicted in Figure 1 (left panel).
The state is the current cell position. There are four stochastic primitive actions which
move the agent up, down, left and right. Each action moves the agent in the expected
direction with probability 0.9. With probability 0.1, the agent is moved instead in one of
the other three directions, chosen at random. If the agent attempts to move into a wall,
it stays in the same position, and no penalty is incurred. The discount factor is γ = 0.9
and there are no intermediate rewards anywhere. The agent can only obtain a reward
upon entering a designated goal state. We assume that the goal state may move from one
location to another over time.
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The hallway states are obvious candidates for option subgoals in this environment,
since trajectories passing from one room to another have to pass through the hallways.
Hence, one would expected the option finding algorithm to work well, finding options
for going to the hallways.

HALLWAYS

up

down

rightleft

G?

primitive actionsROOM T

?

?

?

? ? ? ?

? ?

Fig. 1. Rooms environment, and example option

We performed 30 independent runs of the algorithm. During each run, the option
finding algorithm was used to find 8 options. During the option finding stage, 25% of the
states were used as potential start and goal states for random tasks. We used Ntrain =200
episodes to learn Q-values for each pair of start and goal states. After learning, we used
Ntest = 10 episodes to generate the state visitation counts.

Recall that the algorithm selects some states to be part of the initiation set; these states
will be the ones occurring frequently on trajectories that go to the subgoal state of the
option. The initiation sets were then constructed by creating a rectangular box around
the selected initiation states for each option. This approach is specific for gridworld
navigation, and would not be expected to work well in other domains. However, other
interpolation techniques may be more widely applicable. Note also that initiation sets
could include just the states selected by the algorithm, without any interpolation. After
the initiation sets and the targets of the options were selected, the internal policy of each
option was found using Q-learning for 100 trials.

One example of an option found by the algorithm is depicted in Figure 1 (right
panel). The target state for the option is close to one of the hallways, but not exactly
in the hallway. This behavior was consistent across all runs, and is due to the fact that
the states near the hallways are traversed both by trajectories going between rooms and
by trajectories inside a room. This is also consistent with earlier findings of McGovern
(1998). The figure shows that the option policy has been learned for most initiation
states, although some states have a suboptimal policy, while others (marked with a ’?’)
have still not been visited (and hence have a random policy).

Once the options were learned, we compared the performance of three learning
agents: one using primitive actions only, and two using using both primitive actions
and options, but with different learning algorithms (SMDP Q-learning and intra-option
Q-learning respectively). All action-value functions were initialized to zero values. We
individually optimized the learning rate parameter α for each agent, but all agents per-
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Fig. 2. Learning curves during training. The left panel shows the average duration of learning
episodes with automatically discovered options. The right panel shows the similar plot with engi-
neered options.
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Fig. 3. Performance during testing episodes. The left panel shows the performance of the greedy
policy over the automatically discovered options, while the right panel shows a similar plot for
the engineered options.

formed best with a learning rate of α = 0.5. During training, all agents used an ε-greedy
policy for generating behavior, with ε = 0.1.

We picked two different goal locations. The agents were trained for 150 episodes
using the first location (at coordinates (8,8), in the lower right room). Every episode
consists of starting at a randomly chosen location and performing navigation actions until
the goal is reached.After each 20 training episodes, we performed 5 test episodes, starting
at random states and using the greedy policy to choose actions. After 150 episodes, the
goal was moved to location (4,4), in the upper left room, but the Q-values of each agent
were retained, and the whole process was repeated. The reason for retaining the Q-values
was that we wanted to capture the situation in which the agent is not explicitly told that
the task has changed, but has to discover this through trial and error. This also allows us
to characterize performance expectations when options are used to learn a policy from
scratch, compared to the case in which the agent’s initial value function reflects previous
experience.
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We ran a similar set of experiments using human engineered options. In this case, we
explicitly designated the hallway states as end points for the options, and we limited the
initiation sets to the states within a room (like in Sutton, Precup & Singh, 1999). Then,
we used Q-learning to learn internal policies for the options. We ran Q-learning suffi-
ciently long, to allow a good policy to be learned from all initiation states. The learning
algorithms, exploration policy and learning rates are the same as described above. The
main goal of this experiment was to test the extent to which the “imperfections” in the
options affect the speed of learning, and the performance of the learned policy.

The results for the rooms environment are depicted in Figure 2 and Figure 3. Figure
2 shows the log of the length of the learning episodes, averaged over the 30 runs.
We used log-scale to improve the readability of the graphs. Figure 3 shows the same
performance measure for the testing episodes. Each point on this graph represents the
average of the five test episodes. In each figure, the left panel shows the performance
of the automatically discovered options, while the right panel shows the performance of
the human engineered options.

As expected, when learning is started with a clean slate (first half of the graphs) using
temporally extended options provides an advantage over using primitive actions only,
although the number of actions to learn about has increased from 4 to 12. During training,
the performance of the options discovered by our algorithm was virtually the same as that
of the hand-crafted options. During testing, the hand-crafted options performed slightly
better, but not by much.

When we changed the goal location, all three algorithms performed similarly during
training (second half of the graphs, after episode 150). During testing, results are mixed,
as seen in Figure 3. We initially expected the options to perform significantly better in
this situation, but this was not the case. Options improve their performance quicker in the
beginning, but then seem to perform worse than the primitive actions. The main reason
seems to be that we require, for all learners, that the options be executed to completion.
If the initial value function makes poor choices, the presence of the options causes the
agent to move further away from the goal. There are two possible ways to alleviate this
problem: using more aggressive exploration, or allowing the options to terminate early
(Sutton, Precup & Singh, 1999). We plan to explore this issue further in the future.

The second environment we experimented with was an empty11×11gridworld, with
no obstacles. In this environment, there are no obvious states that should be designated
as subgoals. Hence, it is not obvious that the option-finding heuristic would work well.
Our initial expectation was that the use of the options found would actually slow down
learning.

We applied our algorithm to this environment in the same manner described above.
The results are depicted in Figure 4. During training, it is clear that the use of temporally
extended options is helpful. The result is not so clear for the greedy policy, though. In
order to understand better the behavior of the algorithm, we looked at the options that
were found in this environment. On every run, the algorithm first found one (or a couple)
of options leading to one of the central states in the environment. Once the state visitation
counts were decreased by eliminating the trajectories that went through the center states,
the peak counts were spread over states in different areas of the grid. Hence, on virtually
every run, the algorithm found some options for navigating to different parts of the grid.
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Fig. 4. Results for the empty gridworld environment. The left panel shows the performance during
training, and the right panel shows the performance of the greedy policy learned.

Of course, such options are useful in the case in which the goal state moves around the
environment. One example of option subgoal states found by our algorithm is depicted
in Figure 5. The subgoals are numbered in the order in which they were selected.
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Fig. 5. Option target states found during one run in the empty gridworld.

6 Future Work

There are many possible directions for future research. Our algorithm currently relies
on allowing the agent to get a fairly large amount of experience in the MDP, before it
starts solving tasks. This experience could be used differently, and potentially in a more
fruitful way. For instance, we could estimate a low-level model of the MDP, or a model
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of the options, and then use these models to plan solutions to tasks, when they arise. We
plan to compare such model-based methods to the model-free algorithm described in
this paper.

Another important issue is generalizing the algorithm in large state spaces. In this
paper, we assumed that we could afford to keep visitation counts for individual states, but
this would not be true in very large environments. In such a case, using state aggregation,
or some form of clustering, may prove fruitful.
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Abstract. Most of the working solvers for numerical constraint satisfaction prob-
lems (NCSPs) are designed to delivering point-wise solutions with an arbitrary
accuracy. When there is a continuum of feasible points this might lead to pro-
hibitively verbose representations of the output. In many practical applications,
such large sets of solutions express equally relevant alternatives which need to be
identified as completely as possible. The goal of this paper is to show that by us-
ing appropriate approximation techniques, explicit representations of the solution
sets, preserving both accuracy and completeness, can still be proposed for NC-
SPs with continuum of solutions. We present a technique for constructing concise
inner and outer approximations as unions of interval boxes. The proposed tech-
nique combines a new splitting strategy with the extreme vertex representation of
orthogonal polyhedra [1,2,3], as defined in computational geometry. This allows
for compacting the representation of the approximations and improves efficiency.

1 Introduction

Numerical constraints can naturally model a wide range of real-world problems. In prac-
tice, process descriptions, cost restrictions, chemical or mechanical models are most of-
ten expressed using this type of constraints. A numerical constraint satisfaction problem
(NCSP), (V , C, D), is stated as a set of variables V taking their values in domains D over
the reals and subject to constraints C. The constraints can be equalities or inequalities of
arbitrary type and arity, usually expressed using arithmetic expressions. The goal is to
assign values to the variables so that all the constraints are satisfied. Such an assignment
is then called a solution. The completeness of a solving procedure means its ability to find
a solution to the NCSP if any, or else, to prove that there are no solutions to the problem.
Completeness is essential in many real-world situations since it is the only way to guar-
antee that all inconsistencies are avoided, that all relevant alternatives can be provided
and that an eventual global optima can be identified. When devising complete solving
techniques for NCSPs, a fundamental issue is the representation of the actual solution
sets. The spectrum of possible representations ranges from the implicit one, given by
the arithmetic expressions of constraints, to the explicit one, given by the enumeration
of all individual solutions. The former representation is traditionally used by mathemat-
ical programming solvers. It is compact but difficult to query. As a consequence, even

S. Koenig and R. Holte (Eds.): SARA 2002, LNAI 2371, pp. 224–241, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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(a) (b)

Fig. 1. (a) Numerical CSP with three point-wise solutions (grey dots); (b) Numerical CSP with a
continuum of solutions (grey regions)

the state-of-the-art solving techniques cannot guarantee completeness in the general
case [4]. The second representation is usually constructed by constraint programming
solvers [5,6]. It is complete and trivial to query but can be exceedingly verbose, and
therefore unpractical, when the NCSP has a continuum of solutions (see Figure 1). Such
a situation often occurs in real-world applications since under-constraint problems or
problems with inequalities are ubiquitous in practice. The goal of this paper is to show
that by using appropriate approximation techniques, explicit representations, preserving
both accuracy and completeness, can still be proposed for NCSPs with non-isolated
solutions. We propose to use the Extreme Vertex Representation (EVR) of orthogonal
polyhedra [1,2,3] as defined in computational geometry, coupled with adapted branch-
ing strategies, to compute inner and outer approximations of the solution sets under the
form of unions of interval boxes. The resulting technique applies to general constraint
systems. The preliminary experiments show that it improves efficiency as well as the
compactness and quality of the explicit representation of the solution sets.

2 Background and Motivation

We address the issue of solving non-linear NCSPs with continuum of solutions (Fig-
ure 1). In its most general form, a continuum of solutions expresses a spectrum of
equally relevant choices, as the possible moving areas of a mobile robot, the collision
regions between objects in mechanical assembly, or different alternatives of shapes for
the components of a kinematic chain. These alternatives need to be identified as pre-
cisely and completely as possible. Interval constraint-based solvers (e.g. Numerica [5],
ILOG Solver [6]) take as input a numerical CSP, where the domains of the variables
are intervals over the reals, and generate a set of boxes which conservatively enclose
each solution (no solution is lost). They have proven particularly efficient in solving
challenging instances of numerical CSPs with non-linear constraints but are commonly
designed to deliver point-wise solutions. As a consequence, when applied to our target
problems, the approximations they provide for the complete solution set are, in most
cases, prohibitively verbose. As an example, let us consider the following NCSP with
four non-linear inequality constraints and three variables: P3 = {x2 ≤ y, ln y + 1 ≥ z,
xz ≤ 1, x3/2 + ln(1.5z + 1) ≤ y + 1, x ∈ [−15, 15], y ∈ [1, 200], z ∈ [−10, 10]}.
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Using an efficient implementation of classical point-wise techniques,1 the computation
had to be stopped after 1 hour and produced more than 90000 small boxes.2 A natural
alternative to the point-wise approach is to try to cover the spectrum of non-isolated
solutions using a reduced number of subsets from IRn. Usually, these subsets are chosen
with known and simple properties (e.g. interval boxes, polytopes, ellipsoids) [7]. In re-
cent years, several authors have proposed set covering algorithms with interval boxes [7,
8,9,10]. These algorithms are based on domain splitting and have one of the following
limitations: they are designed for inequality constraints only [8,9,10], they only apply to
polynomials [9], they uniformly enforce dichotomous splitting on all variables [7]. More-
over, most of these techniques produce verbose approximations of the boundaries [7,8,
9]. As a consequence, either their applicability is restricted or the tractability limits are
rapidly reached. The alternative technique we propose is based on the following obser-
vations. Firstly, when there are non-isolated solutions, dichotomous splitting is not the
most adapted branching strategy. It might lead to unnecessarily dividing entirely feasi-
ble regions. We propose an alternative scheme based on splitting around the negation
of feasible regions. Secondly, the union of boxes produced by the complete solving of
numerical CSPs with continuum of solutions can be seen as an orthogonal polyhedron.
Enhanced representations from computational geometry can be used to reduce the ver-
bosity of such geometrical object. We propose to use the extreme vertex representation
of orthogonal polyhedra [1,2,3] for this purpose.

3 Definitions and Notations

3.1 Interval Arithmetic

The finite nature of computers precludes an exact representation of the reals. The set IR,
extended with the two infinity symbols, and then denoted by IR∞ = IR∪{−∞,+∞}, is
in practice approximated by a finite subset F∞ containing −∞, +∞ and 0. In interval-
based constraint solvers, F∞ usually corresponds to the floating-point numbers used in
the implementation. Let < be the natural extension to IR∞ of the order relation < over
IR. For each l in F∞, we denote by l+ the smallest element in F∞ greater than l, and by
l− the greatest element in F∞ smaller than l.

The set of intervals with bounds in F∞, denoted by II, is ordered by set inclusion. In
the rest of the paper, intervals are written uppercase, reals or floats are lowercase, vectors
in boldface and sets in uppercase calligraphic letters.An interval box (henceforth referred
to box) B = I1 × . . .× In is a Cartesian product of n intervals in II. A canonical interval
is a non-empty interval of the form [l..l] or of the form [l..l+]. A canonical box is a
Cartesian product of canonical intervals.

We use the following notations for set theoretic operations on boxes: A
B = A∪B,
A � B = cl(int(A) ∩ int(B)), ¬A = cl(∼ A), where cl and int are the topological
closure and interior operations, and ∼ is the complementary operation.

1 The implementation was based on ILOG solver 5.1 (see Section 6).
2 The alternative technique we propose could reduce the complete output to 1373 boxes and

produced the result in 5.63 seconds (see Table 1).
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3.2 Relations and Approximations

Let c(x1, . . . , xn) be a real constraint with arity n. The relation defined by c, denoted
by ρc, is the set of tuples satisfying c. The relation defined by the negation, ¬c, of c is
given by IRn \ρc. The global relation defined by the conjunction of all the constraints of
a NCSP, C is denoted ρC . It can be approximated by a computer-representable superset
or subset. In the first case the approximation is complete but may contain points that are
not solutions. Conversely, in the second case, the approximation is sound but may lose
certain solutions. A relation ρ can be approximated conservatively by the smallest (w.r.t
set inclusion) union of boxes, or more coarsely by the smallest box, containing it. In the
rest of the paper, we will use the following definitions and notations:
Definition 1 (The Minimal Outer Box, OB). Let ρ be a relation from IRn, the minimal
outer box of ρ, denoted by OB(ρ), is defined by:

OB(ρ) ∈ IIn,OB(ρ) ⊇ ρ : ∀B ∈ IIn,B ⊇ ρ ⇒ OB(ρ) ⊆ B (1)

Definition 2 (The Best Outer Approximation, OA). Let ρ be a relation from IRn, the
best outer approximation of ρ, denoted by OA(ρ), is defined by:

OA(ρ) =
⋃

r∈ρ

OB({r}) (2)

Definition 3 (The Best Inner Approximation, IA). Let ρ be a relation from IRn, the
best inner approximation of ρ, denoted by IA(ρ), is defined by:

IA(ρ) =
⋃

B∈IIn
,B⊆ρ

B (3)

Definition 4 (The Best Undiscernible Approximation, UA). Let ρ be a relation from
IRn, the best undiscernible approximation of ρ, denoted by UA(ρ), is the difference
between OA(ρ) and IA(ρ): UA(ρ) = OA(ρ) \ IA(ρ).

Figure 2 illustrates Definitions 1, 2, 3 and 4 on a simple example. The relation to
approximate contains all the points lying inside the circle and on its boundary.
Proposition 1. Given a relation, ρ ⊆ IRn, these properties hold: (1) OB(ρ) exists
uniquely; (2) IA(ρ) ⊆ ρ ⊆ OA(ρ); (3) OA(ρ), UA(ρ) are minimal and IA(ρ) is
maximal, i.e. ∀Si,So ∈ P(IIn), Ui =

⋃
B∈Si

B, Uo =
⋃

B∈So
B:

Ui ⊆ ρ ⊆ Uo ⇒ Ui ⊆ IA(ρ) ⊆ OA(ρ) ⊆ Uo,UA(ρ) ⊆ Uo \ Ui (4)

The computation of these approximations relies on the notion of contracting opera-
tors. Basically, a contracting operator narrows down the variable domains by discarding
values that are locally inconsistent. In this paper we use the notion of outer-bound con-
tracting operator, defined as follows:

Definition 5 (Outer-bound Contracting Operator, OC). An outer-bound contracting
operator is a function OC : IIn × P(IRn) → IIn such that ∀B ∈ IIn, ρ ∈ P(IRn) these
properties hold: 3

3 P(S) denotes the power-set of S, i.e., the set {A|A ⊆ S}.
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Fig. 2. The Best Approximations: (a) OB; (b) IA (white), UA (gray) and OA (white & gray).
The relation to approximate contains all the points lying inside the circle and on its boundary

(1) OC(B, ρ) ⊆ B (Contractiveness)
(2) OC(B, ρ) ⊇ B ∩ ρ (Completeness)

Often, a monotonicity condition is also required to guarantee confluence. We do
not consider this restriction for the moment. In numerical domains, the outer-bound
contracting operators usually enforce either Box, Hull, kB or Bound consistency [11,5],
generally referred to as bound-consistency in the rest of the paper.

3.3 Union Approximations

In this paper we consider the problem of computing IA(ρ) and OA(ρ) approximations
of a relation ρ ⊆ IRn under the form of unions of disjoint boxes4.

Definition 6 (Outer Union Approximation, UnionO(ρ)). UnionO(ρ) is a set of
disjoint boxes U ∈ P(IIn) such that:

⋃

B∈U
B ⊇ OA(ρ) (5)

Definition 7 (Inner Union Approximation, UnionI(ρ)). UnionI(ρ) is a set of dis-
joint boxes U ∈ P(IIn) such that:

⋃

B∈U
B ⊆ IA(ρ) (6)

Definition 8 (Undiscernible Union Approximation, UnionU (ρ)). UnionU (ρ) is a
set of disjoint boxes U ∈ P(IIn) such that:5

⋃

B∈U
B = cl(

⋃

B∈UnionO(ρ)

B \
⋃

B∈UnionI(ρ)

B) (7)
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Inner UndiscernibleOuter

Fig. 3. The Union Approximations: UnionO(ρ) (white & gray), UnionI(ρ) (white) and
UnionU (ρ) (gray)

Figure 3 illustrates these definitions on the example of Figure 2.
Several authors have recently addressed the issue of computing UnionO approx-

imations. In [7], a recursive dichotomous split is performed on the variable domains.
Each box obtained by splitting is tested for inclusion using interval arithmetic tools. The
boxes obtained are hierarchically structured as 2k-trees. The authors have demonstrated
the practical usefulness of such techniques in robotics, etc. In [8], a similar algorithm
is presented. However, only binary or ternary subsets of variables are considered when
performing the splits. The approach is restricted to classes of problems with convexity
properties. The technique proposed in [9] constructs the union algebraically using Bern-
stein polynomials, which makes it possible to use guaranteed inclusion tests for boxes.
The approach is restricted to polynomial constraints. A technique to extend consistent
domains of particular class of constraints has also been proposed in [12]. Finally, [10]
has addressed the issue of computing UnionI approximations for universally quantified
constraints.

4 Back-Boxing and EVR

Interval-based search techniques for NCSPs are essentially dichotomous. Variables are
instantiated using intervals. When the search reaches an interval that contains no solu-
tions it backtracks, otherwise the interval is recursively split into two halves up to an
established resolution. The most successful techniques enhance this process by applying
an outer-bound contracting operator to the overall constraint system, after each split. In
all the known algorithms, the general policy is to perform splitting until canonical inter-
vals are reached and as long as the error inherent to the outer-bound contracting operator
is smaller than the interval to split. This policy, referred to as DMBC (dichotomous main-
taining bound-consistency) in the rest of the paper, works generally well for systems

4 Two boxes, B1 and B2, are said disjoint if B1 �=B2 ⇒ B1 � B2 = ∅.
5 Informally, UnionU (ρ) is a set of undiscernible boxes enclosing the boundary of ρ.



230 X.-H. Vu, D. Sam-Haroud, and M.-C. Silaghi

with isolated solutions but leaves room for improvement when there is a continuum of
feasible points. The improvements we propose are presented in the two next subsections.

4.1 Better Splitting Decisions Using Back-Boxing

In order to reduce as much as possible the number of disjoint boxes required for covering
the solution space, we first try to avoid the split of completely feasible boxes. To achieve
this goal, we use a feasibility (soundness) test for boxes [10],6 which allows better
splitting decisions. Given a relation, ρ, and a box, B, the feasibility test checks whether
the whole box is contained in ρ or not. It is based on the following obvious property:
B ∩ ¬ρ = ∅ ⇔ B ⊆ ρ. We use this property to implement a contracting operator,
called back-boxing contracting operator and a splitting operator, called back-box splitting
operator.

Definition 9 (Back-Boxing Contracting Operator,BBC). A back-boxing contracting
operator w.r.t. an OC operator is a function BBC : IIn × P(IRn) → IIn such that

∀B ∈ IIn, ρ ∈ P(IRn) : BBC(B, ρ) = OC(B,¬ρ)

Constraint
boundary

(a)

Back-box
Bounding box

(b)

Feasible Infeasible

Back-box

Fig. 4. Two examples of back-boxing contractions

For simplicity, given a finite set of constraints C = {c1, ..., cn}, we denote
BBC(B, ρC) by BBC(B, c1, ..., cn) or BBC(B, C).

The following properties characterize back-box contracting operators.

Proposition 2. Given a relation, ρ, and a box, B, if there is some BBC operator that
contracts (B, ρ) to an empty set, then B is completely contained in ρ, i.e.

∃BBC : BBC(B, ρ) = ∅ ⇒ B ⊆ ρ

6 In [10] such a feasibility test is used for individual constraints. We use it for conjunction of
constraints.
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Proof. We have BBC(B, ρ) = ∅, BBC(B, ρ) = OC(B,¬ρ), and OC(B,¬ρ) ⊇
B ∩ ¬ρ, then B ∩ ¬ρ = ∅ , this implies that B ⊆ ρ.

Corollary 1. Given a finite set of constraints, C = {c1, ..., cn}, and a bounding box, B.
The box B is completely feasible (w.r.t C) if there is some BBC operator that contracts
(B, C) to an empty set, i.e.

∃BBC : BBC(B, C) = ∅ ⇒ B is feasible (w.r.t C)

This corollary implies that back-boxing makes it possible to isolate completely fea-
sible boxes with respect to some constraints. Figure 4 illustrates the behavior of a back-
boxing contracting operator. A back-box results from the application of a BBC operator
to a box B and a relation ρc identified by a constraint c. When applying a back-boxing
contracting operator to a box with respect to a constraint results in a empty set, it can
be deduced that the box completely satisfies that constraint. Similarly, when applying a
back-boxing contracting operator to a box with respect to the whole constraint set results
in a empty set, the box can be stated as completely feasible. We then define a splitting
operator based on back-boxing, which consists of splitting around back-boxes:

Definition 10 (Back-Box Splitting Operator: BBS). A back-box splitting operator is
a function BBS : IIn × IIn → P(IIn) splitting a bounding box, B, along the faces of a
back-box, BB.

(a)

Bounding box

Splitting plane of DS

(b)

Splitting planes of BBS

Back-box
Feasible boxes

w.r.t. c

c c

Feasible Infeasible

Fig. 5. (a) Back-Box Splitting: splitting around back-boxes; (b) Dichotomous Splitting: splitting
the original domain of a variable into two halves

In the algorithms we propose, back-box splitting is applied in combination with
dichotomous splitting. The latter is used either when back-boxing produces no reduction
or when back-box splitting results in too small boxes (i.e. it is performed close to the
boundaries). Figure 5 illustrates the notion of back-box splitting.

4.2 Concise Representations of the Boundaries Using EVR

Back-boxing is mainly intended to reduce the number of boxes of inner union approx-
imations. We now address the issue of producing more compact undiscernible union
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approximations. Box-covering, as usually implemented, often produces a significant
number of nearly aligned boxes along the boundary of the constraints. These boxes in-
troduce artificial convexity deficiencies which are only due to the orthogonal splitting
policy.

Better Alignment of Boxes. We observe that a better alignment can be obtained by
closely controlling the application of the contracting operators during search. More
precisely, whenever some dimension, i, of a box, B, reaches precision εi, one can
prevent the contracting operator to contract B over this dimension in order to obtain
better alignments and performances.

Definition 11 (Active/Inactive Dimension). Given a box, B, a set of constraints, C,
and a precision vector, ε. A dimension, i, of B is called active dimension if the size
of B in dimension i exceeds εi and if the corresponding variable, vi, occurs in some
constraint of C. Otherwise, it is said to be an inactive dimension.

A contracting operator working on the active dimensions of a box only will be called
a restricted-dimensional contracting operator. Hereafter, we denote as OCrd (respec-
tively, BBCrd) the restricted-dimensional contracting operators corresponding to OC
(respectively, BBC) operators. There are several ways of implementing OCrd and
BBCrd depending on which OC operator is used. The first way, consists of using
some classical OC operators working in full-dimension. After a box B has been con-
tracted over all dimensions, the inactive dimensions are simply restored to their original
sizes. The gain is then only a better alignment of boxes. The second way consists of
using an OC operators which directly allows a restricted-dimensional contracting.7 A
box B will then only be contracted over the active dimensions. Such an OC operator
does not require the returned box to be bound-consistent in the inactive dimensions. The
returned box will therefore be usually larger than the one returned by an OC operator
working in full dimension. However, not only better alignments can be obtained but also
better performances. The third possible way consists of applying the OC operator to the
projection of the relation (or constraints) over the active dimensions only. The result is
composed back to the full-dimensional box by adding the inactive dimensions with the
data of the original box. This alternative can only be used for the constraints that can be
easily projected symbolically.

Compacting Aligned Boxes. Once a better alignment is obtained, the question is how
such a set of aligned boxes can be compacted into a smaller set of boxes. We propose
to use the Extreme Vertex Representation of orthogonal polyhedra for that purpose. The
basic idea is that the finite unions of boxes delivered by box-covering solver define
orthogonal polyhedra for which improved representations can be used. Informally, or-
thogonal polyhedra are the ones whose facets are axis-parallel hyper-rectangles. They
can be naturally represented as a finite union of disjoint boxes. Such a representation
is called the Disjoint Box Representation (DBR) in computational geometry. The Ex-
treme Vertex Representation (EVR) is a way of compacting a DBR representation. It
was first proposed in [1] for 3-dimensional orthogonal polyhedra and generalized to
n-dimensional orthogonal polyhedra in [2,3]. We now recall some basic concepts re-
lated to EVR. We refer the reader to [2,3] for further details. The concepts we present

7 ILOG Solver 5.1 provides such OCrd operators. We use them in our implementation.
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Feasible Undiscernible Infeasible Black

(a) (b)

White Extreme vertex

Fig. 6. (a) DBR of union approximations; (b) EVR of UnionO

relate to a particular type of orthogonal polyhedra, called griddy polyhedra. Informally,
a griddy polyhedron [3] is generated from unit hyper-cubes with integer-valued vertices.
Since arbitrary orthogonal polyhedra can be obtained from griddy ones by appropriate
stretching and translation, the results on EVR are not affected by this simplification.
In fact they even do not depend on an orthogonal basis. For simplicity, we assume that
the polyhedra live inside a bounded subset X = [0,m]d ⊆ IRd (in fact, the results will
hold also for X = IRd

+). Let x = (x1, ..., xd) be a grid point of the elementary grid

G = {0, 1, ...,m−1}d ⊆ N
d. For every point x ∈ X, �x is the grid point corresponding

to the integer part of the components of x. The elementary box associated with x is the
closed subset of X of the form B(x) = [x1, x1 + 1]× ...× [xd, xd + 1]. The set of all
boxes is denoted by B. A griddy polyhedron P is a union of elementary boxes, i.e. an
elementary of 2B.

Definition 12 (Color Function). Let P be a griddy polyhedron. The color function c:
X → {0, 1} is defined as follows: if x is a grid point then c(x) = 1 iff B(x)⊆ P ;
otherwise, c(x) = c(�x ).

We say that a grid point x is black (respectively, white) and that B(x) is full (re-
spectively, empty) when c(x) = 1 (respectively 0). A canonical representation scheme
for 2B (or 2G) is a set E of syntactic objects such that there is some bijective function
Ψ : E → 2B.

Definition 13 (Extreme Vertex). A grid point x is said to be extreme if τ (x) = 1, where
τ (x) denotes the parity of the number of black grid points in N (x) = {x1 − 1, x1} ×
...× {xd − 1, xd} (the neighborhood of x).

Figure 6 illustrates the notion of EVR on a simple example. The fundamental theo-
rem presented in [2,3] shows that any griddy polyhedron can be canonically represented
by the set of its extreme vertices and their colors. The extreme vertex representation
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Fig. 7. Constraint boundary in a bounding box: (a) unaligned boxes produced by standard covering;
(b) enlarged and aligned boxes using EVR

improves the space required for storing orthogonal polyhedra by an order of magni-
tude [3]. It also enables the design of efficient algorithms for fundamental operations on
orthogonal polyhedra (e.g. membership, set-theoretic operations). In particular, effective
transformation between DBR and EVR can be proposed for low dimension and/or small
size (i.e. m is small) polyhedron [1]. For example, in three dimensions, the average ex-
perimental (time) complexity of converting an EVR to a DBR is far less than quadratic
but slightly greater than linear in the number of extreme vertices [1]. Results in [3] also
imply that, for a fixed dimension, the time complexity of converting a DBR to an EVR
using XOR operations is linear in the number of boxes in DBR. We propose to exploit
these effective transformation schemes to produce a compact representation of aligned
contiguous boxes using the following procedure:

1. Produce a better alignment of the boxes along the boundary of the constraints. This
is done by preventing the unnecessary application of contracting operators over the
inactive dimensions. Figure 7 shows the better alignment produced for a set of nearly
aligned boxes of an undiscernible approximation. The original set of 8 small boxes
(Figure 7(a)) reduces to two groups of 4 aligned boxes (Figure 7(b)) without altering
the predefined precision.

2. The set of aligned boxes in each group, S1, is converted to EVR and then back to
DBR to get a set of combined boxes, S2 (containing only one box in this case). Due
to the properties of EVR, this procedure guarantees that S2 has a more concise size
than S1. Figure 7(b) shows how this conversion procedure reduces the two groups
of 4 boxes to two (gray) boxes.

Such a procedure can theoretically be applied in any dimensions. Due to the efficiency
of EVR in low dimensions, we however restrict its application to low dimensional or
small size sub-regions of the search space in our implementation (see Section 5.2).
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5 Algorithms

We now present two algorithms that compute outer and inner union approximations for
non-linear NCSPs, These algorithms, called UCA6 and UCA6-Plus are referred to as
UCA6* when they have the same properties/operations. A preliminary version of UCA6
was presented in [13] we will therefore mainly focus on the UCA6-Plus algorithm. Given
a NCSP P = (V, C,D), B will denote the bounding box of the relation defined by P .
Originally, this bounding box is set to D. For convenience, we denote UnionX (B ∩

function UCA6Plus( B0, C0, ε, OCrd, BBCrd, OC, BBC,Dstop)
Sinn := ∅; Sund := ∅; WList := ∅;
if solveQuickly(B0, C0, ε, OCrd, BBCrd, OC, BBC, WList,Dstop) then return;
while WList �=∅ do

< B, C > := get(WList);
foreach c ∈ C do

BBc := BBCrd(B, c);
if BBc = ∅ then

C := C \ {c};
end

end
if C = ∅ then

store(Sinn, B);
continue; /* while loop */

end
Split = getSplit();
if Split = ’BBS’ then

BBc := chooseTheBest(B, {BBc|c ∈ C});
BB := enlarge(B, BBc, ZeroP lus);
< B1,. . . ,Bk > := BBS(B, BB);

else
< B1,. . . ,Bk > := DS(B);

end
for i = 1 to k do

if Split = ’BBS’ and Bi ∩ BBc = ∅ then
if C = {c} then

store(Sinn, Bi);
continue; /* for loop */

else
C := C \ {c};

end
end
solveQuickly(Bi, C, ε, OCrd, BBCrd, OC, BBC, WList,Dstop);

end
end

end /* UCA6Plus */

Fig. 8. The UCA6-plus algorithm
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ρC) as UnionX (B, C), where X ∈ {O, I,U}. UCA6* constructs the approximations
UnionI(B, C) and UnionU (B, C), hence UnionO(B, C) can be computed as the
union of these two approximations. UCA6* proceeds by repeating three main operations:
(i) using outer-bound contracting operators to contract the current bounding box to a
tighter bounding box;8 (ii) using back-boxing contracting operators to get a list of back-
boxes w.r.t. each active constraint and w.r.t the contracted box in (i), the constraints
that makes the corresponding back-box empty are removed; finally, (iii) combining
dichotomous splitting with back-box splitting. When the chosen strategy, at a given
moment, is back-box splitting, the BBS operator is used to split around the best back-
box (details are given later). The constraint corresponding to the chosen back-box is then
removed from all the surrounding boxes resulting from theBBS.9 In Figure 8 and 9,Sinn

and Sund, which are global variables, denote the sets of boxes of UnionI(B0, C0) and
UnionU (B0, C0), respectively. We use a list, WList, to store the sub-problems waiting
to be processed. WList can be handled as a queue or a stack. This allows for breadth-
first search in the former case and to depth-first search in the latter. chooseTheBest(B,
{BBc|c ∈ C}) is a function choosing the best back-box and the respective constraint
based on some criteria to maximize the space surrounding the back-box. enlarge(B,
BBc, ZeroP lus) is a function extending BBc to BB by ZeroP lus (considered as a
sufficiently small positive number) such that the result is still in B. This will guarantee
that no point satisfying c is on the boundary of BB except the points on the boundary
of B. Figures 8 and 9 give the algorithm UCA6-plus.

5.1 Splitting Strategies

getSplit() is a function which returns the splitting mode to be used for splitting the
current box. UCA6* uses a combination of the BBS and DS operators. The current
splitting mode returned by getSplit() is inferred from information on the history of the
current box. The simplest implementation uses the information concerning the splitting
mode of the parent box, for example whether or not the current box is a back-box obtained
from splitting the parent box.

In contrast to DMBC, the DS operator used for UCA6* only tries to dichotomize over
the active dimensions. This avoids splitting boxes into a huge number of tiny boxes.
Moreover, in UCA6* constraints are removed gradually whenever an empty back-box is
computed w.r.t. those constraints. The dimension with the greatest size is preferred for
DS split. For the pruning to be efficient, BBS splits along some face of a back-box only
if the splitting plane produces sufficiently large boxes, the back-box itself excepted. This
estimation is done using a pre-determined fragmentation ratio.

5.2 Applying EVR

The function solveQuickly (Figure 9) is of the main novelties in UCA6-Plusw.r.t. UCA6.
This function constructs UnionI and UnionU approximations for low-dimensional
sub-problems with at most Dstop active dimensions. The output is compacted using

8 Standard operator for UCA6 and restricted-dimensional one for UCA6-Plus.
9 These boxes are known to be feasible due to the properties of back-boxing.
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EVR. The second novelty lies in the fact that UCA6-Plus uses OCrd and BBCrd in-
stead of OC and BBC for the purpose of narrowing.10 By doing so UCA6-Plus gains in
performance and produces a better alignment of boxes along the boundaries. This allows
for using EVR to combine the aligned contiguous boxes. solveQuickly (Figure 9) pro-
ceeds by using the following tests: (i) check if the bounding box is infeasible; (ii) check
if the contracted box has no active dimension, then check if it is feasible or undiscernible
w.r.t. C; (iii) check if the contracted box has at mostDstop active dimensions, if so, use an
appropriate technique to solve the sub-problem in that box using restricted-dimensional
contracting operators, (iv) Otherwise, the contracted box is put into the waiting list to
be further processed. For efficiency purposes, solveQuickly allows resorting to a sec-
ondary search technique, DimStopSolver, to solve the low-dimensional sub-problems
whose bounding box has at most Dstop active dimensions. Good candidates for small
Dstop can be either the 2k-tree based solver presented in [8] or a simple grid-based
solver11. Variants of DMBC or UCA6 using the restricted-dimensional contracting opera-
tors can alternatively be used. For a given sub-problem, DimStopSolver constructs the
sets S ′

inn and S ′
und which are the UnionI and UnionU of the sub-problem, respec-

tively. These two sets are represented in DBR. They are converted to EVR and then back
to DBR to combine each group of aligned contiguous boxes into a bigger equivalent
box. This operation is represented by the function combine in Figure 9. The results after
combination are stored in the set of boxes of UnionI(B0, C0) and UnionU (B0, C0).

Proposition 3. Let P = (V, C,D) be a numeric CSP, the UCA6 and UCA6-Plus algo-
rithms compute an inner union approximation (UnionI) and outer union approximation
(UnionO) for ρC w.r.t. the predefined precision.

Sketch of proof: The rigorous proof of this proposition is out of scope of the paper.
However, we can see informally that given the properties of the contracting operators
used for these algorithm: (i) the outer-bound contracting operator always produces a box
which contains the active relation, and (ii) the back-boxing contracting operator always
produces a back-box which contains the negation of the active relation, then it is safe
to remove the active relation (defined by one or many constraints) from all the regions
surrounding the back-box and contained in the bounding box.

6 Preliminary Experiments

Only a small amount of work exists on computing inner and outer union approximations
for numerical CSPs with non-linear constraints. Often these problems are recast as
optimization problems, with artificial optimization criteria, to fit the solvers. Hence, no
significant set of benchmarks is presently available in this area. In this section we present
a preliminary evaluation on the following small set of typical problems (with different
types of solution space).

CD (column design) and FD (fatigue design) are two engineering design examples.
Their complete descriptions are available at http://imacsg4.epfl.ch:8080/PGSL/. In Ta-
ble 1, the considered instance of CD is the one that finds (a, b, e) ∈ [0.01, 2]× [0.01, 1]×
10 OC and BBC are still used for checking the feasibility of ε-bounded boxes.
11 A simple grid-based solver splits the variable domains into a grid and then solves the problem

in each grid element.
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function solveQuickly(B, C, ε, OCrd, BBCrd, OC, BBC, WList,Dstop)
if B has no active dimension then

B′ := OC(B, C);
if B′ = ∅ then return True;
if BBC(B, C) = ∅ then

store(Sinn, B);
return True;

end
store(Sund, B);
return True;

end
B′ := OCrd(B, C);
if B′ = ∅ then return True;
if B′ has no active dimension then

if BBC(B′, C) = ∅ then
store(Sinn, B′);
return True;

end
store(Sund, B′);
return True;

end
if B′ has at mostDstop active dimensions then

< S ′
inn, S ′

und > :=DimStopSolver(B′, C, ε, OCrd, BBCrd, OC, BBC);
store(Sinn, combine(S ′

inn));
store(Sund, combine(S ′

und));
return True;

end
put(WList,< B′, C >);
return False;

end /* solveQuickly */

Fig. 9. The function SolveQuickly

[0.05, 0.1] given the eccentric load P = 400kN , the height of column H = 6m and
the eccentricity load L = 1m, where a and b denote the width and depth of the column
cross section (in meter) respectively, e the thickness (in decimeter). The FD instance
considered is the one that finds (L, qf, Z) ∈ [10, 30] × [70, 90] × [0.1, 10] for a given
number of years to fatigue failure years = 100, where qf is the permissible load and
Z is the section modulus (scaled up 100 times in unit).

WP is a 2D simplification of the design model for a kinematic pair consisting of a
wheel and a pawl. The constraints determine the regions where the pawl can touch the
wheel without blocking its motion.
WP = {20 <

√
x2 + y2 < 50, 12y/

√
(x− 12)2 + y2 < 10, x ∈ [−50, 50], y ∈

[0, 50]}.

SB describes structural and safety restrictions for the components of a floor consist-
ing of a concrete slab on steel beams.
SB = {u+ c1w

1.5161 −p = 0, u− (c6hs + c7)s ≤ 0, c2 − c3s+ c4s
2 − c5s

3 −hs ≤ 0,
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c8(pw
2)0.3976 − hb ≤ 0, c9(pw3)0.2839 − hb, w ∈ [5800, 13500], p ∈ [15, 50],

hb ∈ [150, 223], s ∈ [1900, 2200], u ∈ [10, 60], hs ∈ [75, 200]}.
P1 = {x0 = x1 +1, x2 +1 = x0 + x1, x2 ≥ x0 +2, x1 +2x3 ≥ x4, x2 − x3 ≤ 3,

xi ∈ [−10, 10] }.
P2 = {x2 ≤ y, ln y+1 ≥ z, xz ≤ 1, x ∈ [−15, 15], y ∈ [1, 200], z ∈ [−10, 10]}.
P3 = {x2 ≤ y, ln y+ 1 ≥ z, xz ≤ 1, x3/2 + ln(1.5z + 1) ≤ y+ 1, x ∈ [−15, 15],

y ∈ [1, 200], z ∈ [−10, 10]}.

For comparison and evaluation purposes, we have implemented the algorithms DMBC,
UCA6, UCA6-Plus using the same data structure and the same standard contracting
operators. We have also implemented a version of DMBC including the feasibility test.
This enhanced version, called DMBC+, can therefore check whether a box is completely
feasible or not. Our experiments discard DMBC as a reasonable candidate for this kind of
problems. It always produces a huge number of boxes, each of which is ε-bounded. The
tests shown in Table 1 were run with a fragmentation ratio of 0.25 and Dstop = 1. The
standard OC operator was implemented with ILOG Solver 5.1 [6]. Each cell in the table
has two rows. The first shows time and the second the number of boxes in the UnionI

and UnionU respectively. Bprec is the precision for the contracting operators, prec is
the precision of the algorithms. The secondary search technique used for UCA6-Plus in
Table 1 is the simple grid-based one.

Table 1. Test results

Problem prec Bprec DMBC+ UCA6 UCA6-Plus

P1 0.01 0.1
> 1h
> 0/90000

94.89s
0/11465

66.17s
0/6415

P2 0.1 0.2
> 1h
> 30000/80000

267.38s
18721/55062

21.49s
1813/3224

P3 0.1 1
> 1h
> 20000/70000

142.14s
12113/38808

5.63s
403/970

WP 0.1 1
33.48s
1683/3692

12.27s
1521/2859

9.95s
949/1699

SB 0.01 1
> 1h
> 0/100000

15.35s
0/4932

11.93s
0/2743

CD 0.01 1
2497.32s
2871/28665

959.93s
9301/26568

705.30s
1086/13414

FD 0.1 1
2638.82s
16437/92681

440.21s
26330/70218

273.77s
10324/35134

Other tests were carried out on tens of similar problems. They showed that the
best gains, in running time and number of boxes, of UCA6* over DMBC+ are obtained
for problems with low-arity constraints. UCA6* remains better than DMBC+ in running
time in the other cases. The experiments also showed that UCA6-Plus is always better
than UCA6 in running time and number of boxes. The best gains are obtained when the
non-linear constraints contain some nearly axis-parallel sub-regions.

The preliminary experiments are therefore encouraging enough to warrant further
investigations and in-depth evaluations.
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7 Conclusion

Interval-constraint based solvers are usually designed to deliver point-wise solutions.
Their techniques are complete and work efficiently for problems with isolated solutions,
but might alter both efficiency and compactness of the output representation for many
problems with continuum of feasible points. In this paper, we propose a technique for
computing inner and outer approximations of numerical CSPs that remedies this state
of affairs. The approach works for general non-linear CSPs with equality and inequality
constraints. It combines an enhanced splitting policy with the extreme vertex represen-
tation of orthogonal polyhedra, as defined in computational geometry. This allows for
gains in performance and space requirements. The quality of the output is also enhanced
since the inner approximations provide guaranteed feasible boxes. In practice, NCSPs
with continuum of solutions often occur as sub-problems of higher dimensional NCSPs.
In future work, we therefore plan to investigate collaboration strategies between our
approximation techniques and standard point-wise interval-based solvers. We will also
study alternative implementation schemes purely based on the extreme vertex represen-
tation of orthogonal polyhedra (i.e. those do not require intermediate conversion steps
to the disjoint box representation).
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project (IST-2000-26063).
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Abstract. Selman and Kautz introduced the notion of approximation
of a theory and showed its usefulness for knowledge compilation and
on-line reasoning. We study here the complexity of the main computa-
tional problems related to the approximation of relations (sets of possible
worlds) by propositional formulas, and the semantics of reasoning with
these approximations (deduction and abduction). The classes of formu-
las that we consider are those of (reverse-)Horn, bijunctive and affine
formulas, which are the most interesting for storing knowledge.
Concerning the computation of approximations, we survey and complete
the results that can be found in the literature, trying to adopt a unified
point of view. On the contrary, as far as we know this paper is the first
real attempt to study the semantics of abduction with the bounds of a
theory.

1 Introduction

Recently there has been a great amount of research about knowledge approx-
imation ([DP92,KKS95,Val95,SK96,KR96] for instance). An approximation of
a theory Σ representing some knowledge is another theory that approaches it
the best (in some precise sense) but allows for efficient reasoning (for instance,
deduction) when Σ does not. The idea is to store the approximation with the
theory itself, and to use it for speeding up further reasoning. Thus computing ap-
proximations can be viewed as a knowledge compilation task [SK96] ; practically
speaking, this compilation is most of the time intended as an off-line process
performed in order to speed up further on-line reasoning.

We are interested here in propositional theories. Many papers have focused
on them [DP92,KKS95,SK96,Bou98,CS00], may the original theories be given
as relations [DP92,KKS95] or as formulas [Val95,SK96,CS00]. In this paper, we
consider the case when the original theory Σ is given as a relation, which cor-
responds to the case when konwledge is stored as a set of observations [DP92,
ZH02a] (or possible worlds [KKS95]) ; in this framework, we study the complex-
ity of computing a propositional formula approximating Σ. The motivation for
approximating by formulas is that most of the time formulas are smaller than
their set of models, and since wa aim at storing the approximation and reasoning
with it, its size is a very important parameter to take into account.
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Following [SK96], we measure closeness of the approximation to the original
theory in terms of sets of models ; we then talk about Upper Bounds when the
approximation is logically weaker than the theoy, and of Lower Bounds when
it is logically stronger . Finally, we are interested in approximations into the
classes of (reverse-)Horn, bijunctive and affine formulas, for these classes are
the most important ones for reasoning and representing knowledge, in many
senses. Indeed, they are, among other properties, tractable for the satisfiability
problem, stable by conjunction, by conjunction of facts (unit clauses) and by
unit resolution, and tractable for deduction of clauses.

Our contribution is the following. We first survey and complete the results
concerning the complexity of computing Least Upper Bounds and Greatest
Lower Bounds of relations into these classes of formulas, trying to adopt a uni-
fied point of view ; moreover, we give explicit examples and counter-examples,
or detail the proofs that can be found in the literature when useful. Secondly,
we study the semantics of reasoning with such bounds, i.e., the links between
the answers obtained when reasoning with the bounds and those that could have
been obtained with the original theory. While deduction has been extensively
studied in [Val95,SK96], as far as we know the semantics of abduction have not
really been studied in the literature.

The paper is structured as follows. Section 2 is devoted to the explanation
of our definitions and conventions. In section 3 we discuss the computation of
upper bounds, in section 4 that of lower bounds, and in section 5 we discuss the
semantics of reasoning with these bounds. We end with a summary of the results
and further directions for research in section 6.

2 Preliminaries

We assume a countable number of propositional variables x1, x2, . . .. A relation
on {0, 1} is a subset of {0, 1}n ; for instance, R = {001, 011, 101} is a relation.
We view any vector m of {0, 1}n as a 0/1 assignment to n variables (in the order
of their indices), and mi denotes the value assigned by m to xi. We write |R|
the number of vectors in a relation R.

A literal is either a variable xi (positive literal) or its negation ¬xi (negative
literal). A clause is a finite disjunction of literals, and a formula is in conjunctive
normal form (CNF for short) if it is written as a finite conjunction of clauses. A
0/1 assignment m to the variables of a formula φ in CNF is a model of φ (written
m |= φ) if it satisfies at least one literal in each clause of φ. For instance, the
assignment m = 001 to the variables x1, x2, x3 is a model of the CNF φ =
(x1 ∨ ¬x2) ∧ (¬x1 ∨ x2 ∨ ¬x3). An affine formula [Sch78,KS98] is a conjunction
of linear equations modulo 2. A model of an affine formula φ is an assignment
m to its variables that satisfies all the equations (written m |= φ). For instance,
m = 001 is a model of the affine formula φ = (x1 ⊕ x3 = 1) ∧ (x1 ⊕ x2 = 0).
As can be seen, equations play the same role for affine formulas than clauses do
for CNFs. If φ is a CNF or an affine formula, we denote byM(φ) the set of its
models.
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A formula in conjunctive normal form is Horn if it has at most one positive
literal per clause ; it is reverse-Horn if it has at most one negative literal per
clause. For instance, the formula φ1 = (x1 ∨ ¬x2 ∨ ¬x3) ∧ (x2) ∧ (¬x1 ∨ ¬x3)
is Horn, and φ2 = (x1 ∨ ¬x2) ∧ (x3) is reverse-Horn. Note that if a CNF is
reverse-Horn, then replacing each variable with its negation in it yields a Horn
formula, and conversely ; the corresponding models are also strongly linked, in
the sense that the models of one are the others’ where 0 is replaced with 1 and
1 with 0. For that reason, we only study Horn formulas in the paper ; all the
results for reverse-Horn formulas are dual. Finally, a CNF is bijunctive if it has
at most two literals per clause. For instance, φ1 above is not bijunctive while
φ2 is. We denote by Horn (resp. Reverse-Horn, Bijunctive) the class of
all Horn (resp. reverse-Horn, bijunctive) CNFs, and by Affine the class of all
affine formulas. Unless stated otherwise, when we consider a class of formulas C
it is always one of these. In the paper, the term formula groups both CNFs and
affine formulas.

Our motivation for studying these classes of formulas comes from their very
good computational properties for reasoning. First of all, they are all polynomial
for the satisfiability problem : linear for (reverse-)Horn and bijunctive formulas,
and quadratic for affine (more precisely, SAT for affine formulas can be solved in
time O(k2n) if the formula consists of k equations over n variables, with gaussian
elimination, see for instance [Cur84]). Secondly, it follows from their definitions
that all these classes are stable by conjunction, which allows for instance to up-
date a Horn knowledge base by adding new Horn rules while preserving the Horn
form. From their definitions it also follows that they are stable by conjunction
of facts (unit clauses) and by unit resolution, which allows for instance one to
specify a value for a variable and propagate it while preserving the class, and
which also implies that deduction of clauses, one of the most common reasoning
problems, is tractable ; indeed, deciding whether Σ implies �1 ∨ · · · ∨ �p is the
same as deciding whether Σ ∧ �1 ∧ · · · ∧ �p is unsatisfiable, and thus stability by
conjunction of unit clauses and by unit resolution, in addition of tractability for
SAT, makes deduction of clauses tractable. Moreover, in some sense these classes
are the only ones to possess tractability for SAT and stability by conjunction,
which follows from Schaefer’s dichotomy theorem [Sch78]. Finally, these classes
allow efficient restricted forms of abduction [Val00,Z02b] while this problem,
also of major importance for reasoning, is ΣP

2 -complete in general [EG95]. For
all these reasons we argue that these four classes are the most interesting ones
for reasoning and representing propositional knowledge.

A formula φ is said to describe a relation R if R = M(φ) ; φ is called a
description of R. For m, m′ ∈ {0, 1}n, let us write m∧m′ the vector m′′ ∈ {0, 1}n
such that ∀i = 1, . . . , n, m′′

i = mi ∧m′
i, and similarly for ∨ and ⊕. The following

result, proved by Schaefer, is essential for the paper.
Proposition 1 ([Sch78]). Let R be a relation. Then R has at least one de-
scription in
(i) Horn if and only if ∀m, m′ ∈ R, m ∧m′ ∈ R,
(ii) Bijunctive iff ∀m, m′, m′′ ∈ R, (m ∨m′) ∧ (m ∨m′′) ∧ (m′ ∨m′′) ∈ R,
(iii) Affine iff ∀m, m′, m′′ ∈ R, m⊕m′ ⊕m′′ ∈ R.
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3 Upper Bounds

We are first interested in the computation of upper bounds of relations. The
idea is that we weaken the original theory in order to obtain a more interesting
representation.
Definition 1 (C-upper bound). Let R ⊆ {0, 1}n be a relation and C a class
of formulas. A formula φ on the variables x1, . . . , xn is called a C-upper bound
(C-UB) of R if φ ∈ C and R ⊆ M(φ). If this holds for no formula φ′ with
M(φ′) ⊂M(φ), φ is called a C-least upper bound (C-LUB) of R.
Of course, the most interesting upper bounds are the least ones, for they ap-
proach the original theory the closest and thus yield a smaller loss of informa-
tion than general upper bounds. Proposition 1 immediately yields the following
result for C-LUBs.
Proposition 2. Assume C is either Horn, Bijunctive or Affine. Then the
C-LUB of any relation is unique up to logical equivalence.
Proof. From Proposition 1 it follows that the set of models of the C-LUB of a
relation R is the closure of R under the operation corresponding to the class. ��
Example 1. Consider the relation R = {011, 110, 101}. It is easily seen that
011 ∧ 110 = 010, 011 ∧ 101 = 001, 110 ∧ 101 = 100 and 010 ∧ 001 = 011 ∧
100 = · · · = 000, and finally that the set of models of any Horn-LUB of R is
{0, 1}3\{111}.
For sake of simplicity now, we will say a formula φ is the C-LUB of a relation.
Our problem is to compute such a φ when C is one of the classes of interest here.

We first consider Horn-LUBs. Unfortunately, there cannot be an input-
polynomial algorithm for computing the Horn-LUB of a relation, since the
former can be exponentially bigger than the latter, as shown in [KKS95] (where
an explicit example is given).
Proposition 3 ([KKS95, Theorem 6]). There exist relations on 2n variables,
consisting of 3n(n− 1) vectors but whose Horn-LUB has 2n clauses.
Since there cannot be an input-polynomial algorithm for this problem, it is
worth wondering whether there exist an output-polynomial one [JYP88]. But it
is shown in [KPS93,Kha95] that this problem is harder than the enumeration of
all the minimal transversals of an hypergraph, which is open and for which the
best known algorithm is subexponential [Kha95].

Now we turn our attention to bijunctive and affine formulas. Contrary to the
Horn case, for both classes polynomial algorithms are given in the literature.
The idea for bijunctive formulas is that we only need to project the relation
onto every pair of variables and compute the associated clauses, and the proof
for affine formulas uses a strong link between the sets of models of affine formulas
and vector spaces, which allows to use the notion of basis of such a space.
Proposition 4 ([DP92, Lemma 3.18]). The Bijunctive-LUB of a relation
R ∈ {0, 1}n can be computed in time O(|R|n2).

Proposition 5 ([Z02a, Proposition 6]). The Affine-LUB of a relation R ∈
{0, 1}n can be computed in time O(|R|n3 + n4).
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4 Lower Bounds

We are now interested in lower bounds of relations, i.e., in strengthening the
original theory. The following definition is dual to Definition 1.
Definition 2 (C-lower bound). Let R ⊆ {0, 1}n be a relation and C a class
of formulas. A formula φ on the variables x1, . . . , xn is called a C-lower bound
(C-LB) of R if φ ∈ C and M(φ) ⊆ R. If this holds for no formula φ′ with
M(φ) ⊂M(φ′), φ is called a C-greatest lower bound (C-GLB) of R.
Dually to the case of upper bounds we are mainly interested in greatest lower
bounds. But contrary to its C-LUB, the C-GLB of a relation is not unique in
general. We are thus interested in two problems : find one C-GLB of a given
theory, and find one with the maximum number of models. Indeed, two C-GLBs
of the same relation have not even the same number of models in the general
case, and one of them may even be exponentially bigger than another, as the
next example illustrates it.
Example 2. Consider the relation over the variables x1, . . . , xn :

R = {m100|m ∈ {0, 1}n−3} ∪ {0 . . . 0010, 0 . . . 0001}
where m100 stands for the assignment of mi to xi for i = 1, . . . , n− 3, 1 to xn−2
and 0 to xn−1, xn, 0 . . . 0010 stands for the assignment of 0 to x1, . . . , xn−3, 0
to xn−2, 1 to xn−1 and 0 to xn, and similarly for 0 . . . 0001. It is easily seen
with Proposition 1 that Sha = {m100|m ∈ {0, 1}n−3} is the set of models of a
Horn- and Affine-GLB of R, and Sb = {m100|m ∈ {0, 1}n−3 ∪ {0 . . . 0010}
that of a Bijunctive-GLB of it. On the other hand, S′

h = {0 . . . 0010} is also
the set of models of a Horn-GLB of R, and S′

ba = {0 . . . 0010, 0 . . . 0001} of a
Bijunctive- and Affine-GLB. However, for all n it holds that |R| = 2n−3+2,
|Sha| = 2n−3, |Sb| = 2n−3 + 1 and |S′

h| = 1, |S′
ba| = 2.

4.1 Computing One GLB

The first natural problem concerning the computation of GLBs is the one of
computing one GLB. For the classes we are interested in the problem appears to
be polynomial, mainly because one can compute in polynomial time a formula
φ ∈ C given the set of its models [DP92,KS98,ZH02a]. Thus we can first compute
the set of models S of a C-GLB of R, which can be done by selecting vectors
from R as long as the closure of the current S is included in R, and then a
description of S. Since the size of S is by definition less than the size of R, the
whole process is polynomial.
Proposition 6 (see also [KPS93, Theorem 2]). A Horn-GLB of a relation
R ⊆ {0, 1}n can be computed in time O(|R|2n2).

Proof. We begin by computing the set of models S of the Horn-GLB. Initialize S
to ∅, and perform the following until there is no more convenient vector m in R :
pick m ∈ R such that ∀m′ ∈ S, m∧m′ ∈ R and set S ← S∪{m}∪{m∧m′|m′ ∈
S}. Then S is always closed under ∧ and included in R, and when no more
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convenient m can be chosen in R, then S is obviously maximal for set inclusion.
Then compute a formula φ describing S.

The running time is established as follows : since at most |R| vectors can be
added to S, and at each step one has to check that at most |R| products m∧m′

are in R (which requires O(n) steps if R is initially sorted into a decision tree, in
time O(|R|n)), computing S requires time O(|R|2n). Then |S| ≤ |R| holds, and
describing S into a Horn formula requires O(|S|2n2) steps [DP92,ZH02a]. ��

Proposition 7. A Bijunctive- or Affine-GLB of a relation R ∈ {0, 1}n can
be computed in time O(|R|3n + |R|2n2).

Proof. The proof is the same as for Proposition 6, except that the test for sta-
bility requires three vectors ; thus computing S requires time O(|R|3n) instead
of O(|R|2n), and describing S still requires O(|S|2n2) steps [ZH02a]. ��
However, computing one GLB may turn out to be rather uninteresting ; indeed,
as shown in Example 2 one can find a GLB φ whose set of models is exponentially
smaller than that of another GLB φ′. In such a case, it is natural to consider that
the bounds with exponentially many models are the best ones. For this reason,
the problem of computing a GLB with the maximum number of models over all
GLBs is more interesting.

4.2 Computing a GLB with the Maximum Number of Models

We now consider the problem of computing a GLB that has the maximum num-
ber of models over all GLBs. More formally, for R a relation and C a class of
formulas, let us call a C-maxGLB of R any C-GLB φ of R such that no other
C-GLB φ′ of R has more models than φ ; we emphasize that we do not consider
here the relations of inclusion between the sets of models of φ and φ′, but only
the number of these models.

As for C-LUBs, the results here are not the same for all the classes we are
interested in. In each case computing a C-maxGLB is hard, but it is NP-hard
for Horn and Bijunctive while subexponential, and thus unlikely to be NP-
hard [SH90], for Affine.

In order to show NP-hardness, we show that it is NP-hard to compute the set
of models of a maxGLB ; indeed, the models of any Horn or bijunctive formula
can be enumerated in output-polynomial time, and since a GLB of R has by
definition less than |R| models, we deduce that up to a polynomial overcost
computing the set of models of a maxGLB φ is not harder than computing φ ;
thus if the former computation is NP-hard, then the latter also is.

Proposition 8 (see also [KPS93, Theorem 2]). If P�=NP, a Horn-max-
GLB of a relation R ⊆ {0, 1}n cannot be computed in time polynomial in |R|
and n.

Proof. We consider the associated decision problem : given R and k ≤ |R|, is
there a Horn-glb of R that consists in at least k vectors ?, and we reduce the
problem INDEPENDENT-SET, which is known to be NP-complete (see [GJ83]), to
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this one. Let us recall that an independent set of a graph G is a subset V ′ of its
vertices such that no two vertices in V ′ are joined by an edge of G. The problem
INDEPENDENT-SET is the following :
Input : A graph G = (V, E) and a positive integer k ≤ |V |
Question : Does G contain an independent set of size at least k ?

The reduction is the following : first consider |E| variables x1, . . . , x|E|, each
variable xi corresponding to the edge ei of G, and associate to each vertex
vj of G a vector m[j] such that for each variable xi, m

[j]
i is 1 if and only if

vj ∈ ei. Then introduce |V | new variables x|E|+1, . . . , x|E|+|V |, each variable
x|E|+k corresponding to the vertex vk of G, and complete each vector m[j] with
m

[j]
|E|+k = 1 if and only if j = k, i.e., if and only if m[j] is the vector associated to

vk (this distinguishes, for example, the two vertices of the connected graph with
only one edge). Finally, add the all-0 vector 0. Call R this relation ; it clearly
contains |V |+ 1 vectors and |V |+ |E| variables, and its construction from G is
polynomial.
We show that G has an independent set of size k if and only if R has a Horn-
glb of size at least k + 1. Assume first that G has an independent set V ′ =
{v1, v2, . . . , vk} (without loss of generality). Consider the set of vectors S =
{0, m[1], . . . , m[k]} ⊆ R. Obviously, for all i, 0∧m[i] = 0 ∈ S. Now for m[i], m[j] ∈
S, m[i] �=m[j], since V ′ is an independent set there is no edge joining vi and
vj , thus m[i] and m[j] have no 1 in common on the first |E| variables ; since
m[i] �=m[j], they have no 1 in common on the last |V | variables neither, and
finally m[i] ∧ m[j] = 0 ∈ S. We conclude that S is stable by ∧, thus R has a
Horn-GLB of size at least k + 1.
Conversely, assume that G has no independent set of size k. This means that
for any subset V ′ ⊆ V, |V ′| = k, there exist vi, vj ∈ V ′ joined by an edge e. We
conclude that for any subset S of R of size at least k+1, there exist m[i], m[j] ∈ S
with one 1 in common on the first |E| variables, and since m[i] �=m[j] none in
common among the last |V | variables. Thus m[i] ∧ m[j] is all-0 except for at
least one of the first |E| variables. Since every vector in R is either all-0, or 1
on exactly one of the last |V | variables, m[i] ∧m[j] /∈ R. Thus no subset of R is
both of size at least k + 1 and stable by ∧, thus R has no Horn-GLB of size
k + 1 or more. ��

Proposition 9. If P�=NP, a Bijunctive-maxGLB of a relation R ⊆ {0, 1}n
cannot be computed in time polynomial in |R| and n.

Proof. As for Proposition 8, we reduce the problem INDEPENDENT-SET to the
associated decision problem. We encode a given instance of INDEPENDENT-SET
in the same manner as for Horn, except that we replace 0 with 1 and 1 with
0 for each of the first |E| variables. We let the last |V | variables distinguish all
the vectors as before, with exactly one 1 per vector. The vector 0 is similarly
replaced with A = 1 . . . 10 . . . 0.
Assume G has an independent set {v1, v2, . . . , vk}, and consider the subset S =
{A, m[1], . . . , m[k]} of R. We show that for any m, m′, m′′ ∈ S, m0 = (m∨m′)∧
(m ∨m′′) ∧ (m′ ∨m′′) ∈ S. Indeed, m and m′ have no 0 in common on the first
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|E| variables, for either the associated vertices have no edge in common or one
of the two vectors is all-1 on these variables. Thus m ∨m′ is 1 on each one of
the first |E| variables. The same holds for m∨m′′ and m′ ∨m′′, thus m0 assigns
1 to each one of the first |E| variables. It is easily seen that it assigns 0 to the
last |V | variables whatever m, m′ and m′′ may be, thus m0 = A ∈ S. Thus R
has a Bijunctive-GLB of size at least k + 1. The converse is easily seen to be
true, for if m and m′ (without loss of generality) have one edge in common, then
m∨m′ assigns 0 to the corresponding variable, thus also m0, but m0 still assigns
0 to all of the last |V | variables ; since such a vector does not exist in R, the
associated subset of R cannot be completed into a Bijunctive-LB of R. ��
On the contrary, a subexponential algorithm is given in [Z02a] for the affine case.
As for computing an Affine-GLB, it uses the correspondence with vector spaces
and the notion of basis. Note that subexponential algorithms may be reasonable
in practice, while NP-hard problems are unlikely to be tractable. Note also that
subexponential algorithms are unlikely to be NP-hard [SH90].

Proposition 10 ([Z02a, Proposition 7]). An Affine-maxGLB of a relation
R ⊆ {0, 1}n can be computed in time O(|R|n(log log |R|)2(log |R|)2).

5 Reasoning with Bounds

Finally, we study the semantics of reasoning with the bounds of a theory. The
problem is to characterize the results obtained when reasoning with the bounds
in function of those obtained when reasoning with the theory itself. Of course,
such characterizations are of major importance for being able to use the bounds
of the theory for speeding up further answering to queries. Indeed, the idea is to
use as often as possible only the approximation for answering the queries that are
asked to the original theory, for it is meant to have much better computational
properties for reasoning ; that is why we must be able to deduce the right answer
(the one that the original theory would have given) from the one that we compute
with the approximation. Moreover, if it appears that the bounds allow to solve
any reasoning task the theory will be possibly sollicited for, we may even store
only these bounds and forget the theory itself.

We however emphasize that the size of a bound must be comparable to or
lower than the size of the original theory, for otherwise, on one hand there would
be no gain in reasoning with it, even if reasoning is more efficient in the class of
the approximation than in the general case, and on the other hand its storage
could need too much memory.

5.1 Deduction

We talk about deduction when we want to answer the question “does Σ logically
implies α ?”, where Σ is a theory and α (the query) is another theory ; the answer
is positive (written Σ |= α) if and only if every model of Σ is a model of α, i.e., α
is true in all the situations where Σ is. Deduction is in general coNP-complete,



250 B. Zanuttini

since Σ implies α if and only if Σ ∧ α is unsatisfiable, and thus it is worth
considering the semantics of deduction with bounds in classes of formulas for
which it becomes tractable.

Selman and Kautz [SK96] have studied the semantics of deduction with
bounds. The following result is given in [SK96] for Horn bounds, but it can
be straightforwardly extended to any class of formulas.
Proposition 11 ([SK96, Section 2.2]). Let Σ and α be two propositional
theories, and let C be a class of propositional formulas. Let ΣLUB be a C-LUB
of Σ, and ΣGLB a C-GLB. Then :
(i) If ΣLUB implies α, then Σ implies α
(ii) If ΣGLB does not imply α, then Σ does not imply α.
It follows that we can use the bounds for speeding up reasoning with the original
theory in the following manner. When asked whether Σ |= α, we first decide
whether ΣLUB |= α ; if the bound ΣLUB is taken in a class of formulas for which
deduction is tractable, and if the size of ΣLUB is comparable to or less than
the size of Σ, then this test is efficient. If its answer is positive, then we can
conclude. Otherwise, we decide whether ΣGLB |= α ; if the answer is negative,
once again we can conclude. In case it is positive, then we have no other solution
than to decide directly Σ |= α, but we have only lost a small amount of time.
For more details and examples we refer the reader to [SK96] for instance.

When restricting the form of the queries, the C-LUB of a relation can even
allow to solve exactly deduction tasks without any use of the original theory, as
stated in the next proposition (whose proof can be straightforwardly adapted
from del Val’s).
Proposition 12 (see [Val95, Theorem 1]). Assume C is either Horn, Bi-
junctive or Affine. Let Σ be a theory and α ∈ C. Then the C-LUB of Σ
implies α if and only if Σ itself implies α.

5.2 Abduction

We now consider the problem of abduction. Contrary to the case of deduction,
as far as we know the semantics of this process with bounds have not really been
studied in the literature, except in a quite special case in [KKS95, Section 5].
This section is a first step into this direction.

Abduction consists in searching for explanations of observations, knowing a
background theory. More formally, a background theory is simply a propositional
theory Σ, supposed to be satisfiable, and an observation is another theory α.
We explicit what an explanation is in the following definition.
Definition 3 (explanation). Let Σ and α be two propositional theories, and
H a subset of V ar(Σ)\V ar(α) (the set of hypotheses). Then an explanation of
α knowing Σ over H is a conjunction E of literals such that :
(i) V ar(E) ⊆ H
(ii) Σ ∧ E implies α
(iii) Σ ∧ E is satisfiable.
If in addition there is no proper subset of E with the same properties, E is called
a minimal explanation of α knowing Σ over H.



Approximation of Relations by Propositional Formulas 251

Example 3. Let Σ be the theory represented by the CNF formula (x1 ∨ x3 ∨
¬x5)∧ (x1 ∨¬x3)∧ (¬x1 ∨x3 ∨x4)∧ (¬x1 ∨x2 ∨¬x3 ∨x6)∧ (¬x4 ∨x5), let α be
the clause (x5∨x6) and H the set of hypotheses {x1, x2, x3}. Then E = {x1,¬x2}
is an explanation of α knowing Σ over H. Moreover, it is a minimal explanation,
since neither E′ = {x1} nor E′′ = {¬x2} are explanations.

With this definition, the task of abduction consists in finding, given Σ, α and
H, a minimal explanation E of α knowing Σ over H. It is well-known that in
general abduction is ΣP

2 -complete [EG95], and NP-hard if we restrict Σ to be
a Horn formula [EG95]. On the other hand, for bijunctive and affine formulas it
becomes polynomial if in addition we impose some restrictions to the form of α
(see for instance [Val00,Z02b]). Therefore, in all cases it is interesting to study
the semantics of abduction with bounds.

We first give general remarks that help understanding these semantics in
the general case, independently of the class of the approximation and of the
restrictions of the general problem.
Proposition 13. Let Σ and α be two propositional theories, and H a subset
of V ar(Σ)\V ar(α). Let C be a class of formulas, and ΣLUB (resp. ΣGLB) be a
C-LUB (resp. a C-GLB) of Σ. Let E be a conjunction of literals formed upon
the variables in H. Then :
(i) If ΣGLB ∧ E is satisfiable, then Σ ∧ E is satisfiable
(ii) If ΣGLB ∧ E does not imply α, then Σ ∧ E does not imply α
(iii) If ΣLUB ∧ E is not satisfiable, then Σ ∧ E is not satisfiable
(iv) If ΣLUB ∧ E implies α, then Σ ∧ E implies α.

Proof. Points (ii) and (iv) are stated in Proposition 11, and points (i) and (iii)
directly follow from the definition of the bounds. ��
Now we study more precise classes of formulas. When restricting the form of
the observations and explanations, it sometimes becomes possible to perform
abduction with the C-LUB of a theory. In these cases, it thus becomes possible
to use the approximations of a theory for performing abduction in the same
manner as we can use them for performing deduction.

We first consider the case of Horn-LUBs. We show that if the query is
positive, i.e., is logically equivalent to at least one conjunction of positive literals,
the positive explanations that can be found with Σ are exactly the same as those
that can be found with its Horn -LUB. The point is that when the background
knowledge is Horn, a positive observation can be explained only by a conjunction
of positive literals, as shown in the next lemma.
Lemma 1 (generalization of [RK87, Corollary 4]). Let Σ be a Horn the-
ory, α a positive formula and E a minimal explanation of α knowing Σ. Then
E contains only positive literals.

Proof. Assume, for sake of contradiction, that E contains ¬xi for a certain xi ∈
V ar(Σ)\V ar(α). Then there is a model m of Σ with m |= α and m |= E, thus in
particular mi = 0. We show that Σ ∧E\{¬xi} implies α, and thus that E is not
minimal ; for that purpose, we show that there cannot be a model m′ of Σ with
m′ �|= α and m′ |= E\{¬xi}. Indeed, if there is such an m′, then m′′ = m ∧m′
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must satisfy Σ by Proposition 1. But by construction, m′′ satisfies E, since m
and m′ are equal over the variables in E\{¬xi} and mi = 0, thus m′′

i = 0 ; but
m′′ does not satisfy α, since m′ �|= α, m′′ assigns 0 to all the variables of α to
which m′ assigns 0, and α is positive. Thus m′′ contradicts the fact that Σ ∧E
implies α. ��
Using Lemma 1, we can then show that performing abduction with the Horn-
LUB of Σ is the same as with Σ itself when considering only positive observations
and explanations.
Proposition 14. Let Σ be a theory, α a positive observation, and H a subset of
V ar(Σ)\V ar(α). Let ΣLUB be the Horn-LUB of Σ. If E is a minimal explana-
tion of α knowing ΣLUB over H, then E is a minimal explanation of α knowing
Σ over H. Conversely, if E is a minimal positive explanation of α knowing Σ
over H, then E is a minimal explanation of α knowing ΣLUB over H.

Proof. Let E be a minimal explanation of α knowing ΣLUB . We know by Propo-
sition 13 that Σ ∧ E implies α. Since ΣLUB ∧ E is satisfiable, there is a model
m of ΣLUB with m |= E, thus there is a model m′ of Σ with m′ bitwise greater
than or equal to m (by the construction of Proposition 2) ; since E is positive
(Lemma 1), m′ also satisfies E, thus Σ ∧ E is satisfiable. There is only left to
show that E is minimal knowing Σ. If it were not the case, then there would be
a E′ ⊂ E with Σ ∧E′ satisfiable, thus ΣLUB ∧E′ satisfiable by Proposition 13,
and such that Σ ∧ E′ would imply α but ΣLUB ∧ E′ would not (for otherwise
E would not be minimal knowing ΣLUB). Thus there would be a model m of
ΣLUB satisfying E′ but not α, thus a model m′ of Σ satisfying E′ but not α
(again by the construction of Proposition 2) ; thus Σ ∧ E′ would not imply α,
contradiction.

Conversely, let E be a minimal positive explanation of α knowing Σ. We
then know by Proposition 13 that ΣLUB ∧ E is satisfiable. We also know that
ΣLUB ∧ E implies α by the same proof as with E′ in the previous paragraph.
Finally, by minimality of E for Σ the first part of the Proposition shows that
there cannot be a E′ ⊂ E with E′ an explanation knowing ΣLUB, thus that E
is minimal knowing ΣLUB . ��
Now we consider the case of Bijunctive-LUBs. Parallel to the restriction to
positive observations for Horn-LUBs, we must now restrict to observations con-
sisting of one clause of one or two literals. Now parallel to Lemma 1, we show
in the next lemma that a minimal explanation of such an observation knowing
a bijunctive theory must contain at most one literal.
Lemma 2. Let Σ be a bijunctive theory, α a clause of one or two literals and
E a minimal explanation of α knowing Σ. Then E contains zero or one literal.

Proof. Since E is an explanation of α knowing Σ, it holds that Σ implies C =
(E → α) ; writing E = {�i1 , . . . , �ip} (maybe empty) and α = �j1 ∨ �j2 (the
case α = �j1 is similar), we get C = (�i1 ∧ . . . ∧ �ip → �j1 ∨ �j2), i.e., C =
(�i1 ∨ · · · ∨ �ip ∨ �j1 ∨ �j2). Since Σ is bijunctive, there is a subclause C ′ of C

consisting of two literals that is implied by Σ ; thus either (i) C ′ is a �ia ∨ �ib
,

but this implies Σ → E, which contradicts the fact that Σ ∧E is satisfiable, or
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(ii) C ′ is �j1∨�j2 , but this means Σ → α and thus E, being minimal, is empty, or
finally (iii) C ′ is a �ia ∨ �jb

, and thus Σ implies �ia → �jb
, which in turn implies

�ia → α, and thus E = ∅ or E = {�ia} is a minimal explanation. ��

Using Lemma 2, we can now show that, parallel to Proposition 14, performing
abduction with the Bijunctive-LUB of Σ is the same as with Σ itself when
considering only clauses of one or two literals as observations and explanations
containing zero or one literal.

Proposition 15. Let Σ be a theory, α a clause of one or two literals, and H
a subset of V ar(Σ)\V ar(α). Let ΣLUB be the Bijunctive-LUB of Σ. If E
is a minimal explanation of α knowing ΣLUB over H, then E is a minimal
explanation of α knowing Σ over H. Conversely, if E is a minimal explanation
containing one or zero literal of α knowing Σ over H, then E is a minimal
explanation of α knowing ΣLUB over H.

Proof. Let E be a minimal explanation of α knowing ΣLUB over H. Proposi-
tion 13 tells us that Σ∧E implies α. Now by Lemma 2 we know that E contains
at most one literal ; since Σ is satisfiable, if E = ∅ then Σ ∧ E is satisfiable ;
now if E = {�ia}, then the clause (�ia) is not implied by ΣLUB (since ΣLUB ∧E
is satisfiable) ; but ΣLUB is logically equivalent to the conjunction of all the
clauses of length 2 or less that are implied by Σ, thus Σ does not imply (�ia)
and we deduce that Σ∧(�ia) is satisfiable. Finally, if E is not minimal for Σ then
the only possibility is that E contains one literal and ∅ is an explanation of α
knowing Σ ; but this means that Σ implies α, and since α contains at most two
literals we deduce that ΣLUB implies α, i.e., that E is not minimal for ΣLUB.

The converse is established as for Proposition 14. ��

Finally, we consider aboduction with Affine-LUBs. Unfortunately, in the frame-
work for abduction defined here, no link other than those exhibited in Proposi-
tion 13 seems to exist between the explanations found with this LUB and those
that can be found with the theory itself, even if we restrict ourselves to obser-
vations consisting of one variable and to explanations containing at most two
literals. The next example illustrates that fact.

Example 4. Consider Σ = {001, 010, 100} over the variables x1, x2, x3. It is eas-
ily seen that the Affine-LUB of Σ is (x1 ⊕ x2 ⊕ x3 = 1). Now consider the
observation α = x3 and the set of hypotheses H = {x1, x2}. Then E = x1∧x2 is
a minimal explanation of α knowing the Affine-LUB of Σ over H ; but Σ ∧E
is not satisfiable.

The intuition behind this fact is that the relations between variables that are
preserved between a theory and its Affine-LUB are the relations that can be
expressed by a linear equation ; but explanations as defined here are meant
to be conjunctions of literals, and this is intuitively why they do not behave
well. We could define explanations in a more general form (for instance as any
propositional formula over H), but this is out of scope here.
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Table 1. Summary of results for computing approximations

Computing... (Reverse-)Horn Bijunctive Affine
the C-LUB exp output |R|n2 |R|n3 + n4

one C-GLB |R|2n2 |R|3n + |R|2n2 |R|3n + |R|2n2

a C-maxGLB NP-hard NP-hard subexponential

6 Conclusion

We have settled the complexity of the main problems concerning the computa-
tion of Least Upper Bounds and Greatest Lower Bounds of relations into the
main classes of formulas that allow efficient storage of knowledge and reasoning,
namely the classes of Horn, reverse-Horn, bijunctive and affine formulas. The
results are summarized in Table 1. It appears that computing one GLB is poly-
nomial, while computing the LUB is polynomial only for the classes of bijunctive
and affine formulas, and computing a GLB with the maximum number of models
is NP-hard for Horn and bijunctive formulas while subexponential for affine.

Beside this, we have studied the semantics of reasoning with the bounds of
a theory. As far as we know, the semantics of abduction with LUBs had not
really been studied before. We have shown that assuming restrictions about the
form of the observation and of the explanations, we can perform abduction with
the Horn- or Bijunctive-LUB of a theory and get the same explanations as if
we had reasoned with the theory itself. These results show that assuming these
restrictions, abduction can be performed with the bounds of a theory in the
same manner as deduction.

This study of the semantics of abduction is of course incomplete, and this
problem would certainly benefit further exploration. Also, an interesting prob-
lem is the one of computing Horn-renamable approximations of relations and
studying their semantics ; Horn-renamable formulas are those formulas that we
can transform into a Horn one by replacing some variables with their negation
everywhere in the formula. This class includes Horn and reverse-Horn formulas
as well as satisfiable bijunctive formulas, and is tractable for satisfiability and
deduction as well. Thus although it is not stable by conjunction, which makes
it less interesting for storing knowledge as a set of rules, it is certainly worth
studying the complexity of computing approximations of relations into this class.
As far as we know, the only study about Horn-renamable approximations can
be found in [Bou98].
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sitionnelle (in French), Proc. 8èmes Journées nationales sur la résolution
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Abstract. To efficiently identify properties from its environment is an
essential ability of a mobile robot who needs to interact with humans.
Successful approaches to provide robots with such ability are based on
ad-hoc perceptual representation provided by AI designers. Instead, our
goal is to endow autonomous mobile robots (in our experiments a Pio-
neer 2DX) with a perceptual system that can efficiently adapt itself to
ease the learning task required to anchor symbols. Our approach is in the
line of meta-learning algorithms that iteratively change representations
so as to discover one that is well fitted for the task. The architecture we
propose may be seen as a combination of the two widely used approach
in feature selection: the Wrapper-model and the Filter-model. Experi-
ments using the PLIC system to identify the presence of Humans and
Fire Extinguishers show the interest of such an approach, which dynam-
ically abstracts a well fitted image description depending on the concept
to learn.

1 Introduction: Anchoring Symbols, Detecting, and
Identifying Objects

Recent works in both Robotics and Artificial Intelligence have shown a growing
interest in providing mobile robots with the ability to interact and communicate
with humans. One of the main challenges in designing such robots is to give
them the ability to perceive the world in a way that is useful or understandable
to us. One approach is to give the robot the ability to identify physical entities
and relate them to perceptual symbols that are used by humans (to refer to
these same physical entities). To perform this task, the robot has to ground these
symbols to its percepts (i.e., its sensor data). Recently, the term of ÒAnchoringÓ
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[1] has emerged to describe the building and maintenance of the connection
between sensor data and the symbols used by a robot for abstract cognition. As a
matter of fact, anchoring is an important issue for any situated robot performing
abstract reasoning based on physically grounded symbols. Anchoring plays an
important role to communicate or relate to other robots [2] or humans [3].

There are tasks, such as object manipulation or functional imitation, where
anchoring requires explicitly recognizing objects and localizing them in the three-
dimensional space. Fortunately, such an object recognition task is not necessarily
required to achieve anchoring. In applications such as human/object tracking,
face and object identification, or grounded robot-human communication, object
identification is enough. Informally, to recognize an object often requires from
the robot both identifying from its percepts what an object is, and using a model
of the object to localize it. This task has been studied for a few decades now and
is known to be difficult in unknown environments [4]. On the contrary, identifying
the sole presence of an object is simpler. Moreover, there exist many easy to use
and reliable descriptions for characterizing the presence of an object. To identify
the presence of a fire in a room, one does not have necessarily to recognize it.
Smelling smoke, hearing cracks, feeling heat, seeing dancing shapes on a wall
are different ways of identifying the presence of a fire. For an autonomous robot,
the ability to identify objects is a first step towards more complex tasks. Object
detection (detecting a fire) may be built by regularly checking whether the object
is identified. Identifying objects is therefore a simple form of anchoring symbols
(such as ”fire”) to its percepts.

In this paper, we are concerned with a practical task, where a Pioneer
2DX mobile robot has to rely on its limited vision sensors to anchor symbols
such as Òhuman beingÓ, Òmobile robotÓ or Òfire extinguisherÓ that it en-
counters while navigating in our laboratory. Anchoring is then used to support
human/robot or robot/robot communication. For instance, an interaction may
be engaged if a Òhuman beingÓ is identified, or a rescue operation may be ini-
tialized if a non-responding Ò Pioneer 2DXÓ is identified. Identifying a Òfire
extinguisherÓ may allow the robot to respond to a query formulated by a hu-
man. To design an autonomous robot, living in a changing environment such as
our laboratory, with the identification ability described above is a difficult task
to program. As such it is a good candidate for a Machine Learning approach,
which may be easily recasted as a classical concept learning task. To teach the
robot to anchor symbols using Machine Learning has proven successful [5]. To
use machine learning techniques, the designer has to both define learning ex-
amples and a representation language based on the robot percepts to describe
them.

It is clear that a great part of the success of the learning task per se depends
on the representation chosen [6]. Having an AI designer providing the robots
with an adequate representation has a major drawback: it is a fixed, ad-hoc
representation. Any change of setting (a museum instead of an AI lab) may
require a new perceptual description. In order to overcome this drawback, our
main objective is to endow an autonomous robot with the ability to dynam-
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ically abstract from its percepts different representations, well suited to learn
different concepts. The intuitive idea is to have the robot explore a space of
possible examples descriptions (with various colors, resolution, representation
formalisms, etc.) so as to discover for each concept a well-fitted representation.
The underlying intuition being that for anchoring the symbol ”human being”
a robot does not need the same visual resolution that might be necessary to
anchor the symbol ”power-plug”.

Section 2 presents a concrete setting in which this problem occurs and pin-
points why adapting oneÕs representation may be useful to increase learning
accuracy. In Section 3, related works about vision and anchoring in several re-
search fields are quickly reviewed. Then, Section 4 explains our approach based
on abstraction operators applied to visual information provided by the robot.
Finally, a set of real world experiments describes the interest of such an approach
and outlines the difference between two representations, each one fitted to a dif-
ferent concept (the presence of a human and the presence of a fire extinguisher).

2 Problem Settings

The practical task we are concerned with is part of a wider project called Mi-
crobes [7], whose goal is to have a colony of eight robots co-habit with AI re-
searchers. We aim at providing each Pioneer 2DX autonomous mobile robot
with the ability to identify -but not recognize- objects or living beings encoun-
tered in its environment. Each robot navigates during the day and when CPU
resource is available it takes snapshots of its field of vision with its video camera.
The snapshots are taken either randomly from time to time, or upon a specific
human request1. At the end of each day, the robot may report to a supervisor
and ”ask” her/him what objects (whose symbols may or may not belong to a
pre-defined lexicon) are to be identified on a subset of taken pictures2. It then
performs a learning task in order to create or update the connection between
sensory data and symbols which is referred to as the anchoring process. Figure 1
describes this process. The learning task associated to the anchoring is therefore
characterized by a set of image descriptions and attached labels. It corresponds
to a multi-class concept learning task. A key aspect of the problem lies in the
definition of the learning examples (the images) used by the robot during the
anchoring process. In effect, a first step in any anchoring process is to identify
(relevant) information out of raw sensory data in order to reduce the complexity
of the learning task. The Pioneer2DX mobile robot provides images thanks to
its LCD video camera while navigating in the corridors. The images are 160×120
wide, with a 24 bits color information per pixel. Humans, robots, doors, extin-
guishers, ashtrays and other possible targets can be seen among the images as
1 Thanks to active learning techniques, the robot may also take snapshots of scenes
that appear to be interesting w.r.t. enhancing the detection accuracy of a known
object (e.g. ambiguous images).

2 Again active learning techniques may be used by the robot to select the most infor-
mative images.
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Fig. 1. The four steps toward lexicon anchoring. As a first step, the robot takes a
snapshot of its environment, and a supervisor labels it with the interesting content.
The robot tries to associate the provided label(s) with its percept, and, after a number
of such steps take place, it shall be able to autonomously label a new environment.

Fig. 2. Two snapshots taken by the robot. Left: image labeled with ”fire extinguisher”
and ”door”. Right: image labeled with ”human” and ”door”.

shown in Figure 2. All these possible targets, as they appear in the images, are
of different shape, size, orientation and sometimes they are partially occluded.
Finally, each image is labeled with the names of the occurring targets.

3 Changing the Representation of Images

3.1 Initial Perceptual Representation

We define the role of the robot’s perceptual system as to extract abstract percepts
out of low-level percepts, such as a set of pixels, from the video camera or sonar
values. These abstract percepts provide a representation of the perceived world
on which further computation will be based. They can be anything from sets
of clustered colored regions to a matrix resulting from a Hough transform. The
choice of a representation is motivated by finding a good trade-off that reduces
the size of the search space and the expressiveness of the abstract percepts.

As mentioned in the previous section, the problem we consider is that of auto-
matically finding a representation of a set of labeled images that is well adapted
to the learning of concepts. Let us underline that our goal is not to achieve
the best performance on the particular learning task mentioned in the previous
section. To obtain the best performance would require that experts in the field
build an ad-hoc representation for each concept to learn. On the contrary, we
are interested in having a robot find by itself the good representation, so that,
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Table 1. Datasets associated to the ”human” and ”fire extinguisher” concepts

Concept to learn # of positive examples # of negative examples Size of Dataset
Fire extinguisher 175 175 20,1 Mb
Human being 60 60 9,7 Mb

if the context changes or the concept to learn is different, it has the ability to
discover by himself the good level of representation. We therefore consider the
representation provided by the sensors as an initial representation.

From the robot’s point of view, each pixel from the camera is converted into a
low-level percept. In the initial image representation, where each pixel is described
by its position (x,y), its hue (the tint of a color as measured by the wavelength of
light), its saturation (term used to characterize color purity or brilliance) and its
value (the relative lightness and darkness of a color, which is also refereed to as
”tone”). The initial description of an image is therefore a set of 19200 (160 x120
pixels) 5-uple (x,y,h,s,v). Each image is labeled by symbols following the process
described in Section 2. The positive examples of a given concept (e.g., ”presence
of a fire extinguisher”) to learn correspond to all images labeled positively for this
concept. The negative examples are the images labeled negatively. The number
of examples for two of the concepts we considered are given on Table 1. The
initial representation of images, consisting of hundreds of thousands of pixels, is
clearly a too low-level representation to be used by Machine Learning algorithms.
We shall now analyze different representations that have been considered in the
field of Vision or Image indexing from the Machine Learning point of view. These
different representations will provide some directions for investigating automatic
changes of representation to improve the learning accuracy.

3.2 Representation Languages in Machine Learning

In the traditional setting of Machine Learning, each object x is represented by
a feature vector, to which is associated a label f(x). Let X be a feature vector
space, and Y = {⊕,�}. The induction task is to find a classifier h : X → Y
which minimizes the probability that f(x) 	=h(x) on a newly observed example
(x, f(x)).

Within the multiple instance setting, objects are represented by bags of fea-
ture vectors. Feature vectors are also called instances, as in the traditional set-
ting features may be numeric as well as symbolic features. The size of a bag b is
noted σ(b) and may change from one object to another. Its instances are noted
b1 . . . bσ(b).

Within a relational setting (or Inductive Logic Programming (ILP) frame-
work) the objects are represented by a set of components objects, their features,
and relations between components. In ILP, Prolog facts are used to describe
objects and Background Knowledge B encodes deductive rules. To summarize,
in Machine Learning the languages used to represent examples fall into three
broad categories:
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– Feature−Vector: the most widely used and for which efficient algorithms
have been devised.

– Relational description: the most expressive representation but whose inher-
ent complexity[8] prevents from efficient learning.

– Multiple−instance: an in-between representation, more expressive than
feature−vector but for which efficient algorithms do exist.

3.3 Ad-Hoc Reformulation of the Initial Image Representation

Let us now characterize the various descriptions of the robot images from a Ma-
chine Learning point of view. The initial description may be seen as a relational
description in the sense that an image is described by its components, the pix-
els, and their implicit relations given by the absolute position (x,y). As a matter
of fact, region-growing algorithms, for example, do use the implicit information
on neighbor pixels. The numerous drawbacks of such a low level representation
(complexity to manipulate, size of the images) have lead researchers to come up
with much simpler or more abstract representations of images.

A much more abstract representation is one where all pixels are replaced by
a unique mega-pixel described by a hue, saturation and value that are averaged
on the global image. This latter representation is also referred to as ”global
histogram representation” of the image and is widely used in image database
retrieval systems. From a Machine Learning point of view it corresponds to
a feature/vector representation. Each image is described by a vector of
features such as the average hue, saturation and value, but standard deviations
of these features might be added.

Although the global histogram representation performs particularly well in
many situations (see [9] for a discussion), one of its drawback lies in its drastic
loss of information. The position and color of pixels are lost. Another widely used
approach in vision and image indexing is to abstract the image into a set of pixels
(be it a region or not). This representation corresponds to amultiple-instance
representation used in Machine Learning, where an image is considered as a
bag of regions. Different types of sets are classically extracted:

1. counting pixels with the same color (a representation called ”local his-
togram”): the information on the pixel positions is lost but not the color.
This set is not a region per se, as pixels with the same color can be far apart.

2. grouping pixels based on their neighborhood into regions: new pixels at a
smaller resolution are built. These regions can be recursively built.

3. grouping close pixels with similar color into regions: region growing tech-
niques achieve such extraction, but are computationally costly and not al-
ways adapted to online processing.

These different representations are spread on the spectrum of possible ab-
stractions for an image; they can be seen as obtained from the initial repre-
sentation by an abstract operator that reduces the information contained in an
image[10].



262 J.-D. Zucker, N. Bredeche, and L. Saitta

3.4 Dimensions of Abstraction

In the perspective of automatically exploring the set of possible representations
of an image, we propose to identify particular operators and to experiment with
them. There are countless operators that could be applied to an image hoping
for more accurate learning. Operators changing the contrast, the resolution, the
definition3 are all possible candidates.

To improve the learning of concepts, we are interested in transformation
that are abstractions in the sense that they decrease the quantity of information
contained in the image[12]. The two main dimensions for abstraction that we
shall study are:

– the resolution of the image, i.e., its granularity.
– the structure of the image, i.e., the smallest individually accessible portion

of the image to consider, be it a pixel or a complex region.

For each of these dimensions, we have defined an abstraction operator: re-
spectively, associate and aggregate. The associate operator consists in replacing
a set of pixels with a unique (mega)pixel that has for its (h,s,v) values the av-
erage of the pixels that were associated. This operator is a built-in operator for
the robot as it corresponds to a particular sub-sampling. The aggregate operator
consists in grouping a set of pixels to form a region or a pattern. This operation
is also referred to as ”term construction” in the literature[13]. The region does
not replace the pixels it is composed of, and therefore the resolution or granu-
larity of the image is not changed. What changes is the structure of the image.
The aggregate operator may be either data-driven (this is the case for region
growing algorithms) or model based. For already mentioned reasons of efficiency
required by the use of a robot we have considered an aggregate operator that
is applied to contiguous pixels forming a particular shape. Figure 3 depicts the
space of representation changes associated to these two operators.

We shall refer to the initial concept as low-level percepts4. The ones obtained
after applying the abstract operators will be referred to as abstract percepts,
since they will be used as percepts for further processing. For clarity, abstract
percepts obtained by applying the aggregate operator will be referred to as s-
percepts and ones obtained by applying the associate operator will be referred
to as r-percepts5 .
3 The contrast measures the rate of change of brightness in an image; high contrast
suggests content consisting of dark blacks and bright whites; medium contrast implies
a good spread from black to white; and low contrast implies a small spread of values
from black to white. The resolution is a measure of the proportion of the smallest
individually accessible portion of a video image to the overall size of the image.
The higher the resolution, the finer the detail that can be discerned. The definition
corresponds to the clarity of detail in an image and is dependent upon resolution
and contrast [11]

4 We will depart from the traditional use of the term ”ground” for the initial
representation[14] as for a robot the notion of ”grounding” corresponds to another
notion

5 s-percept, as in structural percept and r-percepts as in resolution percept
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Fig. 3. The space of image representation obtained by applying the associate operator
(changing the resolution) and the aggregate operator (changing the structure). Three
examples of representations obtained after having applied the aggregate operators and
the associate operator.

4 Automatically Changing the Representation for
Learning

In the previous section two abstraction operators to change the representation
of images were presented. The parameter of the associate operators we have
considered is the number of pixels that are associated to form a (mega)pixel.
The parameter of the aggregate operator is the pattern or region structure.

With respect to the learning task described in Section 2, a key issue is to
analyze the impact of representation changes on learning. The main question
is related to the choice of one operator and its parameters. In Machine Learn-
ing, the abundant literature on feature selection shows that approaches fall in
two broad categories: the wrapper and the filter approach. Intuitively, the
wrapper approach uses the performance of the learning algorithm as a heuristic
to guide the abstraction. The filter approach uses a a priori knowledge to se-
lect appropriate abstractions. In Machine Learning the combination of this two
approaches has not yet been explored. In the following, we present how these two
approaches can be combined. As it is an approach that attempt to learn from
the learning process itself it is also referred to as a meta-learning approach.

Since resolution changes the information contained in an image, we have
used an information-based filter approach to choose an a-priori good resolution
to start with for learning. The filter approach is therefore used to explore the
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horizontal dimension of the space of Figure 3. To explore different possible pat-
terns to apply with the aggregate operator, we have used a wrapper approach.
The plic system is the result of the combination of these two approaches.

4.1 A Filter-Based Exploration of the Abstract Spaces

As mentioned previously, there are two dimensions along which to apply abstrac-
tion operators: image resolution (association) and structural composition (aggre-
gation). While the structural composition dimension is explored by a wrapper
approach, the resolution can be approached by a filter approach.

Let us suppose that a snapshot with N pixel is taken, and that we are
looking for the localization of an object with R pixels. Let us suppose, for the
sake of simplicity, that each pixel is either activated (has an intensity value 1)
or not activated (has an intensity value 0). The level with N pixels is the more
detailed one, whereas the maximum confusion is reached when the activity value
is averaged over all the N pixel, obtaining thus a single, large percept. Let τ be
the homogeneous value of this largest percept. If we assume that there is no
other object in the snapshot, we will have : τ = R/N

Moreover, let σ be the standard deviation of the intensities over the N pixels.
If groups of K pixels are associated into a single percept, its average intensity
will be computed from the intensities of the component pixels, and the object
we are looking for will appear more or less blurred, depending on how many
activated pixels are included in the K ones. Let us assume that the object can
still be discovered if its average intensity is greater than ατ , where α is a number
greater than one, which depends on the sensor sensibility. For instance, if we can
distinguish objects whose average intensity differs by the global average τ by p
standard deviations, we will have: α = 1 + p × σ / τ

Let us now consider a generic percept containing an association of K pixels.
Depending on the position of this percept w.r.t. the object, its average intensity
will change. Among all the positions, there will be at least one that reaches
a maximum of intensity, and will allow the object to be optimally identified. If
there is only an object in the picture, the question is whether the object is present
or not. Notice that the average intensity τ can be generated, if the object is not
present, by R activated pixels more or less randomly scattered in the snapshot.
If K ≤ R, the optimal new percept is included in the object picture, and its
average intensity will be 1. If K > R, the optimal percept will include R pixels
with intensity 1 and (K - R) pixels with intensity 0. Then, the optimal percept
intensity will be: I(K) = R/K. In Figure 4 an example of the graph of the optimal
intensity I(K) vs. K is reported for N = 1000 and R = 200. In order to locate
the object, the percept intensity must be greater than τ : I(K) ≥ ατ

From the above condition we obtain a maximum number of pixels for the
new percept:

K ≤ N [τ/(τ + pσ)] (1)

It is clear the intensity of the new percept tends to τ when K tends to N .
Another interesting aspect to be considered is the number of optimal percept
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Fig. 4. Optimal percept intensity I(K) to detect a generic percept containing an asso-
ciation of K pixels (for N = 1000 and R = 200).

that can be present in the image when K changes. Assuming that
√

X is the
order of the linear dimension of an object whose area spans X adjacent pixels,
the probability P(K) of randomly extracting an optimal percept of size K can
be roughly estimated as follows :

P (K) ∼ [(
√

R − √
K + 1)/(

√
N − √

K + 1)]2 if K ≤ R
P (K) ∼ [(

√
K − √

R + 1)/(
√

N − √
R + 1)]2 if K > R

In Figure 5(left) an example of the P(K) graph vs. K is reported for N = 1000 and
R = 200. It is clear that reducing K the optimal intensity increases, but, at the
same time, the number of percepts with that intensity decreases, making more
difficult (more percepts are to be examined) to locate the object, if it is present
in the picture. In Figure 5(right) the product I(K) × P(K) is reported for the

Fig. 5. (left) The probability P(K) of randomly extracting an optimal percept of size
K. (right) The product I(K) × P(K).

sake of illustration. The above reasoning can be extended to values associated
to the pixels different from a binary intensity. For example, in the application
considered in this paper, one of the averaged value can be the color hue. In this
case, we have verified that the red color of the fire extinguisher, for instance,
can be detected by the system at a resolution (8 × 6), which does not allow the
color to be detected by the human eye.
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4.2 A Wrapper-Based Exploration of the Abstract Spaces

Once a resolution has been selected by the filter-based approach described in the
previous sub-section, the wrapper-based component of the plic system explores
different image structure iteratively. An initial structure is chosen, and the image
is reformulated in a multiple-instance representation using this structure; then,
the concepts are learnt using this representation. Based on the results on cross-
validation6 of the learning algorithm, a new structure is devised. As for now, the
search for a good structure is done in an exhaustive manner from the simplest
one (i.e., one pixel at the chosen resolution) and exploring all the connected
shapes of k pixels before increasing k. The following figure is a synthesis of this
wrapper approach. The multiple instances rule learner RipperMi[15] was used

Fig. 6. The plic system Wrapper component.

on the descriptions obtained from these images with a ten-fold cross validation.
Moreover, each experiment is repeated 10 times in order to get a good approx-
imation of the results. RipperMi returns a set of rules that covers the positive
examples

5 Experiments

5.1 Experimental Setup

To evaluate the interest of abstracting visual percepts from a Machine Learning
point of view, a number of different experiments have been carried out. The
experiments presented are based on the images acquired by a Pioneer2DX
6 a widely used data-oriented evaluation of the learning generalization error that con-
sists in dividing the learning set into a learning set and a training set
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Table 2. plic results on learning the ”human” concept

Resolution Accuracy in % std.dev CPU time (s)
1x1 64,02 1,29 0,03
4x3 59,11 1,09 0,13
8x6 62,47 1,27 0,79
16x12 67,54 1,23 4,03
32x24 66,45 1,45 19,12
64x48 65,48 1,28 87,33

Table 3. plic results on learning the ”fire extinguisher” concept

Resolution Accuracy % std.dev CPU time in secs
1x1 62,51 0,85 0.39
4x3 59,58 0,82 1.62
8x6 64,18 0,89 9.22
16x12 70,98 0,86 37.68
32x24 75,02 0,96 128.31

mobile robot. The targets (be it a human or a fire extinguisher) as they appear
in the images are different in shape, size, orientation and are sometimes par-
tially occluded. Labeling with the names of the occurring targets was done by
a supervisor (as explained in Section 2), and a noisy set of labels was produced
as well (wrong labels were given on purpose). Two sets of experiments are pre-
sented, the first one illustrates the impact of the operator aggregate used by the
wrapper-based component of PLIC and the second the impact of the associate
operator used by its filter-based component. For each of these experiments the
results for the concept ”human” and ”fire extinguisher” are given.

Fig. 7. Experiments with the ”human” concept
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Fig. 8. Experiments with the ”fire extinguisher” concept

5.2 Evaluating Automatic Changes of Granularity

The results obtained by the system PLIC are presented in Tables 3 and 2 below.
Figures 8 and 7 respectively plot the evolution of the learning accuracy depending
on the resolution chosen for the extinguisher class and the human class.

The evolution of the learning accuracy for the extinguisher class vs. the reso-
lution shows that more complex resolutions are much more appropriate that the
simpler ones (i.e., the histogram representation). As a matter of fact, the accu-
racy is enhanced by 12.51%, from 62.51% to 75.02%. However, this improvement
is not linear over the set of possible resolutions, since the accuracy is better for
the original 1× 1 resolution than for the 4× 3 resolution. This can be explained
by the fact that the histogram representation is somewhat fitted to capture some
relevant information for image description [9]. As a consequence, using a more
complex representation may cause the accuracy to decrease since the enhanced
search space makes it more complicated to learn while it may not help to better
discriminate the target concept.

Resolution enhancement proves to be profitable as soon as a 8× 6 resolution
and the accuracy improves in a nearly linear way from this point. Now, if we
bring our attention to the evolution of the learning accuracy for the human
class, we can see that the learning curve is about the same, with a smaller
amplitude, except that at some point the accuracy reaches a maximum (67.54%
with the 16 × 12 resolution), and then starts to decrease. This should tend to
prove that the 16 × 12 resolution is the most fitted resolution for this concept,
in this environment, given what examples have been observed. More complex
resolutions cannot achieve a better representation for this concept, or at least
the tradeoff between expressiveness and complexity is not relevant anymore. As
a matter of fact, we can extrapolate to say that if the resolution is enhanced,
accuracy should tend to reach 50% at some point, that is random prediction.

However the general shape of the accuracy curves for both concepts seem
to share the same properties about the trade off between expressiveness and
complexity, experiments shows that the best fitted granularity depends on the
concept to learn.
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5.3 Experiments on Automatic Changes of Structure

PLIC’s wrapper tool was used to generate nine different s-percept’s structural
configurations that are shown on figure 9. Each structural configuration is then
applied from every single r-percept to generate a learning sets based on a 8 × 6
image resolution of each of the images of the image database, which is not the
best resolution for either concepts but provides a common basis for evaluating
learning accuracies. Tables 5 and 4 respectively show the results for the human
class and the fire extinguisher class.

Results from the experiments show that in both case, the highest accuracy
is achieved by one of the most complex structural configurations (64.81% for
the extinguisher class, 71.56% for the human class). The benefits of structural
reformulation is more relevant for the human class with a 3.5% gain than for
the extinguisher class, where it is nearly useless. This can be explained by the
intrinsic properties of both concepts: detecting a human may require expressing
relations between parts (e.g. head on body) while an extinguisher is often viewed
as a uniform rectangle red shape in the environment.

In these experiments, this structural configuration is quite simple because
of the low number of abstract percepts considered. However, human occurrence
detection was achieved by the robot more than 7 times out of 10 thanks to less
than 48 s-percepts.

Fig. 9. The nine structural configurations generated by the Wrapper

6 Related Works

In robotics, reliable information is most of the time provided by simple stimuli,
since vision processing is difficult to handle and costs much of the processing time
unless dedicated chips are used. Works on anchoring a lexicon are usually focused
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Table 4. plic results on learning the ”fire extinguisher” concept and changing struc-
ture

StructureName Accuracy % std.dev CPU time (s)
1 64,18 0,89 10,43
2.1 62,04 0,715 7,475
2.2 63,795 0,83 10,185
3.1 64,335 0,695 9,02
3.2 64,405 0,755 8,655
3.3 63,21 0,715 9,465
3.4 63,46 0,75 9,475
3.5 64,81 0,77 9,615
3.6 64,175 0,79 12,08

Table 5. plic results on learning the ”human” concept and changing structure

Structure name Accuracy % std.dev CPU time (s)
1 68,06 1,35 1,44
2.1 70,645 1,375 1,785
2.2 65,665 1,355 2,27
3.1 66,575 1,24 2,095
3.2 66,48 1,38 2,36
3.3 67.01 1,335 2,37
3.4 68.945 1,24 2,235
3.5 71,56 1,17 2,235
3.6 64,87 1,36 2,58

on higher level cognition and adaptation, such as language games [16], and thus
do not deal with complex scenes. However, when it comes to applications with
complex vision processing needs, works in robotics share much with works from
other communities, such as object detection and tracking or image indexing,
where there is an impressive body of literature.

On the one side, tracking applications are mostly embedded in systems using
a video camera, with or without stereo vision. A known approach to tracking
is multiple hypothesis tracking, where temporal information is used to choose
between hypothesis. A more recent approach relies on a detection method where
tracking is the process that checks the spatial coherence through time of a single
hypothesis given by a detection algorithm [17]. Both approaches usually rely on
model-based detection, and use image transforms to detect shapes along with
correlation to cope with the occlusion problem. Some tracking applications in
robotics also implement such approaches, and make use of the robot capability
to follow the target.

On the other side, image indexing is concerned with classifying an image
based on its content, without precisely identifying the location of the target con-
cept in the image. Approaches to image indexing include model-based classifica-
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tion, images description using Fourier transforms, wavelets[18], etc. A popular
approach is based on matching sets of connected color regions between images
[19]. The goal is to find instances of a given spatial configuration between re-
gions extracted from the images (i.e., using a region growing algorithm). The
main drawbacks of this approach are the imprecision of region growing tech-
niques, and the cost of the matching phase between undirected planar graphs,
representing sets of connected regions. However, as mentioned previously good
classification results also also achieved by simply comparing the global color his-
togram of each image [9]. In mobile robots, image classification into categories is
used for creating landmarks or for navigating. In this case, image indexing using
global color histograms is particularly well fitted because it classifies quickly the
whole image.

In the above mentioned domains, few works are concerned with adaptive
issues, which is a main concern in robotics since [20]. Extending Marr’s vi-
sual object recognition paradigm [21], where recognition is a bottom-up pro-
cess, perceptual adaptation is considered as an important component for any
perception-based cognitive activities, and initiated many works concerning per-
ceptual learning [22], active perception, perceptual attention, etc.. However, even
though these concerns are of primary importance in the field of psychology of
perception, and could provide an interesting framework for artificial perception,
we do not know of any anchoring application for a mobile robot.

7 Conclusion

In this paper we have addressed the problem of using automatic abstraction of
visual percepts by an autonomous mobile robot to improve its ability to learn
anchors[1]. This work finds its application in a real-world environment within
the MICROBES multi-robots project [7], where anchors provides a basis for
communication between the Pioneer 2DX robot and its human interlocutor.
In the approach we proposed the robot starts with the initial low-level repre-
sentation of the images it perceives with its LCD video camera, and iteratively
changes their representation so as to improve the learning accuracy. Between
the low-level pixel representation and a global histogram representation there is
an immense space of possible representations. To explore part of this abstract
space of representation we have identified two operators. A first one changes the
resolution and loose information by averaging the color of squares of pixels. A
second one that groups pixels without changing the resolution.

To guide the exploration of the space of possible abstractions, we have com-
bined in the PLIC system two approaches, one based on a priori considerations,
and one using the learning results. From a Machine Learning point of view, this
architecture corresponds to the combination of the two widely used approaches
in feature selection: the Wrapper-model [23] and the Filter-model [24]. The set
of experiments that have been conducted show that both operators do impact
on the learning accuracy. It is clear that the representation found is not optimal
as it is very possible that both abstraction operators might interact. Further
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work includes taking into account the interaction between the aggregate and as-
sociate operator. Nevertheless, it is interesting to notice that the best resolution
and structure (sort of coordinates in the abstract space) found by the system
depends of the concept. Since less low-level information is required to detect
the presence of a human than a fire extinguisher, it is not surprising that the
optimum resolution is different. It is also clear that as the number of examples
increase, different reformulation might perform better. Creating high-level ab-
stract percepts does not only improve accuracy, it makes object detection faster
for the robot. This is true as long as the abstraction process does not itself
takes too much time. This is a known trade-off in the field of abstraction [25].
As a matter of fact, abstracting regions by using region growing algorithm [26]
was a candidate abstract operators but its computation is too costly for online
detection.

This study shows that for learning anchors, an approach that periodically
searches for the most accurate representation, given the examples at hand, is
a promising direction. Moreover, it appears that for each anchor that needs
to be learnt, different abstractions might be more appropriate. These findings,
although preliminary, raises several questions with respect to the robot architec-
ture. A central question for any lifelong learning system, integrating abstraction
abilities, is to decide whether to continue to exploit its current representation or
explore new representations at the risk of loosing resources if no better ones is
found.
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Abstract. We present a Probably Approximate Correct (PAC) learning paradigm
for boolean formulas, which we call PAC meditation, where the class of formulas
to be learnt are not known in advance. On the contrary we split the building of
the hypothesis in various levels of increasing description complexity according
to additional constraints received at run time. In particular, starting from atomic
forms constituted by clauses and monomials learned from the examples at the
0-level, we provide a procedure for computing hypotheses in the various layers
of a polynomial hierarchy including k term-DNF formulas at the second level.
Assessment of the sample complexity is based on the notion of sentry functions,
introduced in a previous paper, which extends naturally to the various levels of the
learning procedure. We make a distinction between meditations which waste some
sample information and those which exploit all information at each description
level, and propose a procedure that is free from information waste. The procedure
takes only a polynomial time if we restrict us to learn an inner and outer boundary
to the target formula in the polynomial hierarchy, while an access to an NP-oracle
is needed if we want to fix the hypothesis in a proper representation.

1 Introduction

PAC learning is a very efficient approach for selecting a function within a class of Boolean
functions (call them concepts) on the basis of a set of examples of how this function
computes [1]. In this paper we will consider an extension of this approach to the case
that the class of concepts is not known at the beginning. Rather we receive requisites of
the class a little at a time in subsequent steps of the learning process. Thus we must have
at runtime a twofold care of:

1. correctly updating current knowledge on the basis of new requisites, so that the
approximation of the hypotheses on the final concept is not compromised, and

2. suitably reinterpreting examples in the light of the current knowledge, so that
only their essential features are focused on, without neither missing necessary data nor
recording unuseful details.

We hit these targets in learning boolean formulas through a multi-level procedure
that we call PAC-meditation:

– at the first level we have two sets of positive and negative examples. From subsets
of equally labelled examples we compute partial consistent hypotheses. Namely
each hypothesis is consistent with a part of the positive examples and all negative
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examples, or vice-versa. The criterion is that the union of the hypotheses coming
from positive subsets and the intersection of the other ones form two nested regions
delimiting the gap where the contours of suitable consistent hypotheses are found.
In Fig. 1 the gap is represented by the dashed area. We distinguish a gray region
embedded in a white dashed one. Let us focus for a moment on the widest area
(contoured by thin curves), which we call 0-level gap. It is delimited on the inside
by a (non dashed) region we call inner border and, analogously, by the outer border.

– at further abstraction levels the partial consistent hypotheses of the immediately
preceding level play the role of labelled examples, where the sampled data are
substituted by formulas and the positive and negative labels are substituted by a flag
which denotes whether these formulas belong to the inner or outer borders. A new
pair of borders are constructed running the same procedure on the so represented
examples (and are contoured by bold lines in Fig. 1). Not far from what happens in
the human mind, an actual benefit comes from these level jumps in case of suitable
definition of the classes of formulas in the new borders. These classes induce new
links between the formulas, with the twofold effect of reducing both the degrees of
freedom of the final class of hypotheses, thus lowering the sample complexity of the
learning problem, and narrowing the interstice between the borders, thus simplifying
the search for a final hypothesis.

Fig. 1. Inner and outer borders, in the sample space, of a concept at two abstraction levels. Inner
borders are delimited by the union of formulas bounded by positive examples (gray circles with
thin contour at ground level), outer borders by the intersection of formulas bounded by nega-
tive examples (white circles with thin contour at ground level). Bold lines describe higher level
formulas. Bullets: positive examples; rhombuses: negative examples.

The consistency constraint binds the whole learning process, which coincides in this
respect with an efficient watching on the part of training examples sentineling that borders
do not trespass forbidden points. This functionality represents the points’ information
content which will be managed optimally, i.e. without information waste. Passing from
one symbolic level to another, properties about these points become points in a new
functional space (call them hyperpoints within a higher abstraction level), that are useful,
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in own turn, for building new properties, i.e. metaproperties on the original example
space.

In this way our procedure puts a bridge between inductive and deductive learning.
The atomic formulas at the first level are inductively learnt from examples [1], then
they are managed through special deductive tools. This is a true different acception of
agnostic learning. With the general understanding that it is very difficult to know a priori
the class of the goal concept or even the set of involved variables [2], many authors infer
its functional shape directly from the data within paradigms like boosting [3] or other
kind of modular learning [4]. Their approaches share with the most elmentary ones like
decision trees [5] or Rulex [6] the idea that this shape comes uniquely from a best fitting
of the training set data. Our approach aims at building a concept by improving elementary
formulas using in a lolgical way pieces of symbolic knowledge coming from an already
achieved experience. This allows for a more complex and well funded management of
the trade-off between class complexity and error rate clearly sinthetised by Vapnik in
the problem of the structural risk minimization [7]

For lack of space, the exposition proceeds through a series of definitions and theorems
whose proof is deferred elsewhere. In parfticular, in Sect. 2 we review the PAC learning
theory within a new statistical framework, while Sect. 3 is devoted to introduce the
conceptual framework of PACmeditation and the related theoretical results. A very short
numerical section concludes the paper.

2 PAC Learning Theory Revisited

A very simple way we found for discussing of the statistical properties of a learning pro-
cedure is the following [8]. We have a labeled sample Zm = {(Xi, bi), i = 1, . . . ,m}
where X takes values in X 1 and bi are boolean variables. We assume that for ev-
ery M and every ZM an f exists in a boolean class C, call it concept c, such that
ZM = {(Xi, c(Xi)), i = 1, . . . ,M}, and we are interested in the measure of the sym-
metric difference Uc÷h between another function computed from Zm, that we denote as
hypothesis h, and any such c (i.e. tyhe set of points where we will answer 0 using h(x)
while the correct answer is c(x) = 1 or vice versa, see Fig. 2).

Actually, for fixed sample Zm we can have different populations ZM , hence different
c’s explaining them. These are related however to the explanation h we found for the
sample, and we work precisely on this relation for computing the distribution law of the
random variable Uc÷h as a function of the randomm suffix ZM of a given sample zm.
This relation is very similar to the one between sample and population properties of a
Bernoulli variable, as in both cases we work with 0/1 assignments. But here we need
some sampled points – which we call (outer) sentry points [9] – to recognize that the
probability measure of the error domain is less than a given ε. These points are assinged
by a sentinelling function S whose formal definition is given in [9], to each concept of
a class in such a way that : i. they are external to the concept c to be sentinelled and
internal to at least one other including it, ii, each concept c′ including c has at least one

1 By default capital letters (such as U , X) will denote random variables and small letters (u,x)
their corresponding realizations; the sets the realizations belong to will be denoted by capital
gothic letters (U,X).
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Fig. 2. A PAC learning framework. X: the set of points belonging to the cartesian plane; c: a
concept from the concept class of circles; h: a hypothesis from the same concept class; bullets:
1-labeled (positive) sampled points; rhombuses: 0-labeled (negative) sampled points. Line filled
region: symmetric difference.

of the sentry points of c either in the gap between c an c′ or outside of c′ and distinct
from the sentry points of c′, and iii. they constituted a minimal set with these properties.
An upper bound to the cardinality of these points is represented by the detail DC of a
concept class. For instance, the class C on X = {x1, x2, x3} whose concepts are

x1 x2 x3 x1 x2 x3
c1 = ©− ©− − c1 = − − ©−
c2 = ©− + + c2 = ©− + +
c3 = + ©− + c3 = + ©− +
c4 = + + + c4 = + + +

where “+” denotes an element xj belonging to ci, “−” an element outside ci and ©
a sentry point, has DC = 2. A worst case S is: S(c1) = {x1, x2}, S(c2) = {x1},
S(c3) = {x2}, S(c4) = ∅. However a cheaper one is S(c1) = {x3}, S(c2) = {x1},
S(c3) = {x2}, S(c4) = ∅. Further examples can be found in [9]. In particular here we
will refer to classes of concepts C ÷ C made up of the symmetric differences ci ÷ cj

between concepts belonging to a same class C and its detail DC,C .
A learning algorithm is a procedure A to generate a family of hypotheses hm with

their respective Uc÷hm converging to 0 in probability with the sample size m.
Lemma 1. For a space X and an unknown probability measure P on it, assume we are
given i) a concept class C on X with DC,C = µ, ii) a sample Zm drawn from the fixed
space and labeled according to a c ∈ C labeling an infinite suffix ZM of it, and iii) a
fairly strongly surjective function A : {Zm} 	→C misclassifying at most t ∈ N points
of total probability not greater than ρ.

In case m ≥ max
{

2
ε log

1
δ ,

5.5(µ+t−1)
ε

}
A is a learning algorithm for C such that

P(M)
(
Uc÷A(Zm) ≤ max{ρ, ε}) ≥ 1 − δ.

In casem < 1−ε
ε log 1

δ no learning algorithm exists satisfying the above probabilistic
inequality on the measure of the symmetric difference. 
�

The main lesson we draw from the above discussion is that, when we want to infer
a function we must divide the available examples in two categories, the relevant ones
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and the mass. Like in a professor’s lecture, some, the former, straight fix the ideas, thus
binding the difference between concept and hypothesis. The latter are redundant; but if
we produce a lot of examples we are confident that a sufficient number of those belonging
to the first category will have been exhibited.

3 PAC-Meditation

If we do not know C in advance we propose a procedure to discover it progressively.
Its block diagram is shown in Fig. 3. Given a set of positive and negative examples the
procedure core consists in the iterated implementation of an abstraction module made up
of two steps: i. a Symbols’jump, where we introduce new symbols to describe (Boolean)
properties on the points; and ii. a Reduction step for refining these properties. Namely, we
start considering a set of minimal hypotheses about the goal formula that are consistent
with positive examples and maximal for the negatives ones. Thus a second step is devoted
to broadening or narrowing these hypotheses with: i. the constraint of not violating the
examples consistency and ii. the scope of narrowing the gap between the union of minimal
hypotheses (the mentioned inner border) and the intersection of the maximal hypotheses
(the mentioned outer border). This happens at zero level. To increase the abstraction
level we may restart the two steps after assuming the minimal hypotheses as positive
(hyper)points at 1-level, maximal hypotheses as negative hyperpoints, and searching for
new hypersymbols to describe properties on these new points. To avoid tautologies, the
new abstraction level must be enriched by pieces of symbolic knowledge that are now
available about the properties we want to discover, and translate in additional constraints
in rebuilding the borders. Once we are satisfied with the abstraction level reached (or
simply do not plan on achieving new formal knowledge), the level test in Fig. 3 addresses
us to the Synthesis step. Here we collapse the two borders into a single definite formula
lying between them which we assume as representative of the properties on the random
population we observed.

Get a labeled sample Symbols’ jump Reduction Level test Synthesis Stop

Fig. 3. Block diagram of PAC-meditation.

In this paper we restrict ourselves to classes of monotone boolean formulas. With
X = Xn ≡ {0, 1}n we construct the atomic components of 0-level borders which
call canonical monomial and clauses described by the propositional variables Vn =
{v1, . . . , vn} as follows.
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Definition 1. i) given Xn and set E+of positive examples, a monotone monomial m
with arguments in Vn is a canonical monomial if an x ∈ E+ exists such that for
each i ∈ {1, . . . , n}, vi ∈ set(m) if xi = 1, vi �∈set(m) otherwise

ii) given Xn and set E− of negative examples, a monotone clause c with arguments in
Vn is a canonical clause if an x ∈ E− exists such that for each i ∈ {1, . . . , n}, vi ∈
set(c) if xi = 0, vi �∈set(c) otherwise
These formulas do not constrain the final expression of g∗ in that any Boolean formula

on the binary hypercube can be represented either through the union of monomials
(DNF) or through the intersection of clauses (CNF). They just represent a set of points
that necessarily must belong to g∗ given a positive example or can not belong to it given
a negative one. Moreover, let us consider a function s that, in analogy to S, assigns to
a concept a set of inner sentry points sentinnelling from inside the concept w.r.t. other
concepts included in it. Thus they are a minimal set of points internal to the concept c to
be sentinelled and external to at least one other included in it, with analogous features
and functions. Our atomic formulas need only one example as inner or outer frontier.

According to the above canonical monomials are a richer representation of positive
points and a more concise one as well in that, if one monomial contains another we
can skip the latter from the set. Their union constitutes an inner border (the union of
the thin contoured gray circles in Fig. 1) since represents a minimal hypothesis on g∗.
Similar properties hold for the canonical clauses, whose intersection now represents the
maximal hypothesis consistent with g∗,and then an outer border. These duties derive
from the fact that they represent properties which we infer from the points after the
monotonicity assumption. These properties pivot around the fact that positive examples
are inner sentries for these monomials and negative examples for the clauses. Now,
to render this prerogative proof against any other representation through monomials
(clauses), i.e. any other consistent association of monomials to inner points, we must
fix these examples as sentry points of the largest expansions of canonical monomials
(narrowing of canonical clauses) which still prove consistent with negative (positive)
points. This is the distinguishing feature of our abstraction process: we pass from a
lower to higher level representation of partial hypotheses in such a way that new sentry
points are a subset of older ones (with some points possibly becoming useless due to the
expansion).

Applying the distributive property to the union of two monomials: vivjvk ∨
vlvmvnvr = (vi ∨ vlvm) ∧ (vi ∨ vnvr) ∧ (vjvk ∨ vlvm) ∧ (vjvk ∨ vnvr) we ob-
tain a new monomial where literals are constituted by clauses and, in turn, literals in the
clauses are substituted by monomials. Let us generalize the operation, keeping groups
of at most k2 monomials and splitting them in such a way that at most k1 hyperclauses
arise. Bounds on k’s stand for requisites of conciseness on the formula description, i.e.
for a compression of our knowledge. Then we examine the case of extending (enlarging)
the single atomic formulas in a consistent way. We do the same with hyperclauses. A
very easy procedure for doing these tasks is reported in [10].

Cycling along the block diagram in Fig.3 and denoting ∪t = ∩t−1 = ∩ if t is
odd and �= 0, ∪ otherwise, for t ≥ 0, at the Lth abstraction level we obtain formulas
belonging to the families of hyper L monomials Gn;k0,k1,...,kν−1 and hyper L clauses
Gn;k0,k1,...,kν−1 whose elements g can be written respectively as follows, for ν = 2L,
k′

i ≤ ki for each i < ν, k′
ν ∈ N and suitable q
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g =

{⋃k′
0

j0=1
1 ⋃k′

1
j1=1

2 · · ·⋃k′
ν

jν=1
ν+1vq(j0,j1,...,jν) for the former, and⋃k′

0
j0=1

0 ⋃k′
1

j1=1
1 · · ·⋃k′

ν
jν=1

νvq(j0,j1,...,jν) for the latter

In short, we pass from one level to the next adding a pair of operations of the “∩∪”
kind for hypermonomials and “∪∩” for hyperclauses. When we are satisfied with the
achieved abstraction level, we abandon the loop and try to synthesize the two borders in a
unique formula in the Synthesis block, meeting possible further requirements. Obviously,
not each formula may comply with the actual borders, since they come from a somehow
biased gap reduction. We denote mininside and maxinside the classes Cm(r;L) and
CM (r;L) of formulas given by the disjunction of at most r hyper L monomials and the
conjunction of at most r hyper L clauses respectively. These formulas are obtained from
an exhaustive check on all the possible r-partitions of the hyperpoints constituting the
inner or outer border. For r growing with n this constitutes a highly costly computational
job, the escape from which is to learn an esier hypothesis. The complexity of a learning
job indeed might strongly depend on the representation of the hypothesis. For instance, it
is well known that learning k-term-DNF(n) formulas is NP-hard for every preassigned
k ≥ 3 but is polynomial if werepresent them through k-CNF formulas (a less concise
representation) [11]. We speak of proper learning when concept and hypothesis classes
coincide. In our framework, we can decide either proper learning the final formulas by
activating Synthesis or non proper learning it by precisely relying on the current inner
or outer borders. Since getting the accuracy targets ε and δ as in Lemma 1 requires in
any case a polynomial number of examples we have:

Lemma 2. [10] At every fixed abstraction level, PAC-meditation algorithm supplies
in polynomial time inner and outer borders as non proper hypotheses for the target
concept with accuracy parameters ε and δ. Learning mininside or maxinside classes is
an NP-easy problem.

Under sentinels management perspective we start associating an atom (monomial
or clause) to each example. Then we reduce the number of atoms checking inclusion
relations either during the symbolic jump or after the reduction of the formulas. We still
have monomials and clauses, each needing a unique sentinel. Iteration of the abstraction
module leads similarly to further sentinels reductions. Namely, at the first level each
monomial is a sentinel of the 1-level hyperformulas. But since a hypermonomial for
instance comes from the union of more than one monomial it may need more than one
hyperpoint for its sentineling. The point we stress is that our symbolic representation is
such that the hyperformula will be sentineled by the same number of examples, whatever
the abstraction level we use for representing the sentinels.

Definition 2. Given a concept class Gn on Xn, we say that Gn is learnable without
information waste up to level L from its borders if there exists an algorithm that for any
example set E = E+ ∪ E− produces consistent hypotheses h ∈ Gn whose borders at
level L are sentineled by a same subset of E, whatever the level i ≤ L of the abstraction
at which they are represented.

Theorem 1. [10] PAC-meditation learns mininsideCm(r;L)and maxinsideCM (r;L)
without information waste up to level L whenever Synthesis finds a solution.
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4 Numerical Results and Conclusions

We have applied the PAC-meditation algorithm in many case studies and real world prob-
lems. Concerning the formers a k term-DNF formulas are learnt at the first abstraction
level as they belong to Gn;a for a(ny) number of literals per term. The complexity of
the problem, NP-hard indeed, descends from the necessity of reducing to k the number
of monomials originally raising from the positive examples.

We treated with our approach the problem of learning the symbolic representation of
some emotional states starting from the speach of some people involved in a talk show.
Reports on the solution can be find at the web site http://www.image.ntua.gr/physta. The
table below is a typical report of a learning session allowing us to state logical necessary
and sufficient conditions for characterizing the emotion sadness at level 1, where symbols
a to f are linked to symbols v1 to v24 through relations such as a = v23v24, b = v15+v22,
c = v15 + v13.

Border 1-level formulas
Inner ab+ cde+ def
Outer d ∗ (c+ b+ f) ∗ e

Splitting the learning process in a sequence of two sided converging approximations
appears an efficient approach typical of the human brain. The procedure we propose
can be easily extended in two directions. More specific constraints can be stated for the
set-union and set-intersection operations at the basis of the abstraction jumps, to embed
other kinds of formal knowledge in addition to the bounds on the hyperterm complexity.
In addition, we might consider a lot of relaxed meditation schemes, based for instance
on neural network and fuzzy sets paradigms.
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Abstract. We can reformulate a vehicle routing problem (VRP) as an
open shop scheduling problem (SSP) by representing visits as activities,
vehicles as resources on the factory floor, and travel as set up costs be-
tween activities. In this paper we present two reformulations: from VRP
to open shop, and the inverse, from SSP to VRP. Not surprisingly, VRP
technology performs poorly on reformulated SSP’s, as does scheduling
technology on reformulated VRP’s. We present a pre-processing trans-
formation that “compresses” the VRP, transforming an element of travel
into the duration of the visits. The compressed VRP’s are then reformu-
lated as scheduling problem, to determine if it is primarily distance in the
VRP that causes scheduling technology to degrade on the reformulated
problem. This is a step towards understanding the features of a problem
that make it more amenable to one technology rather than another.

1 Introduction

In the capacitated vehicle routing problem with time windows, m identical ve-
hicles initially located at a depot are to deliver discrete quantities of goods to
n customers. Each customer has a demand for goods and each vehicle has a ca-
pacity. A vehicle can make only one tour starting at the depot, visiting a subset
of customers, and returning to the depot. Time windows define an interval for
each customer within which the visit must be made. A solution is a set of tours
for a subset of vehicles such that all customers are served only once and time
window and capacity constraints are respected. The objective is to minimise
distance travelled, and sometimes additionally to reduce the number of vehicles
used. The problem is NP-hard [2].

An n × m job shop scheduling problem (JSSP) consists of n jobs and m
resources. Each job consists of a set of m completely ordered activities. Each
activity requires a resource and has an execution duration on that resource.
The complete ordering defines a set of precedence constraints, such that an
activity cannot begin execution until the preceeding activity has completed.
Activities that require the same resource cannot overlap in their execution and
no pre-emption is allowed. The problem is then to decide if all activities can be
� This work was supported by EPSRC research grant GR/M90641 and ILOG SA.

S. Koenig and R. Holte (Eds.): SARA 2002, LNAI 2371, pp. 282–289, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



On the Reformulation of Vehicle Routing Problems and Scheduling Problems 283

scheduled within a given makespan, while respecting the resource and precedence
constraints. The job shop scheduling decision problem is NP-complete [2].

What are the characteristics of vehicle routing problems that make them
more amenable to local search techniques allied to construction methods? What
properties of scheduling problems make them more suitable to systematic search
and powerful constraint propagation? In this paper, we take a first step toward
answering these questions. We present reformulations between the VRP and fac-
tory shop scheduling problems1 (SSP’s), and identify three significant differences
between VRP’s and SSP’s. We then propose a pre-processing transformation of
VRP’s that reduces one of these differences, namely the ratio of processing times
to transition times. We then investigate the behaviour of this transformation us-
ing standard VRP and JSSP benchmarks.

2 Transformations: VRP ↔ SSP

VRP → SSP: We reformulate the VRP into a SSP as follows. Each vehicle is
represented as a resource, and each customer visit as an activity. The distance
between a pair of visits corresponds to a transition time between respective
activities. Each activity can be performed on any resource, and is constrained
to start execution within the time window defined in the original VRP. Each
activity has a demand for a secondary resource, corresponding to a visit’s demand
within a vehicle. For each resource R there are two special activities StartR and
EndR. Activities StartR and EndR must be performed on resource R. StartR
must be the first activity performed on R and EndR the last. The transition time
between StartR and any other activity Ai corresponds to the distance between
the depot and the ith visit. Similarly the transition time between EndR and Ai

corresponds to the distance between the depot and the ith visit. The processing
time of StartR and EndR is zero. We associate a consumable secondary resource
with every (primary) resource to model the capacity of vehicles. Consequently a
sequence of activities on a resource corresponds to a vehicle’s tour in the VRP.
In the resultant SSP each job consists of only one activity, each activity can be
performed on any resource, and there are transition times between each pair of
activities. The problem is then to minimise the sum of transition times on all
machines and maybe also to minimise the number of resources used.

SSP → VRP: We have for each resource a vehicle, and for each activity a
customer visit. The visits have a duration the same as that of the corresponding
activities. Each visit can be made only by the vehicles corresponding to the set
of resources for the activity. Any ordering between activities in a job results in
precedence constraints between visits. Transition times between activities corre-
spond to travel distances between visits. The deadline D imposes time windows
on visits. Assuming we have m resources, and therefore m vehicles, we have 2m
dummy visits corresponding to the departing and returning visits to the depot.
1 We will refer to the jobshop and the open shop scheduling problems as the shop
scheduling problem, i.e. SSP.
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A vehicle’s tour corresponds to a schedule on a resource. For the n×m JSSP we
have a VRP with m(n + 2) visits and m vehicles. Each visit can be performed
only by one vehicle. Since there are no transition times in the JSSP, there are no
travel distances between visits, but visits have durations corresponding to those
of the activities. There are precedence constraints between those visits corre-
sponding to activities in a job. The decision problem is then to find an ordering
of visits on vehicles that respects the precedence constraints and time windows.

In [3] Selensky investigated the two extreme cases identified above, i.e. the
reformulation of benchmark VRP’s as SSP’s (and their subsequent solution using
ILOG Scheduler) and the reformulation of JSSP benchmarks as VRP’s (solved
using ILOG Dispatcher). The VRP’s used were the 56 Solomon benchmarks
[4] and jobshop problems of size 6×6 [6] and 15×15 [5]. The VRP instances
reformulate to strange open shop problems, having essentially single activity
jobs, a vast selection of resources for each activity, vanishingly small durations,
and comparatively enormous transition times. Conversely the JSSP instances
map to VRP’s where a visit can be performed only by one vehicle and there is
no travel! Not surprisingly, the performance of the tools was greatly degraded
as the problems were reformulated.

While these results do not come as a great surprise, they do lend support
to the belief that there are characteristics of vehicle routing and scheduling
problems that make them more suitable to their standard resolution technology.
Three differences stand out. The transformed VRP have many more alternative
resources than typical scheduling problems. The SSP has more complex temporal
relations than the typical VRP. The activity duration is small and transition is
large in VRP, whereas in SSP it is the converse. In this paper we focus on
just one of these, the ratio of activity duration to transition time. We present
a transformation that attempts to reduce the difference between the transition
time and activity duration in VRP’s and investigate its effect on problem solving.

3 Compressing the VRP

The basic idea of this transformation is to reduce travel within a VRP by adding
a portion of travel costs to the costs of visits. Consequently, when the VRP is
reformulated as a SSP that SSP will have activities with relatively large durations
and small set up cost and look more like a normal SSP than a VRP. First, we
show how to compress a travelling salesman problem (TSP). We then take into
consideration time windows, and show how to apply our transformation to the
VRP.

Compressing the TSP: Consider a travelling salesman problem where nodes
have costs as well as edges. The cost of visiting a node is then the cost of the
edge entering the node plus the cost of the edge exiting the node, plus the cost of
the node itself. We can transform this cost such that the node cost is increased
and the costs on the entering and exiting edges are reduced.

Consider node j, with entering edge (i, j) and exiting edge (j, k), with costs
Cj , Ci,j and Cj,k respectively. Let Cmin = min(Ci,j , Cj,k). We can reduce the
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cost of both edges by Cmin, such that one of these becomes zero, and add to the
node cost 2 × Cmin. This preserves the cost of entering, visiting, and exiting j.
More generally, for a TSP we can process each node i as follows:

1. let Cmin be the cost of the cheapest edge incident on node i;
2. for each edge incident on node i subtract Cmin from the edge’s cost;
3. add a cost of 2 × Cmin to Ci, the cost of node i;
4. the node now has at least one incident edge of zero cost.

We need only process each node once, i.e. after processing, a node has at
least one zero cost incident edge and re-processing will have no effect. Figure
1 shows the sequence of transformations of a four-node clique. All nodes start
with zero cost and are processed in alphabetic order. Note that if we processed
the vertices in a different order we might end up with a different final graph, i.e.
the transformation is order dependent.

(a) Original graph (b) Step 1. Processing node A

(c) Step 2. Processing node B (d) Step 3. Processing node C

Fig. 1. Transformation of a 4-node clique. New node costs are shown in square brackets.

Compressing the VRP: In a Hamiltonian path we have two distinguished
nodes, i.e. the start node s and end node e, and the transformation is then
modified as follows. Since s is not entered and e is not exited, we do not add to
those vertices twice the cost of its minimum incident edge. Instead, we add the
minimum cost once only, and process all other vertices as above.

When time windows are associated with nodes the compression can change
the lower and upper bounds on the time of entering and exiting a node. Consider
the problem of finding a Hamiltonian path from s to e, where each node i has
a time window [ESi, LSi], i.e. we must arrive at node i no earlier than ESi and
no later than LSi. Assume we have a graph with edges (s, i), (s, j), and (i, j)
where Cs,i < Cs,j and Ci,j < Cs,j − Cs,i. Further assume that we process nodes



286 J.C. Beck, P. Prosser, and E. Selensky

in the order s, then i, then j. On processing start node s, the transformed costs
of node s becomes C ′

s = Cs + Cs,i, and transformed edges C ′
s,j = Cs,j − Cs,i,

and C ′
s,i = 0. Node i is then processed, and this has no effect since it has a

zero cost incident edge C ′
s,j . On processing node j we get the transformed costs

C ′
j = Cj +2×Ci,j , C ′′

s,j = C ′
s,j −Ci,j , and C ′

i,j = 0. Note that via substitution
C ′′

s,j = Cs,j − Cs,i − Ci,j . Consequently, on the transformed graph the cost
of travelling directly from s to j is Cs + Cs,j − Ci,j , i.e. we arrive earlier on
the transformed graph and might now have to wait before entering node j. A
symmetric argument holds for leaving the node.

Theorem 1. On transforming an arbitrary node i, with time window [ESi, LSi],
its earliest start time becomes ESi −Ci,j and its latest start time becomes LSi −
Ci,j, where Ci,j is the cost of the cheapest edge incident on node i.

Proof. We need to prove that on travelling from i to j, or from j to i in the
transformed graph we maintain any slack that existed in the original graph. The
proof is by cases and is presented in full in [1]. QED

Order Dependence: The transformation is order dependent. We will inves-
tigate three transformations. The first, and most obvious, uses a lexicographic
ordering of vertices. We will refer to this as a lex ordering. The second, we call
maxMin; when selecting a node i to process next we choose a node such that its
cheapest incident edge is a maximum. For example, in Figure 1 this would ini-
tially select node A or node C, as their cheapest incident edges are largest, with
a cost of 4. The intuition behind this is that it will attempt to make the biggest
reduction in edge costs. The third ordering is minMin. This might be thought
of as the anti-heuristic, selecting to process a node i with smallest minimum
incident edge cost. In Figure 1 this would initially choose node B or D.

4 An Empirical Study

After the VRP has been compressed, we can then reformulate the VRP as a
SSP and solve it using scheduling technology. We now attempt to determine if
any of these compressions of VRP benchmarks result in better solutions, with
or without the reformulation to a SSP.

The experiments were performed on the 56 Solomon benchmarks [4]. These
problems fall into six classes: C1, C2, R1, R2, RC1, and RC2. All problems in
a class have the same set of customer visits, i.e. there is one set of 100 x/y
coordinates corresponding to the customer visits. What differentiates problems
within a class is the distribution of time windows and demands. In C1 and C2
visits are clustered, and in C2 visits have larger time windows and increased
vehicle capacity, i.e. C2 is a less constrained set than C1. The locations of visits
in R1 and R2 are random, and again, each R2 instance has larger time windows
and increased vehicle capacities. The RC set is made up of clustered groups of
randomly generated visits, and again RC2 is a less constrained set than RC1.
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The 56 benchmark VRP were transformed as above, using the lex ordering,
maxMin ordering, and minMin ordering. This gives us a total 224 problems,
i.e. the original problems and each problem transformed using the three or-
derings. The problems were then solved using ILOG Dispatcher, each instance
being allowed 10 minutes cpu time. The purpose of this was to determine how
VRP solving technology is influenced by the amount of travel within the prob-
lem. That is, will Dispatcher perform worse or better as we compress problems,
transforming travel between nodes into the cost of processing those nodes? The
same set of 224 problems were then reformulated as scheduling problems and
solved using ILOG Scheduler, and again given 10 minutes cpu time per instance.
Would the transformation result in an improvement in Scheduler’s performance
on the reformulated VRP’s?

Fig. 2. Percentage increase in cost as a result of transforming VRP’s and solving with
Dispatcher

Solving with Dispatcher: Figure 2 shows the percentage change in cost as a
result of the transformation when solving the VRPs with Dispatcher, i.e. with-
out reformulation. The black bars represent lex ordering, the grey bars maxMin
ordering, and minMin ordering is in white. Results are expressed as the average
percentage change in cost compared to the original problem solved with Dis-
patcher. We can see that for clustered problems all of the orderings result in an
increase in cost with a maximum of over 3%. An analysis of the first solutions
found, prior to improvement with local search, showed that the first solutions
were not considerably affected by the transformations (the largest increase in
cost of the first solutions being less than 0.3%). Unfortunately, the results for
problems with a random element in customer distributions are not so clear. How-
ever, this still demonstrates the sensitivity of the VRP solving technology to the
mix of travel and processing time. The maxMin ordering attempts to make the
largest compression of the problem, and this corresponds to our worst perfor-
mance of Dispatcher. This tends to suggest that the VRP technology degrades
as the VRP becomes more like a SSP. This might also suggest that an inverse
transformation, one that was able to stretch the VRP by converting the cost of
processing a visit into additional travel, might improve the VRP technology.
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Fig. 3. Percentage increase in cost as a result of transforming VRP’s, reformulating
them, and solving with Scheduler

Solving with Scheduler: Each of the 224 problems were then reformulated
as SSP and solved using ILOG Scheduler. In Figure 3 we see again the per-
centage change in cost as a result of the transformation (again with black bars
for lex ordering, grey for maxMin ordering, and white for minMin ordering). In
the clustered problems, C1 and C2, we see a reduction in cost, and a compara-
tively larger improvement in the relaxed C2 problems. In the random problems,
R1 and R2, there tends to be an increase in cost, even greater in the less con-
strained R2 problems. This might suggest that the transformations do not fare
well in unstructured problems. In the RC problems it appears that the transfor-
mations reduce cost but only when the problems are less constrained (i.e. the
RC2 problems).

Distance appears to be a crucial factor when solving VRP’s with VRP tech-
nology. When reformulated as scheduling problems, transition times (i.e. travel
time) have more of an impact when problems have structure.

5 Conclusion and Future Work

We have presented reformulations between VRP’s and SSP’s. By solving the
reformulated problems with domain specific technologies we have demonstrated
that the vehicle routing technology appears to be well suited to VRP’s and
not at all suited to reformulated SSP’s [3]. The converse also appears to hold.
However we must add the caveat, that this is no surprise because the benchmark
problems used are extreme cases and should indeed be well fitted to their solving
technologies.

We have presented a transformation process for the VRP, which can be used
as a pre-processing step before solving a problem, or reformulating and solving
a problem. This transformation attempts to compress the VRP by adding an
element of travel into the processing of each node. This was done in the hope
that the reformulated problem would appear to be more like a SSP than a
VRP, i.e. duration of activities would be increased and transition times would
be decreased. Our experiments showed that the transformations can degrade
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the VRP technology, suggesting that indeed travel is an important problem
feature. When reformulated as SSP it was less clear. Although the activities now
have increased duration and decreased transition times, they are still peculiar
problems: they remain as single activity jobs that can be performed on any
resource.

In our ongoing studies we are producing VRP’s with more structure, and
structure that we can control. This is done by gradually varying time windows,
vehicle capacity, heterogeneity of the fleet, sequencing constraints between vis-
its, etc. By gradually increasing the richness of these VRP’s we expect to reach
a point where SSP technology competes with VRP technology. Our study will
attempt to determine just what features bring about this competition. In addi-
tion, we plan to investigate the inverse transformation i.e. rather than compress a
VRP we might stretch it. Might this be a pre-processing step that will improve
VRP solving? Also, when there are set up costs in the SSP, might a further
compression improve solving?

Could the transformations and reformulations be of any real use? We believe
so. As we add more constraints to the VRP, such as sequencing constraints
between visits, restrict time windows, and specialise visits to a subset of the fleet,
VRP’s will tend to be more like SSP’s. Similarly, as the tooling on the shop floor
becomes more flexible, such that machines can perform many functions, and the
cost of re-configuring tools increases, the SSP will also tend to have features
similar to the VRP. Therefore on a spectrum that has the VRP at one end and
the JSSP at the other, we expect that as problems become richer it will be less
clear as to just what technology is most appropriate. At that time we might
expect that transformations and reformulations will become an important tool.

Acknowledgements. This work was done while the first author was employed
by ILOG, SA.
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Abstract. Constraint satisfaction and combinatorial optimization form the crux
of many AI problems. In constraint satisfaction, feasibility-reasoning mechanisms
are used to prune the search space, while optimality-reasoning is used for combi-
natorial optimization. Many AI tasks related to diagnosis, trajectory tracking and
planning can be formulated as hybrid problems containing both satisfaction and
optimization components, and can greatly benefit from a proper blend of these
independently powerful techniques.
We introduce the notion of model counting to bridge the gap between feasibility-
and optimality-reasoning. The optimization part of a problem then becomes a
search for the right set of constraints that must be satisfied in any good solution.
These constraints, which we call the oracular constraints, replace the optimization
component of a problem to revive the power of constraint reasoning systems.

1 Introduction and Motivation

Constraint satisfaction and combinatorial optimization form the crux of many AI prob-
lems. In constraint satisfaction, feasibility-reasoning mechanisms are used to prune the
search space, while optimality-reasoning is used for combinatorial optimization. Some-
times reformulating one to the other helps us to tackle hybrid problems containing both
a satisfaction and an optimization component. A good example of this is the fractional
packing problem [7]. Here, oracles are defined for a potentially hard problem by replac-
ing a satisfaction component of the problem with the minimization of a certain potential
function. Solving a series of these oracles leads us to a solution for the original problem.
An instance of the fractional packing problem is the multi-commodity flow problem [6]
that is solved using repeated calls to the minimum cost circulation problem (which acts
as an oracle).

In this paper, we examine the converse idea of reformulating the optimization com-
ponent of a problem using oracular constraints. While constraint reasoning has witnessed
the development of very sophisticated techniques for solving a number of AI problems,
none of these techniques can be extended in a straightforward manner when the prob-
lem involves an optimization component as well. For example, there are many systems
(Graph-Plan [1], Black-Box [3] etc.) that solve planning problems involving complex
and cascading levels of constraint reasoning, but adding an optimization component to
the planning problem by associating costs with actions makes them non-amenable to
these techniques.

Reformulating optimization as satisfaction allows us to cast a hybrid problem in
satisfaction and optimization as a series of pure constraint satisfaction problems that
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serve as oracles for the original problem. The oracles are solved making use of the full
power of constraint reasoning systems. The number of calls we make to the oracles can
be traded off against closeness to the optimal solution for the original problem. In many
cases, this continuum is very important and can be exploited to do real-time problem
solving since it is often reasonable to find a near-optimal solution rather than trying to
solve the potentially much harder problem of computing the optimal solution.

Oracular constraints can also serve as a compact representation for all the reasonably
good solutions to a combinatorial optimization problem. A good example of why this
can be important is found in trajectory tracking [4]. Here, the best trajectories given
the current observations may not be the best once future observations are available.
Ideally therefore, we would like to track all the reasonable hypotheses rather than just
the best ones (in case the best hypotheses now are ruled out by subsequent observa-
tions). The problem is that the number of reasonable candidates can increase over time
beyond our computational resources and it becomes impossible to track all of them ex-
plicitly. Reformulating the optimization component (posterior probabilities conditioned
on observations) associated with the trajectories as satisfaction, we can represent all the
good hypotheses at any given point in time as solutions to these oracular constraints.
By tracking these constraints rather than the candidates themselves, our representation
scales only polynomially with time.

2 Approach

Consider a hybrid constraint satisfaction-optimization problem H . Let the set of vari-
ables in the system be V and let us assume that each variable vi can take only one of a
finite set of values defined as its domain (dom(vi)). We are faced with the task of finding
an assignment for all the variables in V such that some set of constraints are satisfied
and some metric is optimized. We make use of the following definitions:
Definition (Hybrid Problem in SAT and OPT) A problem H is said to be hybrid if
it has a satisfaction component HSAT of the form “Find X ∈ W ” and an optimiza-
tion component HOPT of the form “optimize cost(X)”. H is then characterized by
(HSAT , HOPT ) = (W, cost).
Definition (Optimization Family) An optimization family consists of two parts: (1) a
subset of variables Si = {Xi1 , Xi2 · · · Xij(i)}, called the family (Si ⊆ V ) (2) a function
opti defined over Si : Di1 × Di2 · · · Dij(i) → R (the reals).

An optimization family defined on some subset of the variables can be thought of as
an independent component of the global objective function, which is formed by applying
some composition operator (see below) to the optimization families. We assume that the
values of the function opti are normalized i.e. opti maps an assignment of values to
variables in Si to a real number in [0, 1], called the value of that assignment. We will
assume that there are a total of C optimization families in the system.
Definition (Value of a Complete Assignment) The value of a complete assignment to all
variables in V is a combination of the values defined by each optimization family in the
system, using a predefined composition operator (×).

In most cases, the composition operator is multiplication. In other cases, it might
be addition or the minimum. For illustration and simplicity, we will assume that this
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Fig. 1.A hybrid scheduling problem. (a) shows four actions (solid lines) and the constraints (dashed
arrows) between them. An arrow labeled [a, b] between two actions means that the second must
be executed at least a and at most b seconds after the first. (b) shows HOPT in the form of two
optimization families.

operator is multiplication. It is easy to verify that the theory developed in this paper can
be generalized to most other useful operators.

For example, consider the hybrid scheduling problem shown in Figure 1(a). There
are four actions each with a fixed duration, and a number of constraints relating the
execution times of the actions (assuming integer starting times for all actions). The
problem’s optimization component consists of the two optimization families shown in
Figure 1(b). OPT-1 prefers plans that maximize the time between actions B and D, while
OPT-2 prefers shorter plans overall.

The general approach we will take in this paper is to first convert the numbers pro-
vided in the optimization families to a binary representation. The bits constituting these
binary representations are used to cast constraints that progressively capture the opti-
mization component of the hybrid problem. The system casts a series of pure constraint
satisfaction problems incorporating HSAT and a set of additional constraints acting as
oracles to the optimization part of the problem. Depending upon whether or not a solu-
tion is found to the previous problem, the system casts a new problem using these bits
and a generic control procedure called the bargain heuristic. By doing this, we hope
to establish a continuum for trading off the number of times we solve oracles with the
proximity of our solution to the optimal one.

3 Optimization and Model Counting

We now present an interesting relationship between optimization and model counting.
The model counting problem is the problem of counting the number of solutions to a
satisfiability problem (SAT) or a constraint satisfaction problem (CSP).
Definition (Binary Representation of an OPF) The binary representation of an OPF is a
table in which all the floating-point entries of the OPF are re-written in a binary form up
to a precision of P binary digits and the decimal point along with any redundant zeroes
to the left of it are removed.

We provide a set of definitions and results relating the value of a partial assignment
A to the number of solutions (under the same partial assignment A) to CSPs composed
out of the binary representations of the OPFs. Basic definitions related to CSPs can be
found in [2]. We refer to the set of all optimization families as the network.
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Fig. 2. The optimization families (OPFs) from our example are written in a columnar form on the
left. On the right are their binary representations, one bit per matrix. For example, the top left
entry of OPT-1 is 0.2, or 0.001 in binary (to three digits).

Definition (Zero-one-layer of an OPF) The kth zero-one-layer of an OPF is a table
of zeroes and ones derived from the kth bit position of all the numbers in the binary
representation of that OPF.
Definition (Weight of a zero-one-layer) The kth zero-one-layer of an OPF is defined to
have weight 2−k.
Definition (CSP Compilation of an OPF) The kth CSP compilation of an OPF is a con-
straint over the variables of the OPF that is derived from the kth zero-one-layer of the
OPF such that zeroes correspond to disallowed tuples and ones correspond to allowed
tuples. We will write hik for the kth CSP compilation of the ith OPF.
Definition (CSP Compilation of Network) The (k1, k2 · · · kC) CSP compilation of the
network is the set of constraints S = {si : si is the kth

i CSP compilation of the ith OPF}.
We write this as CSP(k1,k2···kC).
Definition (Weight of a CSP Compilation) The weight of a (k1, k2 · · · kC) CSP compi-
lation of a network is defined to be equal to 2−(k1+k2···kC).

The left side of Figure 2 shows the optimization families from Figure 1. On the right
are the binary representation of the OPFs to a precision of three bits. The top right matrix
in the figure is the third zero-one-layer of the first OPF, and has weight 1/8. The (3, 1)
CSP compilation of the network is a set of constraints including the third matrix in the
top row, and the first in the other row, and has weight 1/16.
Property The total number of CSP compilations possible is P C .
Notation Let A indicate a complete assignment to the variables. We write
CSP(k1,k2···kC)(A) to indicate whether A satisfies all the constraints of CSP(k1,k2···kC).
Theorem 1 The value of a complete assignment A = (X1 = x1, X2 = x2 · · · Xn = xn)
is the sum of the weights of the CSP compilations of the network that are satisfied by
the assignment. That is, P (A) =

∑
(k1,k2···kC) CSP(k1,k2···kC)(A)2−(k1+k2···kC) (for

all 1 ≤ i ≤ C, 1 ≤ ki ≤ P ).

In our example, any schedule where D starts at time 15 and B at time 8 satisfies
CSP(1,2) and CSP(1,3) and has value 1/8 + 1/16. This approximates the true value of
the assignment (0.24), based on CSP compilations and according to Theorem 3.
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We note in passing that the number of optimization families in the system and hence
the number of CSP compilations in the model counting reformulation can be reduced
by clustering together optimization families [2]. A trade-off can be made between the
number of OPFs and the size of each one.

4 Oracular Constraints

In hybrid problems, we are often interested in a complete assignment—that is, an assign-
ment of values to all the variables in the system. For example, complete plans optimized
to certain costs rather than having any notion of marginalizing over variables. This can be
exploited to reverse engineer the search for good solutions as a search for the constraints
that these solutions must satisfy.
Theorem 2 Let Hi denote {hij |1 ≤ j ≤ P}. If a complete assignment satisfies Si ⊆ Hi

(for 1 ≤ i ≤ C), then the value of that assignment is ΠC
i=1

∑P
j=1 2

−j(hij ∈ Si).
Theorem 3 If the optimization problem is solved up to t bits of precision, then the
solution found is within C × 2−t of the optimal solution.

The optimization metrics in hybrid problems usually come from probabilities or
costs defined on actions etc. In general these problems are of the form: “Find X such
that X ∈ W and cost(X) is optimized”. For example, the problem of finding cheapest
plans when costs are associated with actions has W equal to the set of all valid plans
and the cost function equal to the sum of the costs associated with the actions included
in the plan. The problem of trajectory tracking also falls into this framework with costs
being defined as the posterior probabilities conditioned on the observations.

In many of these problems, finding valid candidates in the space W is itself hard.
Constraint reasoning systems (like Black-Box or Graph-Plan) that work well for finding
such valid candidates generally do not also optimize the cost. The idea is to revive such
systems by including additional constraints such that only those candidates that have a
reasonably optimized value of the cost satisfy them. These additional oracular constraints
are derived from the optimization families of the system (like conditional probability
tables etc.). Note that traditional methods for handling hybrid problems like branch and
bound, constraint propagation etc. are not expected to perform well when HSAT is very
hard. In such cases, HSAT is best solved using local search techniques, stochasticity,
heuristics, random restarts etc. which cannot work in conjunction with procedures like
branch and bound. The addition of oracular constraints allows us to use these incomplete
search techniques which are well-suited for solving HSAT .
Definition (Candidate Generating System) A candidate generating system W (H) for a
hybrid problem H = (HSAT , HOPT ) is a feasibility reasoning system that solves the
satisfaction component of the problem HSAT augmented with some other constraints
HORC (see below).

Typically, HORC is “small” compared to HSAT and we assume that W (H) can easily
incorporate HORC if it can solve HSAT by doing potentially complex and cascading
levels of constraint reasoning.
Definition (Oracle, Oracular Constraints and Oracular Method) An oracle R(H) =
(HSAT , HORC) to the hybrid problem H = (HSAT , HOPT ) is the problem of finding
X that satisfies HSAT and a set of oracular constraints HORC such that repeated calls
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to a candidate generating system W (H) that can solve HSAT ∪HORC (with potentially
different HORC in different iterations) converge to a solution for H . A control strategy
that does this is called an oracular method.

Input: A hybrid problem H = (HSAT , HOPT ).
Output: An assignment X such that HSAT (X) and HOPT (X) is “good”.

Initialize: Set the iteration to 0, BestSolution to NULL.
While the iteration ≤ some precision do

Construct HORC based on HOPT and the solution to the previous oracle.
Let X be the solution to the oracle R(H) = (HSAT , HORC) (using W (H)).
Let BestSolution be the best of BestSolution and X .

Return BestSolution.

Fig. 3. A generalized Oracular Constraints algorithm.

The intuition behind the oracle is that the optimization component of H (HOPT )
is replaced by a satisfaction component in R(H) (HORC). By solving a sequence of
oracles with different oracular constraints, we approximate the optimal solution to the
original hybrid problem. Figure 3 shows the general form of an oracular method.
Definition (Monotonic) An oracular method M(H) is monotonic if and only if the
worst candidate solution produced by an oracular call at iteration i (Xi) is strictly better
(in terms of the optimization value) than the worst candidate solution produced by an
oracular call at iteration j (Xj) when i > j.

The monotonic property is of significance in characterizing oracular methods. A
monotonic oracular method ensures us that we are always making progress in improving
the quality of the solutions. This continuum can be exploited to do real-time problem
solving where it is acceptable to produce near-optimal solutions within a window of
opportunity rather than finding the optimal solution (which could be much harder).
Definition (Completeness and Safety) An oracular method M(H) is complete if all
optimal solutions to the original problem are eventually reported by it (in a number of
iterations that depends on the precision of the numbers used), and is safe if all candidates
reported by it are indeed optimal.

4.1 The Bargain Heuristic

The bargain heuristic is essentially a walking strategy on the constraints resulting out of
a model counting reformulation of the optimization component of a problem. The basic
idea is to exploit the structure of the weights on the constraints. Consider a maximization
problem in which we have just one optimization family F and we have it broken up
into constraints F1, F2 · · · FP (as usual, P is the precision of the numbers used). Any
candidate solution to HSAT that also satisfies F1 must have a value of at least 1/2. If
there is such a candidate solution, we can constrain the problem even more by adding
in F2. Any solution to {HSAT , F1, F2} must have value at least 3/4 and so on. If at any
point there is no solution, then we replace the constraint added most recently (say Fi)
by OR-ing it with the next one (Fi

∨
Fi+1). This method clearly works to produce the
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optimal candidate (assuming that we are trying to maximize) because of the structure of
the weights on the constraints. A candidate satisfying F1 is better than one which does
not satisfy F1 even if the latter satisfies any number of Fi (i > 1) and so on. When oracles
are unsolvable, we use OR-ing rather than simply removing constraints and trying new
ones, to ensure that backtracking is never required.

In the case of multiple optimization families, the above strategy can be used as a
heuristic. Given the decomposition of all optimization families OPFi to Hi = {hij |1 ≤
j ≤ P}, we start out by assuming that there is a solution to all the constraints with
weight 1/2 (hi1 for all i). If this oracle has a solution, then we greedily add (see below)
another constraint (breaking ties arbitrarily). If at any point there is no solution to the
current set of constraints, we relax some constraints making greedy choices again. The
relaxation phase is done not by retracting constraints but by OR-ing the most recently
added constraint with its successor (as above). We will see that this strategy achieves
both computational tractability and the monotonic property.

Input A hybrid problem H = (HSAT , HOPT )
Output A Boolean formula bform that all solutions to H (for precision P ) satisfy. The clauses
in bform consist of the constraints that make up each optimization family. The formula will be
constructed by adding ANDs and ORs into the slots between the constraints within each family,
with ANDs between the families.

Initialize: Set all the slots to be empty.
While there are unfilled slots and the desired precision hasn’t been reached Do

Let bform be the formula defined by the currently filled slots.
If bform ∪ HSAT has a solution, then

Add an AND to the leftmost unused slot (breaking ties randomly).
Else

Add an OR to the slot to the right of the most recently filled slot.
Return bform.

Fig. 4. The bargain heuristic algorithm for constructing a formula that all good solutions to a
hybrid problem must satisfy.

Using the convention that ORs have a precedence over ANDs in Boolean evaluation,
the goal is to place ANDs and ORs in the (P − 1) × C slots available between hij and
hi(j+1) for 1 ≤ i ≤ C, 1 ≤ j < P . The bargain heuristic progressively introducesANDs
and ORs in these slots to converge to a Boolean formula that captures the optimization
part of the problem. The heuristic is guided by the results of previous calls to the oracle.
A pointer is maintained to the first unused slot in each row so that ANDs and ORs can
be introduced without backtracking. We note that the only place where negation occurs
in the resulting Boolean formula is in the zero-one-layers of the optimization families.
The algorithm is shown in Figure 4.
Theorem 4 The number of iterations taken by the bargain heuristic using a precision P
is C × (P − 1) (where C is the number of optimization families).
Theorem 5 (Monotonicity) The bargain heuristic is a monotonic oracular method.
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Theorem 6 (Goodness) Any solution produced by the bargain heuristic has a value
≥ ∏C

i=1
∑P−1

j=1 2−j(Slots[i][j] == AND). Here, Slots[i][j] is the slot between hij

and hi(j+1).
The bargain heuristic essentially tries to minimize j (and thereby maximize the

contributing factor 2−j) by introducing ANDs as soon as possible (by adding an AND
in the leftmost unused slot whenever the current oracle is solvable).

4.2 Further Applications of Oracular Constraints

We now briefly discuss another important application of oracular constraints, represent-
ing the set of “good” solutions to a problem. This is useful in situations where data arrives
online, for example in trajectory tracking. Here the goal is to diagnose a complete or
partial assignment to the variables of a system given the observations made as those
variables evolve over time. The challenge is to do this diagnosis incrementally (reusing
computation made for earlier diagnosis calls) as and when new observations are made.
The fundamental problem for trajectory tracking is that because the data comes online,
the candidate hypotheses that are best suited for the current observations may not turn
out to be the best when the future observations are available. One solution is therefore to
track many hypotheses all of which are reasonably good, in the hope that some of them
can be extended to suit the future observations. However, at some intermediate points
in time, the number of candidate hypotheses that are reasonably good may become ex-
ponentially large (in the number of time steps) and we cannot track all of them using a
polynomial amount of space. The problem is therefore not entirely computational, but
is also one of representation. By tracking individual candidates, we are not making use
of the fact that many hypotheses share the same values for some variables.

Tracking oracular constraints instead of individual hypotheses allows us to represent
all the good hypotheses as the set of solutions to these constraints (the number of which
scales only polynomially with time). For example, in the case of a single optimization
family, the first zero-one-layer represents all candidates which have a value at least 0.5
etc.We can also define levels of “goodness” corresponding to different levels of precision.
The number of levels of goodness however is bounded by a user defined constant (rather
than being exponential) and the representation remains polynomial.

5 Conclusions

We have presented an approach for solving hybrid problems with a hard satisfaction
component by using a model counting reformulation of the optimization component. This
provides an alternative to recent methods that use constraint propagation to derive better
lower bounds for guiding branch and bound search [5] etc. We expect our approach to be
effective on a different class of problems than these approaches, specifically problems
where the HSAT part of the problem is relatively hard (like in planning and diagnosis)
and complete search procedures such as branch and bound are unlikely to find solutions.
In contrast, if the HSAT part of the problem is simple or non-existent, our approach is
unlikely to offer any computational gain. We are currently conducting experiments to
test the efficacy of our approach for a variety of problems.

Proofs of the Theorems are in the full version of this paper, available from the authors.
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Abstract. This paper explores the formulation of image interpreta-
tion as a Markov Decision Process (MDP) problem, highlighting the
important assumptions in the MDP formulation. Furthermore state ab-
straction, value function and action approximations as well as lookahead
search are presented as necessary solution methodologies. We view the
task of image interpretation as a dynamic control problem where the op-
timal vision operator is selected responsively based on the problem solv-
ing state at hand. The control policy, therefore, maps problem-solving
states to operators in an attempt to minimize the total problem-solving
time while reliably interpreting the image. Real world domains, like that
of image interpretation, usually have incredibly large state spaces which
require methods of abstraction in order to be manageable by today’s
information processing systems. In addition an optimal value function
(V ∗) used to evaluate state quality is also generally unavailable requir-
ing approximations to be used in conjunction with state abstraction.
Therefore, the performance of the system is directly related to the types
of abstractions and approximations present.

1 Introduction

Image interpretation is a complex and adaptive task. It is complex in that there
is rarely a one-step mapping from image data to scene interpretation; instead, a
series of transformations is required to bridge the gap between sensory input and
scene description. Examples of these transformations include region segmenta-
tion and labelling, texture filtering, and the construction of 3D depth maps, each
having a multitude of parameter settings. The task is adaptive in the sense that
there is no fixed sequence of actions that will recognize all objects in all settings.
For example, the steps required to locate and identify trees in winter are different
from the steps required to find trees in summer. In general, the most effective
action sequence may depend on many features of a specific image, including
lighting conditions, point of view, and the type, shape, and relative position
of objects present. We therefore view this task as a dynamic control problem
where the optimal vision operator is selected based on the problem solving state
at hand. Thus the control policy maps problem-solving states to operators in an
attempt to minimize the total problem-solving time while reliably interpreting
the image.

S. Koenig and R. Holte (Eds.): SARA 2002, LNAI 2371, pp. 299–307, 2002.
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This study is motivated by the Forest Inventory Mapping System (FIMS)
[Bulitko et al. 2000] currently under development. Having detailed inventories
of forest resources is of tremendous importance to forest industries, govern-
ments, and researchers. Such a system would aid planning wood logging (plant-
ing and cutting), surveying against illegal activities, and ecosystem and wild-
life research. Given the dynamic nature of forest evolution, the task of forest
mapping is a continuous undertaking, with the objective of re-mapping the esti-
mated 344 million hectares of Canadian forests on a 10-20 year cycle. Remote-
sensing based approaches appear to be the only feasible solution to inventorizing
the estimated 1011 trees. Despite numerous previous attempts [Gougeon 1993,
Larsen, Rudemo 1997,Pollock 1994], no robust forest mapping system exists to
date.

Recent research [Draper et al. 2000] has shown that adaptive control poli-
cies computed by assuming an underlying Markov decision process (MDP) can
outperform hand coded control mechanisms on real-world computer vision tasks.
The MDP framework allows for many potential benefits in addressing the control
problems in image interpretation effectively, as this framework permits general
control models and has a number of successful solution methodologies. In this pa-
per, we present the FIMS system (section 2), which treats object recognition as
a Markov decision process (MDP) control task. Furthermore, we introduce state
abstraction and action approximation and demonstrate their benefits and short-
comings. Section 3 presents the test bed domain used in our experiments. Finally
a lookahead control policy is described and analyzed that operates within the
abstracted MDP space to enable efficient application of vision operators within
the FIMS domain (section 4).

2 Image Interpretation in the FIMS Domain
In the complete FIMS system, image interpretation is composed of several layers
of operators (Figure 1). [Bulitko et al. 2000] explains the benefits of a multi-
layer processing approach in meeting the challenges of the forestry domain. At
each stage or layer, there are two or more competing operators: several feature
extractors, segmenters, labellers, canopy groupers, reconstructors, and renderers.
The final labelling contains information such as the location, type, size, age, and
other attributes for each tree identified within the image. The system is then
able to perform 3D-reconstruction and rendering, enabling FIMS to compute
the similarity between the initial image and the rendered image. This allows the
intermediate layers as well as the final scene interpretation to be evaluated on
their accuracy of interpretation. In each step the control policy (agent) chooses
among applicable operators by selectively envisioning their effects several plies
ahead. It then evaluates the states forecasted using its heuristic value function,
Ṽ ∗ and selects the operator leading to the most promising state

In the FIMS system, a sequence of operators is required in order to produce
a 3D interpretation from raw images, and they have to be selected dynamically
based on the state observed. By viewing the operators as actions and their re-
spective data inputs and outputs as states we can formulate the task of image
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Fig. 1. The layers (phases) of image interpretation in FIMS.

interpretation as a Markov Decision Process [Sutton, Barto 2000]. Therefore,
FIMS can be viewed as an extension of the classical MDP framework along
the following directions: (i) feature functions for state space reduction, (ii) ap-
proximation of value function (Ṽ ∗) and domain model (δ̃) via machine learning
methods, and (iii) explicit accuracy/efficiency tradeoff for performance evalua-
tion.

2.1 Indeterminate Goal States

In FIMS, the goal state contains a geo-referenced 3D forest map with the min-
imum possible amount of error. Unfortunately, such a state is impossible to
recognize since the sought forest maps are typically unknown. The lack of recog-
nizable goal states means that we cannot use standard goal-searching algorithms
such as A*, IDA*, RBFS, etc. [Korf 1990]. As mentioned previously, the renderer
enables the 3D scene description to be transformed back into pixel level data
thereby allowing for comparison between the input and final output. Currently
this is the only way to determine how close the derived image interpretation
matches the underlying pixel data.
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2.2 Partial State Observability

Raw states are often enormous in size – FIMS requires on the order of 107 bytes
to describe a single problem-solving state and furthermore the state space is
composed of billions of these megabyte sized states. Thus, the raw state space
is infeasible to handle. A common remedy is to employ a state abstraction func-
tion F that maps large raw states to smaller abstracted states specified via
extracted feature values. ADORE [Draper et al. 2000] uses feature functions to
reduce multi-megabyte raw images to a handful of real-valued parameters such
as the average image brightness or edge curvature. As a result, the control policy
operates over the abstracted state space usually recasting the entire problem as a
Partially Observable Markov Decision Process (POMDP) [Sutton, Barto 2000].

2.3 Value Function Inaccuracies

In order to help select an operator to apply we use a value function that maps
each problem-solving state to a numeric score, thereby setting a preference re-
lation over the set of reachable states. It is typically defined as the reward the
system would get from that state on by acting optimally. If the control pol-
icy had access to the actual optimal value function V ∗, [Sutton, Barto 2000] it
would be able to act optimally in a simple greedy fashion, i.e. take actions leading
to states (s) with the highest expected V ∗(s) score. Unfortunately, as the true
value function is usually unavailable, we use an approximation Ṽ ∗ (denoted with
a tilde). Various inaccuracies in the approximate V ∗ often lead to sub-optimal
action choices and force back-tracking, as noted in [Draper et al. 2000].

Two main sources of inaccuracies are present in the Ṽ ∗. The first source is
state abstraction via the use of feature extraction function F(s), which can map
several distinct states to one abstracted state or tile. Formally, there may be
distinct states si, sj within our state space S, such that si, sj ∈ S & si �=sj

& F(si) = F(sj). Therefore, Ṽ ∗(F(si)) = Ṽ ∗(F(sj)). The second source of
errors is noise due to machine learning. Since the optimal value function is being
approximated via machine learning techniques, errors are inevitable. Even if the
feature function did not combine two distinct raw states into one abstracted
state, due to machine learning the two distinct abstracted states may still be
mapped to the same value, ie Ṽ ∗(F(si)) = Ṽ ∗(F(sj)), while F(si) �=F(sj).

To offset the value function inaccuracies we employ a lookahead con-
trol policy, to envision future states. The motivation for using search is de-
rived from the domain of games such as chess [Hsu et al. 1995] and checkers
[Schaeffer et al. 1992] where search is the method of choice in overcoming in-
accuracies present in the state valuation function. Unlike the games domain,
where one would like to search as deep as possible, the FIMS domain has further
inaccuracies (described next) prohibiting the use of deep lookahead.

2.4 Inaccurate Domain Models

Individual computer vision operators can take hours to compute on large im-
ages. Combined with the exponential number of operator applications needed
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for the lookahead long running times make the actual operators unusable for
envisionment. Thus, approximate versions of such operators comprising the do-
main model δ̃ are employed within the lookahead. Consequently, such simplified
models are inaccurate and, therefore, unable to foresee future states precisely.
Sequential noisy predictions introduce compounded errors into envisioned states
and thus into Ṽ ∗ values which offset the benefits of deep lookahead searches.

2.5 Solution Strategy

FIMS clearly exemplifies the typical problems commonly encountered in real
world domains. The need for state abstraction to reduce the state space, the ex-
istence of value functions inaccuracies, and errors in the state transition function
prevent the applicability of classical MDP and search methodologies. However, a
fine tuned combination of feature functions, state evaluation functions, domain
model approximations combined with dynamic lookahead depth selection may
in fact produce near optimal results. Naturally these problems motivate an in-
vestigation into the conditions under which the use of a lookahead control policy
is most applicable.

3 Experimental Domain

Many Reinforcement Learning projects have used the grid world domain as a
test bed [Sutton, Barto 2000]. In the following we refine the classical definition
by introducing state abstraction in a particular fashion compatible with the
real-world FIMS domain. This compatibility enables further scalability studies
via a transition from the grid world to the actual FIMS system. The refined
grid world is referred to as the Maze Domain. The maze is represented by an
N × N two-dimensional matrix M with each cell being in two possible states:
empty M(x, y) = 0 or wall M(x, y) = 1. There is a single agent in the maze that
can occupy any of the empty cells. Additionally, one of the empty cells (xg, yg)
contains a goal. The maze is surrounded by a solid wall preventing the agent
from wandering off the map. An agent’s raw state is a pair of coordinates (x, y)
with 0 � x, y � N − 1. Formally: S = {0 . . . N − 1} × {0 . . . N − 1}.

The set A of agent’s actions is comprised of λ equally spaced directions and
a special action ’quit’. Each of the λ move actions transports the agent along a
ray shot from the agent’s current location at the angle of 360·a

λ degrees where
0 ≤ a < λ. The Euclidean distance travelled is upper-bounded by τ and walls
encountered (Figure 2). We represent this with a deterministic state transition
function δd(s, a) = s′.

The MDP immediate reward function is defined as:

r(s, a, s′) =

{
R(s′), if a = ’quit’,
−‖s, s′‖, otherwise.

(1)

Here the cost ‖s, s′‖ =
√

(xs − xs′)2 + (ys − ys′)2 of action a is defined as the
Euclidian distance between the new and the old cells. The terminal reward R(s)
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Fig. 2. Agent’s actions in the maze domain (λ = 24, τ = 2). Cells occupied by walls are
inaccessible (shown in grey).

of quitting in state s is defined as: R(s) = Θ −Esp(s, sg) ,where Θ is a constant,
and Esp(s, sg) is the sum of Euclidean distances of steps in the shortest path
from state s to sg. A game terminates whenever the agent executes the ’quit’
action or the move quota is exhausted.

3.1 State Abstraction

Within the maze domain, the state abstraction is simulated via fixed tiling.
Specifically, if the raw state is s = (x, y) the abstracted state is given as:

Fk(x, y) =
(⌊x

k

⌋
· k,

⌊y

k

⌋
· k

)
(2)

where the floor function � 
 returns the integer part of its argument. Parameter
k = 1, 2, . . . , N is the degree of abstraction. Effectively, the entire maze is divided
into non-overlapping rectangular k × k tiles.

The underlying motivation of this particular abstraction scheme is compati-
bility with state abstraction in FIMS. Namely, in a computer vision system like
FIMS and ADORE, most operators add an information datum of a different cat-
egory to the problem-solving state (e.g., add extracted edges to an image). The
state abstraction features used for various types of data vary considerably (e.g.,
average brightness for images and mean curvature for extracted edges) making
it unlikely that an operator application leaves the agent in the same abstraction
tile. On the other hand, several similar operators can move the agent to a single
tile (different from the current one). Furthermore, some computer vision oper-
ators are not applicable in certain problem-solving states which is modelled by
certain angles being blocked off by the maze walls.

4 Lookahead Control Policy

If state aggregation has the property that a longer sequence of actions is more
likely to lead outside an abstracted state, then deeper lookahead plays an im-
portant beneficial role. By considering only one action or a short sequence of
actions the agent can observe that all reachable states have the same values.
Thus in such a case deeper lookahead increases the probability of the agent
”seeing” outside the current state abstraction tile and seems to be quite benefi-
cial. Therefore, lookahead can provide the agent with a more accurate guidance
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Fig. 3. (a) A maze domain partitioned into four state abstraction tiles (dashed lines).
The agent’s starting position is the mesh filled cell and the goal position is marked
with a ”G”. Walls are shown as grayed out, solid cells. For this example there are 4
actions (north, east, south, west) available to the agent (i.e. λ = 4). (b) Final position
of the agent using lookahead with depth of p = 1. (c)Final position of the agent using
lookahead with a depth of p = 3.

function. Is deeper lookahead always beneficial? Figure 3, illustrates an example
of adverse effects of a deeper lookahead in a simple maze domain. There are
5 deterministic actions: up, down, left, right, and ’quit’ available to the agent.
The agent has perfect knowledge of its position within the maze but the value
function is the same for all states in each abstracted state (or tile). Assume that
the agent starts in the mesh filled square of Figure 3a. A greedy policy considers
only a lookahead of 1 ply deep. Choosing an action under such policy leads the
agent to the state denoted by the mesh filled square in Figure 3b (which is a local
maximum provided depth 1 lookahead). But if the agent considers sequences of
3 actions (a lookahead of 3 plies deep) it ends up in the state denoted by a mesh
filled square of Figure 3c. This cell is a much worse state than the terminal state
in Figure3b. Thus deeper lookahead results in a policy leading the agent away
from the goal rather than bringing it closer. This example illustrates adverse
impact of abstracting together states with very different V ∗ values. In general,
however, we found that deeper lookahead does help. The results consistently
demonstrated that deeper lookahead in the face of state abstraction is beneficial
with the aforementioned exceptions being rare. Figure 4 demonstrates the agents
average performance within a larger (48 × 48) maze domain with λ = 8 and a
distanse of each action τ = 2

√
2. Clearly lookahead plays a beneficial role in this

case by helping the agent ’see’ beyond the abstraction tile it currently occupies.
In contrast to the above results, we found cases where lookahead did neither

improve nor degrade the agents performance within the maze domain. Figure 5
shows the performance results of an agent using a machine learned Ṽ ∗ function.
Unlike errors due to state abstraction, errors induced by machine learning do
not appear to be diminished by deeper lookahead search.
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Fig. 4. Reward (score) vs. Ply Depth for experiments with various state abstraction
tile sizes (k). Clearly lookahead improves the agent’s performance, with optimal ply
depth (resulting in maximal reward) proportionally rising with the increase in state
abstraction, k.

Fig. 5. Reward (score) vs. Lookahead Ply Depth for experiments using machine
learned Ṽ ∗ function. η is the measure of error present within the Ṽ ∗ with respect
to V ∗. It is clear there are cases of Ṽ ∗ where lookahead does neither help or hinder the
performance of an agent.

5 Summary and Future Work

This preliminary study focused on identifying the benefits of lookahead control
policies within MDP/POMDP environments. Clearly, even for the trivial cases
presented, lookahead can have significantly different effects on the agent’s per-
formance with respect to the rewards gained. Such contrasting results motivate
further studies to establish concrete rules for when the benefits of lookahead
outweigh the computational costs of doing so. Furthermore as seen in exper-
iments presented even without the erroneous state transition (domain) model
the benefits of lookahead drop off at specific ply depths depending on the types
of inaccuracies present. It is therefore beneficial to establish a concrete test-
ing procedure for determining optimal ply depth within the lookahead control
policies.
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Abstract. In this paper we describe the Trajectory Tree, or TTree, algorithm.
TTree uses a small set of supplied policies to help solve a Semi-Markov Deci-
sion Problem (SMDP). The algorithm uses a learned tree based discretization of
the state space as an abstract state description and both user supplied and auto-
generated policies as temporally abstract actions. It uses a generative model of the
world to sample the transition function for the abstract SMDP defined by those
state and temporal abstractions, and then finds a policy for that abstract SMDP.
This policy for the abstract SMDP can then be mapped back to a policy for the
base SMDP, solving the supplied problem. In this paper we present the TTree
algorithm and give empirical comparisons to other SMDP algorithms showing its
effectiveness.

1 Introduction

Both Markov Decision Processes (MDPs) and Semi-Markov Decision Processes
(SMDPs), presented in [1], are important formalisms for agent control. They are used
for describing the state dynamics and reward structure in stochastic domains and can be
processed to find a policy; a function from the world state to the action that should be
performed in that state. In particular, it is useful to have the policy that maximizes the
sum of rewards over time. Unfortunately, the number of states that need to be considered
when finding a policy is exponential in the number of dimensions that describe the state
space. This exponential state explosion is a well known difficulty when finding policies
for large SMDPs.

A number of techniques have been used to help overcome exponential state explosion
and solve large (S)MDPs. These techniques can be broken into two main classes. State
abstraction refers to the technique of grouping many states together and treating them
as one abstract state, e.g. [2,3,4]. Temporal abstraction refers to techniques that group
sequences of actions together and treat them as one abstract action [5,6,7]. Using a
function approximator for the value function, e.g. [8], can, in theory, subsume both state
and temporal abstraction, but the authors are unaware of any of these techniques that, in
practice, achieve significant temporal abstraction.
� This research was sponsored by the United States Air Force under Agreement Nos. F30602-

00-2-0549 and F30602-98-2-0135. The content of this publication does not necessarily reflect
the position of the funding agencies and no official endorsement should be inferred.
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In this paper we introduce the Trajectory Tree, or TTree, algorithm with two advan-
tages over previous algorithms. It can both learn an abstract state representation and use
temporal abstraction to improve problem solving speed. It also uses a new format for
defining temporal abstractions that relaxes a major requirement of previous formats – it
does not require a termination criterion as part of the abstract action.

Starting with a set of user supplied abstract actions, TTree first generates some
additional abstract actions from the base level actions of the domain.TTree then alternates
between learning a tree based discretization of the state space and learning a policy for
an abstract SMDP using the tree as an abstract state representation. In this paper we give
a description of the behavior of the algorithm. Moreover we present empirical results
showing TTree is an effective anytime algorithm.

2 Definitions

An SMDP is defined as a tuple 〈S,A, P, R〉. S is the set of world states. We will
use s to refer to particular states, e.g. {s, s′} ∈ S. We also assume that the states
embed into an n-dimensional space: S ≡ S1 × S2 × S3 × · · · × Sn. In this paper
we assume that each dimension, Si, is discrete. A is the set of actions. We will use
a to refer to particular actions, e.g. {a0, a1} ∈ A. Defined for each state action pair,
Ps,a(s

′, t) : S × A × S × � → [0, 1] is a joint probability distribution over both
next-states and time taken. It is this distribution over the time taken for a transition that
separates an SMDP from an MDP. R(s, a) : S × A → � defines the expected reward
for performing an action in a state.1

The agent interacts with the world as follows. The agent knows the current state: the
world is Markovian and fully observable. It then performs an action. That action takes a
length of time to move the agent to a new state, the time and resulting state determined
by P . The agent gets reward for the transition determined by R. The agent now knows
the new state and acts again, etc.

Our goal is to learn a policy, π : S → A, that maps from states to actions. In
particular we want the policy, π∗, that maximizes a sum of rewards. To keep this sum
of rewards bounded, we will introduce a multiplicative discount factor, γ ∈ (0, 1). The
goal is to find a policy that maximizes

∑∞
i=0 γτiri where τi is the time that the agent

starts its ith action, and ri is the reward our agent receives for its ith action.
We can then define the following standard functions:

Q(s, a) = R(s, a) +
∑
s′∈S

∫ ∞

t=0
Ps,a(s

′, t)γtV (s′) dt (1)

V (s) = Q (s, π(s)) (2)

π∗(s) = argmax
a∈A

Q∗(s, a) (3)

1 R can also depend upon both next state and time for the transition, but as these in turn depend
only upon the state and action, they fall out of the expectation.
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In addition, we will define the following T function. This function is defined over a
set of states S ′ ⊂ S. It measures the discounted sum of reward for following the given
action until the agent leaves S ′, then following the optimal policy.

TS′(s, a) = R(s, a) + (4)
∑

s′∈S′

∫ ∞

t=0
Ps,a(s

′, t)γtTS′(s′, a) dt + (5)

∑
s′∈(S−S′)

∫ ∞

t=0
Ps,a(s

′, t)γtV (s′) dt (6)

We will write T (s, a) instead of TS′(s, a) when S ′ is the set of states that embed
into the abstract state containing s.

We assume that instead of sampling P and R directly from the world, our agent
instead samples from a generative model of the world, e.g. [9]. This is a function,
G : S ×A → S ×�×�, that takes a state and an action and returns a next state, a time
and a reward for the transition. The returned values are sampled from P and R. This
model is more powerful than having the agent in the real world as the agent can sample
from any state and action it chooses.

3 The TTree Algorithm

TTree works by building an abstract SMDP which is simpler than the original, or base,
SMDP. The solution to this abstract SMDP is a fast approximation the solution to the
base SMDP. The abstract SMDP is formed as follows: The states in the abstract SMDP,
the abstract states, are formed by partitioning the states in the base SMDP; each abstract
state corresponds to the set of base level states in one element of the partition. Each
action in the abstract SMDP, an abstract action, corresponds to a policy in the base
SMDP. The abstract transition and reward functions are found by sampling. We will use
bold face to distinguish the abstract SMDP from the base level SMDP, e.g. s vs. s or A
vs. A.

TTree uses a tree to partition the base level state space into abstract states. Each node
in the tree corresponds to a region of state space with the root node corresponding to the
entire space. Internal nodes divide the state space along one dimension with one child
for each discrete value along that dimension. Leaf nodes correspond to abstract states;
all the base level states that fall into that region of space are part of the abstract state.

Each abstract action corresponds to a base level policy. There are two ways in which
these abstract actions can be obtained; they can be supplied by the user, or they can
be generated by TTree. In particular, TTree generates one abstract action for each base
level action, and one additional ‘random’ abstract action. The ‘random’ abstract action
is a base level policy that performs a random base level action in each base level state.
The other generated abstract actions are degenerate base level policies: they perform the
same base level action in every base level state.

The abstract transition and reward functions are sampled by following trajectories
through the base level state space. These functions are sampled separately for each
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abstract state as follows. A set of base level states is sampled from the abstract state.
From each of these start states, for each abstract action, the algorithm uses the generative
model to sample a series trajectories through the base level states that make up the abstract
state. In detail for one trajectory: Let the abstract state we are considering be the state s.
The algorithm first samples a set of base level start states, {s0, s1, . . . , sk} ∈ s. It then
gathers the set of base level policies for the abstract actions, {πa1 , πa2 , . . . , πal}. For
each start state, si, and policy, πaj in turn, the agent samples a series of base level states
from the generative model forming a trajectory through the low level state space. As the
trajectory progresses, the algorithm tracks the discounted reward for the trajectory, and
the total time taken by the trajectory.

These trajectories have a number of stopping conditions. The most important is that
the trajectory stops if it reaches a new abstract state. The trajectory also stops if the
system detects a deterministic self-transition in the base level state, if an absorbing state
is reached, or if the trajectory is over a predefined length. The end result is a tuple for
each trajectory of the start state, abstract action, end base state, total discounted reward
and total time: 〈si,aj, sstop , t, r〉.

By finding the abstract state of the end state of the trajectory, sstop ∈ sstop , we turn
the trajectory into a sample transition in the abstract state: 〈s,aj, sstop , t, r〉. The sample
transitions are combined to estimate the abstract transition and reward functions, P and
R.

The algorithm now has a complete abstract SMDP. It can solve this using traditional
techniques to find a policy for the abstract SMDP: a function from abstract states to
the abstract action that should be performed in that abstract state. However, the abstract
actions are base level policies, and the abstract states are sets of base level states, so we
also have a function from base level states to base level actions; we have a policy for the
base SMDP.

Having found a policy, TTree then looks to improve the accuracy of its approximation
by increasing the resolution of the state abstraction. It does this by dividing abstract states;
growing the tree. In order to grow the tree, we need to know which leaves should be
divided. A leaf should be divided when the utility of performing an abstract action is
non-constant across the leaf.

We can use the trajectories sampled earlier to get point estimates of the T function
defined in equation 6. We assume that the abstract value function is a good approximation
of the real value function, V . The sampled trajectories allow us to extimate that part of
the T function within the current abstract state:

T̂S(si,aj) = r + γtV (sstop)

If a statistical difference across an abstract state is detected in the T̂ (s,a) estimates
for any a, or in argmaxa T̂ (s, a), then that abstract state is divided in two. We also test to
see if the action with the highest T̂ In [3] we used a non-parametric test, the Kolmogorov-
Smirnov test. The results in this paper are with a Minimum Description Length based
test, described in [12]. The division that maximises the statistical difference between the
two sides is chosen.

Once a division has been introduced, all trajectories sampled from the leaf that was
split are discarded, a new set of trajectories is sampled in each of the new leaves, and the
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Table 1. Procedure TTree(S,A, G, γ)

1: tree ← a new tree with a single leaf corresponding to S
2: loop
3: Sa ← {s1, . . . , sNa} sampled from S
4: for all s ∈ Sa do
5: SampleTrajectory(s, tree,A, G, γ) {see Table 2}
6: end for
7: UpdateAbstractSMDP(tree,A, G, γ) {see Table 3}
8: DT ← ∅ {Reset split data set. DT is a set of states with associated T̂ estimates.}
9: Da ← ∅

10: for all leaves l and associated points p do {a point contains a set of trajectories starting in
the same state}

11: T̂ (sstart , .)← ∅ {T̂ (sstart , .) is a new array of size |A|}
12: for all trajectories in p, 〈sstart ,a, sstop , t, r〉 do {Nt trajectories for each of |A| actions}
13: lstop ← LeafContaining(tree, sstop)
14: T̂ (sstart ,a)← T̂ (sstart ,a) + (r + γtV (lstop))/Nt

15: end for
16: DT ← DT ∪ {〈sstart , T̂ 〉} {add T̂ estimates to data set}
17: k ← argmaxa T̂ (sstart ,a)
18: Da ← Da ∪ {〈s, k〉} {add best action to data set}
19: end for
20: for all new splits in the tree do
21: EvaluateSplit(DT ∪Da) {Use the splitting criterion to evaluate this split to see if either

T̂ , for any action, or k varies across a leaf}
22: end for
23: if ShouldSplit(DT ∪ Da) then {Evaluate the best split using the stopping criterion}
24: Introduce best split into tree
25: Throw out all sample points, p, in the leaf that was split
26: end if
27: end loop

algorithm iterates. The complete algorithm is shown as Procedure TTree(S,A, G, γ)
in Table 1. The various constants referred to are defined in Table 4.

4 Empirical Results

We have evaluated TTree in the Towers of Hanoi domain. This domain is well known in
the classical planning literature for the hierarchical structure of the solution; temporal
abstraction should work well. We compared TTree against two other algorithms, a well
known algorithm without abstraction, the Prioritized Sweeping algorithm [13] and an
algorithm similar to TTree that performs only state abstraction, the Continuous U Tree
algorithm [3].

Figure 1 shows a comparison of Prioritized Sweeping and TTree in the Towers of
Hanoi domain. The data shown are the averages over 15 trials. The error bars show
one standard deviation. For each trial the expected discounted reward was measured
periodically by running 250 trajectories from random start points. This was recorded
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Table 2. Procedure SampleTrajectory(sstart , tree,A, G, γ)

1: Initialize new trajectory sample point, p, at sstart {p will store Nt trajectories for each of the
|A| actions}

2: l← LeafContaining(tree, sstart)
3: for all abstract actions a ∈ A do
4: let πa be the base policy associated with a
5: for j = 1 to Nt do
6: s← sstart

7: ttotal ← 0, rtotal ← 0
8: repeat
9: 〈s, t, r〉 ← G(s, πa(s))

10: ttotal ← ttotal + t
11: rtotal ← rtotal + γttotal r
12: until s �∈l, or ttotal > MAXTIME, or

〈s′, ∗, ∗〉 = G(s, πa(s)) is deterministic and s = s′, or s is an absorbing state
13: if the trajectory stopped because of a deterministic self transition then
14: rtotal ← rtotal + γ(ttotal+t)r/(1− γt)
15: ttotal ←∞
16: else if the trajectory stopped because the final state was absorbing then
17: ttotal ←∞
18: end if
19: sstop ← s
20: Add 〈sstart ,a, sstop , ttotal , rtotal〉 to the trajectory list in p
21: end for
22: end for
23: Add p to l

Table 3. Procedure UpdateAbstractSMDP(tree,A, G, γ)

1: for all leaves l with fewer than Nl sample points do
2: Sa ← {s1, . . . , sNa} sampled from l
3: for all s ∈ Sa do
4: SampleTrajectory(s, tree,A, G, γ) {see Table 2}
5: end for
6: end for
7: P ← ∅ {Reset abstract transition count}
8: for all leaves l and associated points p do
9: for all trajectories, 〈sstart ,a, sstop , ttotal , rtotal〉, in p do

10: lstop ← LeafContaining(tree, sstop)
11: P ← P ∪ {〈l,a, lstop , ttotal , rtotal〉}
12: end for
13: end for
14: Transform P into transition probabilities
15: Solve the abstract SMDP

along with the number of samples the algorithm had taken from the generative model
and a time stamp. The y-axis in Figure 1 is the average expected discounted reward. The
x-axis of (a) is the number of samples taken from the generative model. The x-axis of (b)
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Table 4. Constants in the TTree algorithm

Constant Definition

Na The number of trajectory start points sampled from the entire space each iteration
Nl The minimum number of trajectory start points sampled in each leaf
Nt The number of trajectories sampled per start point

MAXTIME The number of time steps before a trajectory value is assumed to have converged.
Usually chosen to keep γMAXTIMEr/(1− γt) < ε, where r and t are the largest
reward and smallest time step, and ε is an acceptable error

(a) Reward vs. Samples (b) Reward vs. Time

Fig. 1. (a) A plot of Expected Reward vs. Number of Sample transitions taken from the world. (b)
The same data plotted against time instead of the number of samples

is the time stamp. In (b) the TTree data finishes significantly earlier than the Prioritized
Sweeping data; TTree takes significantly less time per sample. Continuous U Tree results
are not shown as that algorithm was unable to solve the problem.

The Towers of Hanoi domain had 8 discs. We had a discount factor, γ = 0.99.
TTree was given policies for the three 7 disc problems. The TTree constants were,
Na = 20, Nl = 20, Nt = 1 and MAXSTEPS = 400. Prioritized Sweeping used Boltz-
mann exploration with carefully tuned parameters (γ was also tuned to help Prioritized
Sweeping). The tuning of the parameters for Prioritized Sweeping took significantly
longer than for TTree.

We also tested Continuous U Tree and TTree on smaller problems without additional
macros. TTree with only the automatically generated abstract actions was able to solve
more problems than Continuous U Tree. We attribute this to the fact that the Towers of
Hanoi is particularly bad for U Tree style state abstraction. In U Tree the same action is
always chosen in a leaf. However, it is never legal to perform the same action twice in a
row in Towers of Hanoi. TTree is able to solve these problems because the automatically
generated random abstract action allows it to gather more useful data than Continuous
U Tree.
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5 Conclusion

We have described the TTree algorithm for combining state and temporal abstraction in
Semi-Markov Decision Problems. We have given some detailed examples of the execu-
tion of the algorithm on two separate tasks. We have also supplied empirical results that
show the algorithm is more effective in practice than another state abstraction algorithm,
and that when extra macros are supplied, TTree is able to make use of these to further
improve its results.
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Abstract. Most learning algorithms for data-driven induction of pat-
tern classifiers (e.g., the decision tree algorithm), typically represent in-
put patterns at a single level of abstraction – usually in the form of an
ordered tuple of attribute values. However, in many applications of in-
ductive learning – e.g., scientific discovery, users often need to explore
a data set at multiple levels of abstraction, and from different points
of view. Each point of view corresponds to a set of ontological (and
representational) commitments regarding the domain of interest. The
choice of an ontology induces a set of representatios of the data and a
set of transformations of the hypothesis space. This paper formalizes the
problem of inductive learning using ontologies and data; describes an
ontology-driven decision tree learning algorithm to learn classification
rules at multiple levels of abstraction; and presents preliminary results
to demonstrate the feasibility of the proposed approach.

1 Introduction

Inductive learning algorithms (e.g., decision tree learning) offer a powerful ap-
proach to data-driven discovery of complex, a-priori unknown relationships (e.g.,
classifiers) from data. Most learning algorithms for data-driven induction of
pattern classifiers (e.g., the decision tree algorithm), typically represent input
patterns at a single level of abstraction – usually in the form of an ordered
tuple of attribute values. They typically assume that each pattern belongs to
one of a set of disjoint classes. Thus, any relationships might exist between the
different values of an attribute or relationships between classes (e.g., a hier-
archically nested class structure) are ignored. In contrast, data-driven knowl-
edge discovery in practice, occurs within a context, or under certain ontolog-
ical commitments on the part of the learner. The learner’s ontology (i.e., as-
sumptions concerning things that exist in the world) determines the choice of
terms and relationships among terms (or more generally, concepts) that are
used to describe the domain of interest and their intended correspondence with
objects and properties of the world [11]. This is particularly true in scientific
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applications of machine learning where specific ontological and representational
commitments often reflect prior knowledge and working assumptions of scien-
tists. When several independently generated and managed data repositories are

Inductive
Learning

User
Ontologies

Data Source

Data Source

Knowledge at
different levels of
abstraction

Fig. 1. Ontology-driven inductive learning

to be used as sources of data in
a learning task, the ontological
commitments that are implicit in
the design of the data reposito-
ries may or may not correspond
to those of the user (typically
a scientist familiar with the do-
main e.g., a biologist) in a given
context [6], [7]. For example, in
one context, the scientist may
not consider it necessary to dis-
tinguish between different sub-
families of a family of proteins or

different types of sequence patterns or structural features of proteins. In other
cases, such distinctions may be desirable. In computational characterization of
protein sequence-structure-function relationships, it is often useful to consider
alternative representations of protein sequences and different notions of protein
function [2]. In scientific discovery applications, because users often need to ex-
amine data in different contexts from different perspectives and at different levels
of abstraction, there is no single universal ontology that can serve all users, or
for that matter, even a single user, in every context. Hence, methods for learn-
ing from ontologies and data are needed to support knowledge acquisition from
heterogeneous distributed data.

Making ontological commitments (that are typically implicit in a data set)
explicit enables users to explore data from multiple perspectives, and at differ-
ent levels of abstraction. Some aspects of ontology guided learning have received
attention in the literature. Walker [13] first used the concept taxonomies in infor-
mation retrieval from large database. Han et al. [4] proposed attribute-oriented
induction of multi-level classification rules using background knowledge in the
form of concept hierarchies. They also proposed a method to discover associa-
tion rules at multiple levels of abstraction. Quinlan [9] suggested pre-processing
approaches to deal with tree-structured attributes (ISA hierarchy), re-encoding
the training examples in terms of an equivalent set of purely nominal attributes.
Almuallim [1] proposed handling tree-structured attributes directly by routing
examples in hierarchies, which count the class frequency of every concept node,
then apply decision tree learning algorithm to score and find the best concept
node in the hierarchy to build the decision tree. Taylor et al [12] proposed an
algorithm for rule learning using taxonomies and data.

Against this background, it is of interest to formalize the problem of learn-
ing from ontologies and data and to explore the design space of algorithms for
data-driven knowledge acquisition using explicitly specified ontologies. In this
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paper, we formalize the problem of inductive learning using ontologies (as a
form of background knowledge or working assumptions) and data. We present
an ontology-driven decision tree learning algorithm to learn classification rules
at multiple levels of abstraction. We present some preliminary results to demon-
strate the feasibility of the proposed approach. We briefly examine several vari-
ations of the proposed approach and a general strategy for transforming tra-
ditional inductive learning algorithms into ontology-guided inductive learning
algorithms for data-driven discovery of relationships at multiple levels of ab-
straction.

2 Role of Ontologies in Learning from Data

An ontology specifies the terms or concepts and relationships among terms and
their intended correspondence to objects and entities that exist in the world [3],
[11]. A formal ontology is specified by a collection of names for concept and
relation types organized in a partial ordering by the type-subtype relation [11].
In philosophy, an ontology corresponds to a nomenclature of all things (entities,
properties of entities, and relations among entities) that exist and as such, there
is no room for multiple ontologies. However, such a view is untenable in practice.
Consequently, we adopt the position that an ontology corresponds to a particular
conceptualization of the world from a specific point of view.

Syntactically, given a logical language L, an ontology is a tuple < V,A >,
where the vocabulary V ⊂ Sp is some subset of the predicate symbols ofL and
the axioms A ⊂ W are a subset of the well-formed formulas of L [5]. Taxonomies
that specify hierarchical relationships among concepts in a domain of interest are
among some of the most commonly used ontologies. Normally, we would draw
this mapping in the form of a tree, or a directed acyclic graph (DAG).

As is usually the case in formulations of inductive learning problems, we will
assume that each instance is described by a tuple of attribute values and that a
concept corresponds to a set of instances that satisfy specific constraints on the
values of their attributes. Note that there is a certain duality between attributes
and concepts. For instance, instances in a particular domain may be described
in terms of two attributes: color and size. Now, blue, a possible value for the
attribute color is itself a concept (composed out of all the instances that have
color blue). Thus, it is possible for each attribute to have an ontology associated
with it.

In what follows, we consider several cases (ordered by their complexity) in
which ontologies may play a role in learning from data.

a) Each attribute has associated with it, an ontology in the form of a hierarchy.
A hierarchical ontology is the simplest form of ontology, and is typically rep-
resented by a tree. Every node in the tree represents a concept. The topmost
root concept is the name of the corresponding attribute. Every link in the
tree represents an interrelationship between two nodes. The interrelationship
between concepts could be the relation of ISA, Instance-Of, or Part-Of. For
an attribute with a finite domain of possible values, each value corresponds
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to a primitive concept (or a leaf node) in a hierarchical ontology. An at-
tribute without a hierarchically structured ontology corresponds to a single
level taxonomy with attribute name as root, and the attribute values as the
children leaf nodes of root.

b) Each attribute has a single ontology associated with it. However, concepts
that appear in ontologies associated with different attributes can be related.
This results in ontologies that can be represented using directed acyclic
graphs (DAGs). (this would yield more complicated ontologies than a set
of competing hierachies).

The next section describes an ontology-driven decision tree construction al-
gorithm for the first of the four cases outlined above.

3 Ontology-Guided Decision Tree Learning Algorithm

We consider decision tree learning in a scenario in which each attribute has
a single hierarchically structured ontology (e.g., a concept taxonomy) associ-
ated with it and each instance is labeled with one of m disjoint class labels.
Ontology-driven Decision Tree (ODT) learning algorithm is a top-down multi-
level ontology (concept hierarchy) guided search in a hypothesis space of decision
trees.

Recall that the basic decision tree algorithm recursively selects at each step,
an attribute from a set of candidate attributes based on an information gain cri-
terion [9]. Thus, each node in a partially constructed decision tree has associated
with it, a set of candidate attributes to choose from for growing the tree rooted
at that node.

In our case, each attribute has associated with it, a hierarchically structured
taxonomy over possible values of the attribute. Thus, the learning algorithm
has to choose not just a particular attribute, but also an appropriate level of
abstraction in the taxonomy. The basic idea behind the algorithm is to start
with abstract attributes (i.e., groupings of attribute values that corresponds
to nodes that appear at higher levels of a hierarchically structured attribute
value taxonomy). Thus, each node of a partially constructed decision tree has
associated with it, a set of candidate attributes drawn from the taxonomies
associated with each of the individual attributes. The algorithm maintains for
each node in the partially constructed decision tree, a set of pointers to nodes
on the frontier, computes information gain for the corresponding attributes, and
selects from the set of candidate attributes under consideration, one with the
largest information gain.

It is useful to introduce some notation to help describe our algorithm.
Let the set of attributes used to describe instances in the data set be
A = {A1, A2, ..., An}. Let the set of class labels be O = {O1, O2, ..., Om}.
Each attribute Ai, has associated with it, a corresponding taxonomy Ti.
The set of ontologies is denoted by T = {T1, T2, ..., Tn}. Note that
the root node of taxonomy Ti is Ai. Let Ψ(c) denote the children of
a node c. The training data set is denoted by S. Each leaf node of
a partially constructed decision tree has associated with it, a subset of
the training data set. We will associate with each such set of examples,
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Taxonomy A Taxonomy B Taxonomy C

Pointing Vector P

Fig. 2. Vector of Pointers: concept frontier
across different attribute taxonomies

n pointers that point to n concepts
in n taxonomies (one for each at-
tribute). Let P = {p1, p2, ..., pn} de-
note such a vector of pointers where
pi is concept in taxonomy Ti. A vec-
tor of pointers is called an ending
vector if each pi is a leaf node in
the corresponding taxonomy Ti. We
use Φ(P ) = true to denote that
P is an ending vector. Note that
Φ(P ) = true if and only if ∀pi ∈
P, Ψ(pi) = {}.

Our current implementation selects an attribute from a set of candidate
attributes (specified by the vector of pointers) that yields the maximum
reduction in entropy as the splitting criterion to partition the dataset [9].
However, other splitting criteria could also be adopted directly in our algorithm
(e.g. Gini Index, one-sided purity, one-sided extremes, etc).

ODT algorithm:
ODT (Examples S, Attributes A, Taxonomies T , Class labels O, Vector of
Pointers P , Default Df)

1. If decision tree is NULL Then create a root node for decision tree, set all ex-
amples to S, and set P = {A1, A2, ..., An}, and setDf = Majority Class(S)

2. If S is empty Then assign the label Df to the node.
Else If every instance in S has the same class label o Then Return(o)
Else If Φ(P ) is true Then assign the label Df to the node.

3. Calculate the best attribute Bj and best concept b by calling function
Choose-Best(P, S, A, O)

4. Set the best partition value set Bvalue = Ψ(b)
5. Partition the examples S using the concepts in Bvalue

For each value Vi in Bvalue Do
Si = subset of S with concept Vi

j = order of Bj in A
update the Pointing Vector P to P ′ by substituting pj for Vi

construct the subtree by callingODT(Si, A,O, P
′,Majority V alue(Si))

add new branch with label Vi and connect to its subtree.
End

6. Return the Decision Tree

Choose-Best(PointingVectors P , Examples S, Attributes A, Class labels O)
/* Returns the attribute whose expansion will yield the best information
gain, selected from P = {p1, ...pn} */
Return argmax

i
Gain(S, pi)

The ontology-driven decision tree algorithm can be viewed as a best-first
search through the hypothesis space of decision trees defined with respect to a
set of attribute taxonomies.
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3.1 Illustration of the Working of the ODT Algorithm

The preliminary test of our algorithm is based on a simple customer purchase
database that used in Taylor’s paper [12]. Each of the attributes used to describe
instances in this data set has a taxonomy associated with it. The two taxonomies
are ISA hierarchies for Beverage and Snack. For concepts in the Beverage taxon-
omy, there are three different levels of abstraction, and in the Snack taxonomy,
we have two different levels of abstraction. The class has three values: Young,
Middle-aged, and Old. Figure 3 shows the two taxonomies, and Figure 4 shows
the dataset and the induced tree.

Beverag

Soda Dairy Beverage Fruit Juice

Pepsi Coke

Diet
Pepsi

Reg.
Pepsi

Diet
Coke

Reg.
Coke

AB EggNog Milk

Skim
Milk

Low
Milk

OJ

AB
OJ

CD
OJ

Apple Juice

Snack

Dorito

Ranch
Dorito

Nacho
Dorito

Reg.
Dorito

Frito

Reg.
Frito

BBQ
Frito

SB
Chips

Bread Pop
corn

SteakCereal

Fig. 3. Two taxonomies defined over two attributes

Customer Item1 Item 2 Class
1 Diet Coke Ranch Dorito Young
2 AB OJ CD Cereal Old
3 Reg Coke Reg Dorito Young
4 Reg Coke SB Chips Mid-Aged
5 Diet Coke Nacho Dorito Young
6 Diet Pepsi BBQ Frito Mid-Aged
7 Reg Pepsi Reg Frito Mid-Aged
8 Skim Milk CD Cereal Old
9 Reg Pepsi BBQ Frito Mid-Aged
10 CD OJ Bread Old
11 Reg Pepsi Popcorn Young
12 AB Egg Nog CD Steak Old

ALL

82: 2:

1: 1: 3: 3:

Attr1: [Soda, Dairy, Juice]
Attr2: [Dorito, Frito, SBChips

Popcorn, Bread, Cereal, Steak]

Attr1: [Pepsi, Coke]
Attr2: [Dorito, Frito, SBChips, Popcorn]
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Popcorn Dorito

FritoOld

Young Mid-
Aged

Old

Young Young

Fig. 4. Sample customer purchase database and the induced decision tree

We start our search with the Pointing Vectors pointing to the root of both
taxonomies. The information gain associated with the attribute Beverage is
higher than that associated with Snack. Consequently, the attribute correspond-
ing to the root of the Beverage hierarchy is selected to partition the original data.
This yields a 3-way split at the root of the decision tree. Two examples are clas-
sified as Old on the basis of the attribute corresponding to the concept “Dairy
Beverage”, and two examples are classified as Old on the basis of the attributed
corresponding to the concept concept “Fruit Juice”. The remaining eight exam-
ples need to be partitioned further. The first element p1 in Pointing Vector for
these eight examples changes to “Soda” in the Beverage Taxonomy, and hence
the possible choice of attribute values will be [Pepsi, Coke]. While the second
element p2 continues to the root of the Snack Taxonomy, the possible attribute
value set will include all the available concepts in the first level of this taxonomy.
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This time p2 yields a better value for information gain and all eight examples are
correctly classified. The resulting decision tree corresponds to the rules: If Soda
and Dorito Then Young; If Soda and Frito Then Midle-aged; If Dairy Then Old;
If Juice Then Old. Note that many of the rules discriminate among instances
belonging to the three classes using attributes that correspond to concepts that
reside at higher levels of the corresponding attribute taxonomies.

4 Summary and Discussion

Many practical applications of machine learning (e.g., data-driven scientific dis-
covery in computational biology [2] call for exploration of a data set from multiple
perspectives (that correspond to multiple ontologies). Different ontologies induce
different representations of the data and transformations of the hypothesis space.
For example, hierarchically structured taxonomies over values of attributes facil-
itate discovery of classifiers at different levels of abstraction. The work described
in this paper represents a tentative first step toward formulating the problem
of ontology-guided data-driven knowledge discovery. We have demonstrated an
extension of the standard decision tree learning algorithm that can exploit user-
supplied ontologies to induce classification rules at higher levels of abstraction.

Work in progress is aimed at:

a) Systematic experimental evaluation of the proposed algorithm on real-
world data sets that are encountered in computational biology (e.g., data-
driven characterization of macromolecular sequence-structure-function rela-
tionships), text classification, among others.

b) Extensions of the proposed approach to accommodate use of multiple hierar-
chically structured ontologies for each attribute, as well as DAG-structured
(as opposed to tree-structured) ontologies.

In related work, we are exploring ontology-guided learning algorithms for do-
mains in which:

a) Each class (target attribute) has a tree-structured concept hierarchy (e.g., a
taxonomy) associated with it. For example, in a pattern classification task, it
may be necessary to classify an instance at different levels of abstraction (e.g.,
a soft drink into Pepsi, Cola, carbonated beverage). Higher level concepts
correspond to generalizations of the basic level target concepts.

b) Each instance may belong to more than one class. (For instance, an individ-
ual may be classified as a parent, student, wife, friend. A protein may have
multiple not necessarily mutually exclusive functions) [10].

c) There is a need to integrate information from multiple heterogeneous, au-
tonomous, distributed data and knowledge sources from different ontological
view points [6],[7] (e.g., in scientific discovery environments).
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Modern game programs have achieved spectacular success in many games, such
as checkers, Othello, and chess. In contrast, games with hidden information, like
poker and bridge, have a fundamentally different structure, and game-playing
programs have not had as much success to date.
Unlike perfect information games, the nodes of an imperfect information

game tree are not independent, being grouped into information sets that are
indistinguishable from the perspective of one player. Furthermore, it is not suf-
ficient to always choose the same option in a given situation – the best play
may dictate a mixed strategy, varying randomly between certain choices to avoid
revealing information to the opponent.
Since the nodes in different subtrees are not independent, we cannot use a

divide and conquer algorithm – we must solve the tree as a whole.
The conventional method used in game theory is to convert the game tree

into a large system of linear equations, and then solve that problem with linear
programming (LP). This produces an optimal strategy for each player to obtain
the Nash equilibrium value for the game.
The maximum size of solvable problems is still quite modest, on the order

of a few million nodes. In contrast, even greatly simplified variations of poker
have game trees with billions or trillions of nodes. The game of Texas Hold’em
(the poker variant used to determine the World Champion) has over 1018 nodes
in the 2-player game tree, which is obviously far beyond the range of feasible
computation.
However, the daunting size of these irreducible game trees does not preclude

the possibility of finding good approximations, resulting in a strong betting
strategy and a high level of play in practice. To do this, we define abstracted
game trees which retain all the key properties of the underlying real game tree.
Solutions to moderate sized games may provide near-optimal strategies for the
real game, with a bounded degree of error. Failing that, they can at least suggest
pseudo-optimal strategies which are superior to the current rule-based betting
schemes.
There are numerous ways to do abstraction on poker game trees, each having

its own advantages and disadvantages. These trade-offs need to be explored
to find the most effective balance given the limitations of computation time
and memory. For Hold’em, we have investigated several approaches, the most
important ones being coarser granularity by hand classification, and truncated
games.
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To change the granularity, we combine a group of nodes into a single class,
treating it as a single node in the abstracted game. This is most naturally done
along the lines of the information sets, combining hands into groups that will
all be played in the same way. This requires a mapping function to designate
which hands go into which classes, and some error will result if fundamentally
distinct hands are merged into the same class. The mapping function is used
to translate the real game onto a fully abstracted game, which has a moderate
number of “macro-nodes”. This game is then solved exactly, and the resulting
strategies are applicable to the real game after being re-translated onto actual
hands by the same mapping function.
The collection of specific hands into bins can be taken to extremes, with just

a few bins to distinguish a very small number of hand types. This will produce an
abstracted game that is small enough to compute directly, but the consequences
of the very crude abstraction may be severe. Increasing the number of hand types
will expand the size of the problem, which might then require other abstraction
techniques to compensate, scaling it back down to the scope of feasibility.
There are several ways to create truncated games, again with interesting

trade-offs between game tree size and effectiveness. Without getting into too
many details, we have experimented with all of the following: first-round nullifi-
cation (fixed player actions and chance node outcome); reduced betting structure
within each round (maximum number of bets); one-round models with expected-
value leaf nodes; two-round models with expected-value leaf nodes; combining
two or more future betting rounds into one; and full betting structure models
with exact-value leaf nodes.
There are many aspects of abstraction on imperfect information game trees

still to be explored, but the preliminary results are very encouraging.
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My research interests are in the areas of planning, computer games, and heuristic
search. My objectives include using abstraction to solve hard heuristic search
problems. Classical heuristic search has been successful for games like Chess
and Checkers, but seems to be of limited value in games such as Go and Shogi,
and puzzles such as Sokoban. My work is focused on developing a planning
approach for Sokoban, aiming to overcome the limitations exhibited by current
approaches. In Sokoban, a man in a maze has to push stones from their current
location to designated goal locations. The game is difficult for a computer for
several reasons including deadlocks (positions from which no goal state can be
reached), large branching factor (can be over 100), long optimal solutions (can
be over 600 moves), and an expensive lower-bound heuristic estimator, which
limits search speed.

We have introduced Abstract Sokoban, a highly abstracted representation of
the game that replaces the huge initial search space by several smaller search
spaces [1]. Since humans still perform much better than computers in Sokoban,
our approach uses concepts that humans also consider when playing the game.
For instance, our abstract Sokoban representation uses a preprocessing phase to
decompose the puzzle into two types of objects: rooms and tunnels. The initial
problem is transformed into several simpler problems in a divide-and-conquer
manner, as illustrated in Fig. 1. In the global problem, which we address by
planning, the abstraction is obtained by mapping the maze to a small graph of
rooms connected by tunnels. At the local level, rooms and tunnels are further
abstracted, defining abstract states that model their internal stone configura-
tions. One abstract state represents all the equivalent configurations that can be
obtained from each other in such a way that no stone leaves or enters the room
or tunnel.

By splitting the problem into a local component (moves within a room) and
a global component (moves between rooms and tunnels), the initial search space
is transformed into a hierarchy of smaller spaces, each with a corresponding
reduction in the search effort required. The experimental results show that the
abstraction has the potential for an exponential reduction in the size of the
search space explored.
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Fig. 1. A problem is decomposed into several abstract sub-problems. There is one
global problem as well as one local problem for each room. Rooms and tunnels are
denoted by R and T , respectively.

There are many research directions that we plan to explore with abstract
Sokoban. An enhancement that we expect to have a great impact on the system
performance is a smarter decomposition of the maze into rooms and tunnels.
While our current heuristic rule that guides this process is quite rigid, it can be
replaced by a more general strategy aiming to optimize several parameters. To
reduce the global search space, the number of rooms and tunnels as well as their
interactions should be minimized. On the other hand, rooms should be small
enough to solve the corresponding local problems. The global planning search
space can be further simplified by detecting large deadlocks that involve inter-
actions between several rooms and tunnels. Another important future research
topic is to try our ideas in real-life planning domains (e.g., robotics related). Au-
tomatic abstraction of planning domains is also an extension of our work that
we plan to work on in the future.
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Research in multiagent systems includes the investigation of algorithms that select ac-
tions for multiple agents coexisting in the same environment. Multiagent systems are
becoming increasingly relevant within artificial intelligence, as software and robotic
agents become more prevalent. Robotic soccer, disaster mitigation and rescue, auto-
mated driving, and information and e-commerce agents are examples of challenging
multiagent domains. As the automation trend continues, we need robust algorithms for
coordinating multiple agents, and for effectively responding to other external agents.

Multiagent domains require determining a course of action for an agent just as in
single-agent domains. Learning techniques have shown, in single-agent settings, to be
a powerful tool that can discover and exploit the dynamics of the environment and
adapt to unforeseen difficulties in the task. These same benefits are needed in multiagent
domains. Similarly, multiagent environments also face the problem of scaling. Many
environments are simply too large for our limits on memory, computation, and training
data. Approximation and abstraction techniques, which are an important topic in single-
agent learning, are also relevant in settings with multiple agents.

My research explores the intersection of multiagent learning with issues of apply-
ing learning to large problems that require the use approximation, generalization, and
abstraction techniques. This overlap raises many interesting research challenges as we
try to scale multiagent learning to large problems. First is the problem of simultane-
ous learning. Traditional single-agent learning, both with and without approximation
techniques, assume the world is Markovian. When more than one agent is learning in
the same environment this property is violated as their action choices may change as
they all adapt and learn. This also may mean that the optimal policy for an agent is
changing as the other agent’s action choices change. The game theoretic concept of
equilibrium aids in understanding this simultaneous learning problem. This raises the
second important challenge. If approximation techniques are necessary for learning to
scale then “optimal” agents are not practical. This is one of the key assumptions that
underlies equilibria, creating a tension between approximate solutions and the concept
of equilibria. The third challenge is to actually combine multiagent learning algorithms
and approximate algorithms, creating a learner capable of handling large multiagent
environments. I will briefly mention some of my work examining these challenges.

Rational and Convergent Learning. One of the problems of simultaneous learning is
that traditional techniques that are guaranteed to converge to an optimal solution may
not converge at all in a multiagent domain. Other approaches try to learn equilibrium
solutions directly (e.g., Minimax-Q [Littman, 1994]), and can be guaranteed to converge
to an equilibrium. These approaches, though, are not rational, in the sense that they may
converge to non-optimal solutions. For example, converging to the equilibrium solution
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in the children’s game rock-paper-scissors is a very sub-optimal policy when the other
player mostly plays rock. We have explored trying to gain the advantages of both rational
and convergent learning. I have introduced the WoLF principle as a modification to
rational algorithms to make them converge [Bowling and Veloso, 2002a]. There is both
empirical results and theoretical results showing this is indeed a powerful technique. It
also lends itself well to being combined with approximation solutions as I will describe
below.

Restricted Equilibria. Approximation, abstraction, and generalization often sacrifice op-
timality for speed of learning. This loss in optimality has drastic consequences on the ex-
istence of equilibria when using these limiting techniques [Bowling and Veloso, 2002b].
We have examined these consequences showing that even very well-behaved limitations
may destroy the existence of equilibria in multiagent learning problems. We have also
identified some limited situations where equilibria continue to exist, e.g., team-games
and single-controller stochastic games where the agents have certain requirements on
their limitations.

Approximation and Multiagent Learning. Although equilibria may not exist when agents
use techniques that prevent them from learning optimal solutions, these techniques are
still necessary. I am currently examining the combination of the WoLF principle with
a policy gradient ascent approach [Sutton et Al., 2000]. The results are very excit-
ing [Bowling et al. 2002]. Not only could effective simultaneous learning be demon-
strated on a very large problem, but the WoLF principle continued to have a powerful
effect on convergence. The worst-case performance of learning over time was greatly
reduced using WoLF, and the expected payoff while learning was far less erratic.

This research is still ongoing with a number of open challenges. Can WoLF and policy
gradient techniques be applied to other large multiagent learning problems? Since equi-
libria don’t exist in problems requiring sub-optimal techniques, what are other methods
of evaluation? Can agents model the limitations of the other agents and exploit this
knowledge? How can this learning and adaptation be built into real large-scale multia-
gent systems? I am continuing to explore the above challenges as well as these additional
questions in my future research.
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My research is chiefly focused in the area of planning. Specifically, I am in-
terested in extending the Graphplan [1] planning system. I intend to explore,
design, and evaluate abstraction and reformulation techniques to expand the
expressiveness of Graphplan and enhance the performance of the search process
used for building a plan.

In particular, I intend to study the semantic and topology of the constraints
involved in Graphplan extended to encompass sensory planning [2]. Then I will
devise new mechanisms for generating dynamically compact families of robust
solutions as described in [3,4,5].
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1 Research Summary

As autonomous software and robotic systems (or agents) grow in complexity,
they will increasingly need to communicate and coordinate with each other.
These agents will need planned courses of action to achieve their goals while
sharing limited resources. Our research addresses the problem of efficiently in-
terleaving planning and coordination for multiple agents.
As part of our approach, we represent agents as having hierarchies of tasks

that can be decomposed into executable primitive actions. Using task hierarchies,
an agent can reason efficiently about its own goals and tasks (and those of
others) at multiple levels of abstraction. By exploiting hierarchy, these agents can
make planning and coordination decisions while avoiding complex computation
involving unnecessary details of their tasks.
To reason at abstract levels, agents must be aware of the constraints an

abstract task embodies in its potential decompositions. Thus, we provide al-
gorithms that summarize these constraints (represented as propositional state
conditions and metric resource usages) for each abstract task in an agent’s li-
brary of hierarchical plans. This summary information can be derived offline for
a domain of problems and used for any instance of tasks (or plans) assigned
to the agents during coordination and planning. We also provide algorithms for
reasoning about the concurrent interactions of abstract tasks, for identifying
conflicts, and for resolving them.
We use these algorithms to build sound and complete refinement-based coor-

dination and planning algorithms. We also integrate summary information with
a local search planner/scheduler, showing how the benefits can be extended to
different classes of planning algorithms. Complexity analyses and experiments
show where abstract reasoning using summary information can reduce com-
putation and communication exponentially along a number of dimensions for
coordination, planning, and scheduling in finding a single agent’s plan or in op-
timally coordinating the plans of multiple agents. In addition, we provide prun-
ing techniques and heuristics for decomposition that can further dramatically
reduce computation. This use of abstraction extends previous work by Korf and
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Knoblock, that assumes subproblems do not interact. Our algorithms do not
make this assumption.
Overall, the developed techniques enable researchers and system designers

to scale the capabilities of interleaved coordination, planning, and execution by
providing agents with tools to reason efficiently about their plans at multiple
levels of abstraction.
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A decision support system (DSS) is often shared by multiple decision-makers or
analysts. Different users may vary in their viewpoints, and therefore, in particular,
they may place different demands on a DSS model-base. Users may benefit if the
system offers each a model that suits his/her special requirements.

My MSc thesis1 [1] centers on the problem of automated modeling. This research is
based on Simon’s causal ordering theory [4], Iwasaki’s extension of causal ordering to
dynamic models [6],[7], the notion of nearly decomposable systems [5], and, related
to it, Iwasaki’s equilibration and exogenization time scale-based model abstraction
techniques [6],[7].  The study offers a formal theoretical basis and algorithms for a
group of model abstraction techniques. This way, for example, I develop a theoretical
basis and algorithms for a generalization of Iwasaki’s equilibration, and propose a new
time scale-based model abstraction technique termed quasi-exogenization [1],[2]. In
addition, the study analyzes the value of the proposed techniques in terms of reduced
complexity, especially their influence on the number of causal cycles in the model.
The results of this analysis vary.

My PhD research2 [3] addresses a related problem This study compares the
informativeness of an information set which is described in terms of the distributions
of its predictions in different possible states, to the informativeness of another,
essentially more precise, information set.  The immediate motivation for this inquiry
is the recent pervasiveness of integrated information systems, and information
systems integration projects. The study aims to develop a broad, formal theory of the
conditions in which more precise information can/cannot increase the accuracy and
economic value of predictions, and identify general conditions in which more precise
information can be particularly valuable. The inquiry is based on a model of
information, often known as the information structure [8] model, and related theory in
Information Economics [9] and Management Information Systems (MIS) [10].

                                                          
1 With Niv Ahituv of Tel Aviv University.
2 With Dave Pingry of the University of Arizona.
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Constraint satisfaction problems (CSPs) frequently emerge in practical situa-
tions. Unfortunately these problems are likely to be computationally intractable.
In practice, it is necessary to implement strategies that reduce the amount of
computational effort expended in finding solutions to CSPs.

One area that provides a source of potential improvements is the problem
formulation. The use of abstractions and reformulations plays an important role
in simplifying problems. Our work focuses on the use of constraint reformulation
and decomposition. In particular, we are currently experimenting with the use
of non-binary constraints, and novel reformulations (such as constraint decom-
position, as discussed in [1]) for reducing the arity of global constraints.

While a large corpus of work exists regarding binary constraints, the study of
non-binary constraints has seen significantly less progress. While general strate-
gies for transforming a non-binary CSP into a binary CSP exist [2], the resulting
problem is often impractically large. This is especially true of real-world prob-
lems, which may involve many global constraints. We explore the use of refor-
mulations that focus on the semantics of high-arity non-binary constraints in
our research.
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1 My Research Areas in Brief

I am currently a third year graduate (PhD) student in the Computer Science
Department of Stanford University working in the Artificial Intelligence areas of
Planning, Scheduling, Diagnosis, Hybrid Systems and Constraint Satisfaction.

2 Combinatorial Optimization as Constraint Satisfaction

Constraint satisfaction and combinatorial optimization form the crux of many AI
problems. In constraint satisfaction, feasibility-reasoning mechanisms are used
to prune the search space, while optimality-reasoning is used for combinato-
rial optimization. Many AI tasks related to diagnosis, trajectory tracking and
planning can be formulated as hybrid problems containing both satisfaction and
optimization components, and can greatly benefit from a proper blend of these
independently powerful techniques. Sometimes reformulating one to the other
helps us to tackle such problems. A good example of this is the fractional pack-
ing problem [4]. Here, oracles are defined for a potentially hard problem by
replacing a satisfaction component of the problem with the minimization of a
certain potential function. Solving a series of these oracles leads us to a solu-
tion for the original problem. An instance of the fractional packing problem is
the multi-commodity flow problem [3] that is solved using repeated calls to the
minimum cost circulation problem (which acts as an oracle).

We proposed the notion of model counting to reformulate combinatorial op-
timization as constraint satisfaction in [1]. The model counting problem is the
problem of estimating the number of solutions to a SAT or a CSP (also referred
to as the #SAT problem). The optimization part of a problem can be cast as
a search for the right set of constraints that must be satisfied by any good
solution. These constraints, which we call the oracular constraints, replace the
optimization component of a problem to revive the power of constraint reasoning
systems that can otherwise be used effectively to solve an unoptimized version
of the problem. Reformulating optimization as satisfaction allows us to cast a
hybrid problem in satisfaction and optimization as a series of pure constraint
satisfaction problems that serve as oracles for the original problem. The oracles
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are solved making use of the full power of constraint reasoning systems. For ex-
ample, in the problem of finding the cheapest plan when actions have associated
costs, we hope to revive the feasibility reasoning power of Graph-Plan or Black-
Box by throwing in additional constraints that act as oracles to the optimization
part of the problem.

The number of calls we make to the oracles can be traded off against closeness
to the optimal solution for the original problem. In many cases, this continuum
is very important and can be exploited to do real-time problem solving. This is
because it is often reasonable to find a near-optimal solution within a window
of opportunity rather than trying to solve the potentially much harder problem
of computing the optimal solution. We are in the process of building a system
called SOFTBOX that does this reformulation by making strategic calls to these
oracles guided by certain heuristics which we call the bargain heuristics (see [1]
for details). SOFTBOX is expected to perform better than traditional methods
like branch and bound when the satisfaction component of the problem is very
hard.

Oracular constraints can also serve as a compact representation for all the
reasonably good solutions to a combinatorial optimization problem. A good ex-
ample of why this can be important is found in trajectory tracking [2]. Here,
the best trajectories given the current observations may not be the best once
future observations are available. Ideally therefore, we would like to track all
the reasonable hypotheses rather than just the best ones (in case the best hy-
potheses now are ruled out by subsequent observations). The problem is that
the number of reasonable candidates can increase over time beyond our com-
putational resources and it becomes impossible to track all of them explicitly.
Reformulating the optimization component (posterior probabilities conditioned
on observations) associated with the trajectories as satisfaction, we can repre-
sent all the good hypotheses at any given point in time as solutions to these
oracular constraints. By tracking these constraints rather than the candidates
themselves, our representation scales only polynomially with time.
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The ability to create and use abstractions in complex environments, that is, to systemati-
cally ignore irrelevant details, is a key reason that humans are effective problem solvers.
My research focuses on using machine learning techniques to enable greater autonomy
in agents. I am particularly interested in autonomous methods for identifying and creat-
ing multiple types of abstractions from an agent’s accumulated experience in interacting
with its environment. Specific areas of interest include:

– Knowledge representation. How can we efficiently represent the knowledge learned
in one task and reuse it for other tasks? This knowledge can take the form of a control
policy learned to solve one task or a representation of structure in an environment.

– Autonomous discovery of structure. My dissertation [1] focuses on autonomously
identifying and creating useful temporal abstractions from an agent’s interaction
with its environment.

– Interaction of reinforcement learning and supervised learning methods. I am partic-
ularly interested in the combined use of these techniques to create more robust and
autonomous learning systems.

– Application of these techniques to robots, with a particular focus on robots assisting
a human presence in space.

Although the utility of abstraction is commonly accepted, there has been relatively
little research on how to autonomously discover or create useful abstractions. A system
that can create new abstractions autonomously can learn and plan in situations that its
original designer was not able to anticipate.

My dissertation [1] introduced two related methods that allow an agent to au-
tonomously discover and create temporal abstractions from its accumulated experience
with its environment. A temporal abstraction is an encapsulation of a complex set of
actions into a single higher-level action which allows an agent to learn and plan while
ignoring details that appear at finer levels of temporal resolution. The main idea for both
methods is to search for patterns that occur frequently within an agent’s accumulated
successful experience and that do not occur in unsuccessful experiences. These patterns
are used to create the new temporal abstractions.

The two types of temporal abstractions that the methods create are 1) subgoals
and closed-loop policies for achieving them, and 2) open-loop policies, or simply action
sequences, that are useful "macros." [3], [2], and [1] demonstrate the utility of both types
of these temporal abstractions in several simulated tasks, including two simulated mobile
robot tasks. We demonstrate that the autonomously created temporal abstractions can
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both facilitate the learning of an agent within a task and can enable effective knowledge
transfer to related tasks. As a larger task, we focus on the difficult problem of scheduling
the assembly instructions on a pipelined machine in such a manner that the reordered
instructions will execute as quickly as possible. We demonstrate that discovered action
sequences can significantly improve the performance of the scheduler and can enable
effective knowledge transfer across similar processors.

Both methods can extract useful subgoals or sequences from collections of behav-
ioral trajectories generated by different processes. In particular, we demonstrate that
the methods can be effective when applied to collections generated by reinforcement
learning agents, heuristic searchers, and human tele-operators. These results illustrate
that this approach to autonomously generating temporal abstractions is general and can
be applied in situations where an autonomous learning agent is not able to solve a task,
but where a human or heuristic search agent is able to provide useful feedback.
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Modern commercial aircraft have extensive automation which helps the pilot fly
the aircraft by performing computations, obtaining data, and completing dull
tasks. In such a safety-critical system, the pilot display must contain enough
information so that the pilot can correctly predict the aircraft’s behavior, while
not overloading the pilot with unnecessary information. How can we mathemati-
cally guarantee that the display provides the pilot with enough information that
the pilot can safely and effectively control the aircraft? How can we ensure that
the aircraft behaves as the pilot anticipates? My research addresses this issue by
extending a theoretical framework, verification of hybrid systems, to include the
pilot’s interactions with the aircraft automation.
Hybrid systems combine two types of behaviors: how a system evolves over

time according to the laws of physics, and how the system evolves according to
signals and switches. The combination of continuous and discrete dynamics leads
to extremely complex behavior. In the case of the aircraft, this means that we
can model how the aircraft flies as well as the logic which drives the aircraft au-
tomation. Hybrid systems are controlled through the combination of continuous
and discrete signals we can directly alter. Some of these signals are controlled
directly by the automation, while other signals are controlled manually by the
pilot. While hybrid system verification in a completely automated framework is
a well-studied problem, verification of semi-automated systems must incorporate
how the user interacts with the automation, including what is shown to the user
through the interface.
Commercial aircraft require intense validation to certify their dependabil-

ity and accuracy. Currently, this validation is accomplished through extensive
testing of various conditions in simulators and prototypes. Verification offers an
alternative to this costly process – it provides a mathematical guarantee over
all possible conditions and behaviors. Computational tools have been recently
developed to aid in the verification of hybrid systems. The hybrid verification
methodology not only identifies the “safe” region to operate in, but also con-
structs the hybrid control necessary to guarantee that the system will never leave
the “safe” space. The result is quite powerful – a complex system, subject to
real-life errors and limitations, is mathematically guaranteed to be safe in the
face of those errors and limitations.
The question my research addresses is: How do we extend this methodology to

verify that an interface provides enough information to the user, that the user
can safely control the system? We assume the user interacts with the system
through the interface, and has a specific task to accomplish.
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One motivating example is an automatic landing scenario. The aircraft se-
quences through various modes – holding a constant altitude, descending at a
constant rate, then smoothly touching down on the runway – some of which are
initiated by the automation, and some of which are initiated by the pilot. If
landing is problematic (debris on the runway, imminent collision with another
aircraft, excessive wind) the pilot initiates a go-around, a maneuver in which
the aircraft quickly climbs to a predetermined altitude. During this high-tempo,
safety-critical time of flight, any confusion or unsafe behavior is unacceptable.
The pilot anticipates how the automation will behave based on pilot training,

personal experience, the aircraft manual, and information displayed through the
cockpit interface. We would like to guarantee that the automation does not sur-
prise the pilot – that the interface provides information that is consistent with
how the aircraft actually behaves, and allows the pilot to safely land or safely
go-around. The interface abstracts complex behaviors into simple elements: for
example, an entire range of continuous behavior is summarized by the sole in-
dication “Flare” on the pilot’s display. Another way to abstract these compli-
cated behaviors arises from the result of our hybrid verification methodology.
We compare the result of this abstraction with a discrete model of the interface,
according to well-developed discrete user-interface verification techniques.
The result of this comparison tells us whether the interface is adequate for

a given task; that is, whether the interface provides the user with enough in-
formation that the user can safely and unambiguously control the system. For
the automatic landing, it tells us whether the pilot’s display provides the pilot
with enough information that the pilot can safely land or safely go-around. The
main advantage of this methodology is the a priori guarantee that mathematical
verification provides. If the interface is adequate, then over all possible system
behaviors, the user will be able to safely control the system through a desired
task. Verification within a hybrid framework allows us to account for the in-
herently complicated dynamics underlying the simple, discrete representations
displayed to the pilot. Incorporating the results of this analysis can help prevent
“automation surprises” and procedural mishaps. While verification tools can aid
in design, we hope to contribute directly to the design problem, and plan to
extend discrete-only interface design techniques to a hybrid framework, as well.
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Our work is concerned with quantization in image compression. The task of
quantization is to approximate transformed data of original images so that the
images can be efficiently stored. In previous studies of abstraction, reformulation
and approximation (AR&A), the notions seems to be mainly used to improve
computational efficiency. Although the purposes might seem to be quite different,
an important theme is shared in each case: “how to create a good AR&A for a
problem setting we are concerned with?”

In lossy image compression, given an image to be compressed, the original
pixel values are first mapped into DCT or wavelet transform coefficients. Then
the coefficients are quantized or approximated. The performance of the quantizer
directly affects the quality of the reconstructed image. We deal with vector quan-
tization in our study. In such quantization, each n-dimensional coefficient vector
of the image is approximated by a code vector in a codebook defined off-line. The
construction of a codebook is critical in designing a good vector quantizer.

There exist many codebook construction methods, including a number of
variations of LBG [4] algorithm. LBG constructs an explicit codebook in which
every code vector is enumerated. A lattice vector quantization [3], on the other
hand, defines an implicit codebook. In other words, the lattice defines a space
packing strategy that a set of n-dimensional vectors of certain format forms a
lattice codebook. In general, a lattice codebook can be defined by a finite set of
base vectors. Because that the design and search of lattice codebook is usually
much faster than LBG, and the storage of a lattice requires much smaller space
than the explicit vector set in LBG, lattice vector quantization has been widely
used in image compression (e.g. [1,2]).

At the moment, any lattice quantizer, either vector or scalar, is usually de-
signed to quantize any type of images. However, in real-life, each particular image
database usually contains only a limited types of images. For example, a medical
chest X-ray database may have images with very high resolution, low-contrast
and highly textured pictures with no color. A collection of wildlife photos usually
have blue/green (sky/grass) regions that are relatively smooth. In compressing
images of a specific type, we might be able to take advantage of the repeated
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occurrence of certain characteristics of the images and improve the lattice code-
book by removing “unnecessary” code vectors and adding additional “useful”
code vectors. This codebook is tailored for a particular image type, and can be
iteratively updated and modified to fit a certain application.

We are currently studying a learning method that modifies a standard vector
codebook to fit one particular image type. We start with a standard lattice code-
book that can adequately quantize most input coefficient vectors already. Some
coefficient vectors that cannot be approximated by the lattice with admissible
noise can be specific to the image type. The codebook is refined to improve the
quantization of those vectors.

Such a refinement can be performed in way that is similar to LBG. Each
“hard-to-handle” vector is treated as a training vector. For such a vector V , one
original lattice code vector which is closest (or the most similar) to V is selected.
The closeness can be evaluated by a distance function. The selected code vectors
are then used to construct a semi-lattice that better approximates those specific
vectors. The additional code vectors are added to the original lattice. Because
of the nature of the extra vectors, the resultant codebook is no longer a lattice,
thus is called a semi-lattice codebook.

Further development of the outlined algorithm is currently under investiga-
tion. More details of our experimental results and theoretical analysis will be
reported later.
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Marc’s research interests are in how abstractions can be created automatically
by a machine learning agent. He is also interested in automatically creating
representations, how knowledge can be grounded in sensory information, and
methods for bridging the gap between statistical and symbolic computation.
More generally, his interests include cognitive neuroscience, and applications of
artificial intelligence to understanding complex systems.
Recently, Marc developed an algorithm that makes efficient use of a costly

distance metric by using geometric reasoning. This algorithm approximates un-
known distances among objects from a relatively small number of known dis-
tances. The approximate distances are then used to cluster objects. This tech-
nique has been successfully applied to indexing word images of handwritten text.
This work has been in collaboration with David Jensen and R. Manmatha [2].
Another recent work has been on how a reinforcement learning agent can

create abstract actions (options). His paper on this research presents a method
called “PolicyBlocks” by which an agent can create useful options automatically.
PolicyBlocks creates options by finding commonly occurring subpolicies from the
solutions to a set of sample tasks, then subtracting these subpolicies from the
solutions in a manner akin to Principle Components and Explanation Based
Learning. Using these options, learning to do future related tasks is accelerated.
This increase in performance was illustrated in a “rooms” grid-world, in which
the options found by PolicyBlocks outperform even hand designed options, and
in a hydroelectric reservoir control task. This work has been in collaboration
with Andrew Barto [1].
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My research focuses on combinatorial search and optimization. I am partic-
ularly interested in trying to outline general principles that would be of use to
practitioners who are confronting a new optimization problem. What are the
important characteristics of the problem that will determine which algorithm
performs best? My intuition is that the most important questions one should
ask about a new problem concern the available sources of heuristic information.
It is a truism in AI that knowledge reduces search. Following this line of thinking,
I have been focusing on how best to exploit sources of heuristic information.

My most recent work concerns tree search for combinatorial optimization
and constraint satisfaction. In these problems, one seeks the minimum cost leaf
in a tree of bounded depth. Most leaves will lie at similar depths, not far from
the depth bound. This scenario encompasses both traditional combinatorial op-
timization problems such as the traveling salesman problem as well as constraint
satisfaction problems, for which the cost function is the number of violated con-
straints. There are several sources of domain-specific heuristic information: the
variable choice heuristic, the value choice heuristic, and the solution costs them-
selves. A true solution to these problems will include a way to use and integrate
all of these sources of information.

I am particularly interested in anytime methods that explicitly attempt to
adapt on-line to the current problem instance via flexible search control and
efficient learning and metareasoning. An anytime algorithm is particularly im-
portant in real-time settings, where proving that a solution is optimal by com-
pletely enumerating the search space is infeasible and we merely would like the
best solution we can find in the allotted time. Almost all real-world problems
fall into this category.

A first step toward an algorithm that incorporates these ideas for tree search
is given in Ruml (2002), building on previous work reported in Ruml (2001a).
The algorithm, best-leaf-first search, is based on on-line estimation of a model
of the search space. This model is then used to guide the search, visiting leaves
in increasing predicted cost. This is the rational order with respect to the algo-
rithm’s current model. The search actually uses multiple expanding sweeps of the
space, reminiscent of iterative deepening, so it is not a problem that the model
is being refined on-line. Multiple sources of information can easily be incorpo-
rated into the model. The framework is very general, and should apply to most
combinatorial optimization and constraint satisfaction systems. My dissertation,
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to be completed in May of 2002, contains more details (Ruml, in preparation).
Other relevant early work of mine includes Ruml (2001c) and Ruml (2001b).

One important future direction is to take a similar approach, emphasiz-
ing principled exploitation of heuristic information and explicit learning, to
improvement-based search (as opposed to tree search). I have made a prelim-
inary attempt in the setting in which one has gradient information available,
by which I mean information about which variable’s change might lead to the
greatest immediate improvement. This information is available in constraint sat-
isfaction problems such as boolean satisfiability and is used by algorithms such
as WalkSAT. I have experimented with a hill-climbing algorithm that takes into
account the idea that good local minima are likely to cluster. This leads to a
variation of the classic Kernighan-Lin search method. Results on a combinatorial
machine learning problem are discussed briefly in Ruml (to appear).
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The focus of our research is the design and evaluation of new reformulation
techniques for temporal constraint networks. The general temporal constraint
satisfaction problem (TCSP) is NP-hard [2]. Although a simplified version of
it, the simple temporal problem (STP), is tractable [2], techniques are being
sought to further reduce the computational effort needed in practice in order to
handle time critical conditions. One example is planning of the activities of an
autonomous remote agent where some desirable properties such as dispatchabil-
ity can be guaranteed.
We have experimented with three techniques to reduce the amount of neces-

sary constraint propagation. These are techniques that exploit the triangulation
of constraint graph [1], decompose the network into bi-connected components [3],
and test the non-existence of cycles to the graph. We have evaluated these tech-
niques on problems generated by a random problem generator we have designed
that guarantees the existence of at least one solution. We have shown that sig-
nificant gains can be obtained and the performance is systematically improved.
In our future investigations we will design and evaluate new reformulation

techniques that exploit the structure of the constraint network and the semantics
of the temporal constraints in order to enhance the performance of problem
solving and guarantee some properties such as robustness and dispatchability,
which are desirable in practice.
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